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Abstract
Structured matrices naturally arise in different fields of sciences since they are the keys of
smart and efficient solutions. Several properties of physical or engineering models can be
usually characterized by constraints on structured matrices (e.g. rank constraints). Therefore it is usually interesting to study how far a given model is from another one satisfying a
given property.
The thesis focuses on some problems which can be restated as (structured) matrix nearness problems, and in particular we are interested in computing which is the closest matrix
to a given one which satisfy a certain rank constraint and preserves the structure at the
same time. Such problems, also known in the literature as Structured Low-Rank Approximation problems, are typically nonconvex optimization problems which do not allow analytic
solution.
We consider three main problems: the computation of approximate Greatest Common
Divisors for scalar polynomials and matrix polynomials (first part) and Hankel (and mosaic
Hankel) low-rank approximation (second part). The basic idea of the numerical approach
for solving the problems is similar, however every problem presents its numerical issues and
the computational strategies are slightly different. The theory and the numerical algorithm
for the solution of each problem is followed by some applications in system theory, control
theory and signal processing in order to motivate the usefulness of the proposed problems.
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Introduction
The goal of the thesis is to solve some Structured Low-Rank Approximation problems by a
novel two levels iteration approach. The local optimization algorithm we propose is based
on the integration of a gradient system associated with a suitable functional (which depends
on the problem). The approach is actually suitable for a larger range of distance problems
dealing with eigenvalues (or singular values) location in the complex plane.
We propose the numerical solution of three problems: the computation of approximate
Greatest Common Divisors for scalar polynomials and matrix polynomials, and Hankel lowrank approximation. The problem of computing the distance of a set of polynomials to the
set of polynomials having a common factor appears in computer algebra, control theory,
signal processing. It has been widely studied in the literature, and several algorithms have
been proposed to compute its solution. We are going to propose a new local optimization
approach which extends and improves the one recently presented in [40]. It appears to be
accurate in terms of the computed solutions and competitive in comparison with some other
existing methods. The applications of the problem arise in an applicative setting, where the
data are usually corrupted by noise, as well as in theoretical distance problems (e.g. distance
to uncontrollability). The theory of the problem and the proposed numerical algorithm for
its solution were developed in [30]. Some applications of the problem are listed in [61].
The computation of approximate Greatest Common Divisors is then extended to the case
of matrix polynomials, which are polynomials with matrix coefficients. Differently from the
scalar case, this problem does not appear in the literature, where we can only find some old
papers dealing with exact common factors computation. The extension of our approach to
the matrix case is mainly motivated by the idea of generalizing some of the applications to
more realistic examples. However, passing from scalar polynomials to matrix polynomials
involves some theoretical and computational issues. As in the scalar case, the applications
of the problem arise in the approximation of noise corrupted data as well as in distance
problems. The problem, its computational aspects, and the numerical algorithm for its
solution are shown in [32]. Some applications are listed in [31].
The last problem we consider is structured low-rank approximation of Hankel matrices.
This work is motivated by the good results obtained in the previous problems and the
similarity between Toeplitz and Hankel matrices. The problem is popular in the literature
because of its applications. The proposed numerical solution is slightly different from the
previous cases, since we deal with the numerical approximation of a vector (and not of the
Hankel matrix). We then show some classical applications of the problem (e.g. system
identification of linear time-invariant models and polygons from moments reconstruction)
and a novel and interesting one (common dynamic estimation restated as an optimization
xii

problem with multiple rank constraints). This work is still in preparation.
Thesis outline The thesis is divided in two main parts, the first about (scalar and matrix) polynomials approximate Greatest Common Divisors computation (Chapters 1 – 3),
the second about Hankel structured low-rank approximation (Chapters 4 – 5). The considered problems are followed by some applications in system and control theory and signal
processing. In details, in the first chapter we deal with the problem of computing approximate greatest common divisors for scalar polynomials. We firstly define the problem we aim
at solving, looking at an overview of the most popular existing algorithms for its solution.
After introducing some helpful mathematical notions and tools and the basic idea of our
approach to the problem, we describe the two levels of our algorithm, analyzing its main
properties and features. The key of the approach is to restate the problem as a matrix
nearness problem involving a generalized Sylvester matrix, and to understand which is the
objective functional to be minimized. The perturbation on the starting matrix is then split
in two factors, a scalar , which denotes the norm of the total perturbation on the data, and
a structured matrix E of Frobenius norm 1 describing the steepest descent direction for the
functional to be minimized. The two factors of the perturbation are updated independently
on two different levels. We firstly describe the inner level, where the norm of the perturbation is fixed, and we compute the optimal perturbation for the functional to be minimized.
This is done by looking for a system of ordinary differential equations describing the gradient
dynamic for the objective functional. Once we compute such a direction, at the outer level,
we iteratively update the norm of the total perturbation till we get an admissible solution.
The algorithm is then followed by some possible extensions: the case of complex polynomials
and the possibility of fixing some of the coefficients (this case cannot be managed by other
existing methods). Finally, the proposed algorithm is compared with some other algorithms
which solve the same problem. For examples of small dimension we get solutions at least
as good as the ones of the other algorithms, while in the case of bigger examples or harder
optimization problems, we are able to reach more accurate solutions.
In the second chapter we deal with the problem of computing approximate greatest common divisors for matrix polynomials. We first introduce the topic, pointing out that only
the computation of exact common factors is treated in the literature. The problem is defined
through some steps which clarify how to switch from exact to approximate common factors
computation. Two algorithms are then generalized from scalar to matrix polynomials: the
subspace method [80], which is very fast and computationally cheap, and the algorithm proposed in Chapter 1, slower but more accurate. While the generalized subspace method only
requires to manage the data properly, the steps for the proposed algorithm are described
in details. We show how to generalize the main features of the proposed approach to the
matrix case and the numerical issues arising when dealing with matrices. The numerical
performances of the algorithms are then tested. We do not have further terms of comparisons, so the two generalized algorithms are compared with the results computed by Matlab
minimization functions. Some remarks and possible extensions of the algorithm are finally
discussed.
In the third chapter we deal with some applications of approximate common factors
computation in systems and control. Except for the blind finite impulse response system
identification (which is restated as a greatest common divisor computation for scalar polyxiii

nomials only), all the other problems we present can be extended from scalar to matrix
polynomials. The computation of the distance of a controllable system from the set of
uncontrollable ones is probably the more interesting from both the theoretical and the numerical point of view. We propose a new formulation which allows to restate the problem
as an approximate common factor computation, and we show with numerical examples how
the proposed approach is more accurate in comparison with other existing definitions. The
following problems and their formulations as approximate greatest common factor computations for scalar and matrix polynomials are then presented: common dynamics estimation,
computing the controllable and uncontrollable parts of a system, finding the minimal kernel
representation.
In the second part we deal with the problem of Hankel low-rank approximation. This
work was motivated by two reasons: the similarity between Hankel and Toeplitz matrices
and the good results got in the first part for Sylvester (block Toeplitz) matrices. We deal first
with the theory of the problem and the proposed algorithm for its numerical solution, then
we present some related applications. In the fourth chapter we first introduce the problem,
its importance and our contribution to the topic. The algorithm for its numerical solution
is then presented. The main difference with respect to the previous case is that we consider
now a dynamic on a parameter vector, and not on a matrix. However the main ideas of the
approach are similar. While the inner iteration presents analogous properties, i.e., we need to
integrate a gradient system associated with a functional to be minimized, at the outer level
we need to modify the computational strategy in order to preserve the global monotonicity
of the functional. A free gradient is introduced to be alternated with the constrained one in
order to get an admissible solution. The case of mosaic Hankel matrices is mentioned, since
it works analogously (this is needed in the applications).
In the last chapter we deal with the applications of Hankel low-rank approximation and
we run some numerical examples to test the performances of the proposed algorithm. The
first application is a classical one, system identification of linear time-invariant dynamical
models. The second one is a reformulation of a problem arising in signal processing as a Hankel low-rank approximation problem (involving complex numbers): polygons from moments
reconstruction. The last one is a modified version of the common dynamic estimation problem. The problem is rewritten as an optimization problem with multiple rank constraints.
A numerical scheme for its solution is proposed through an adaptation of the ode-based
approach proposed for Hankel low-rank approximation problems. Numerical examples are
run for each of these problems, doing some comparison with other methods whenever it is
possible.
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1

Part I
Computation of approximate common
factors of polynomials

2

3

Chapter 1
Approximate greatest common divisor
for scalar polynomials
1.1

Introduction

Computing the greatest common divisor of a set of univariate polynomials is a classic problem
in numerical linear algebra because of its applications, and it is still an active research topic.
Numerically it is known to be an ill-conditioned problem, because small perturbations on the
data (the starting polynomials) can lead to big changes in the computed solution (the greatest
common divisor). In an applicative setting we usually deal with noisy coefficients, which
are floating point numbers coming from physical experiments, numerical computations, etc.
Indeed, if two (or more) given polynomials p(x) and q(x) have a non trivial common divisor, it
can happen that arbitrary small perturbations on the coefficients can lead to two polynomials
p̂ and q̂ which are relatively prime. This poses the problem of computing approximate
greatest common divisors.

1.1.1

Definition of the problem

Consider a set of l univariate polynomials p1 , . . . , pl whose degrees are n1 , . . . , nl respectively.
The polynomials p1 , . . . , pl have no common roots by assumption, which is equivalent to say
they are coprime. The problem is to compute a closest set of polynomials (in a sense to
be specified) p̂1 , . . . , p̂l which have a given number d of common roots (or equivalently a
common factor of degree d). The problem has been extensively studied (and it is still an
active research topic), especially in the case of l = 2 polynomials, and several algorithms
and techniques have been proposed for its solution. We cite as examples [6, 10, 87, 98],
but a more detailed analysis is done in the next section. The purpose of this chapter is to
propose an algorithm which speeds up and generalizes the algorithm proposed in [40] from
2 to l polynomials. To simplify the notation we assume in the rest of the chapter all the
polynomials to have real coefficients. However this assumption is not necessary, since all the
arguments still hold true in the complex case (the extension from real to complex coefficients
is straightforward and it will be briefly analysed in Section 1.5.2).
4

A (univariate) polynomial of degree n is represented in its canonical form
p(x) = an xn + an−1 xn−1 + · · · + a1 x + a0
or equivalently by the vector of its coefficients
p = (an , an−1 , · · · , a1 , a0 ).
In the following we assume the polynomials to have the same degree. This assumption is
only made for notational convenience but it does not impose any restriction, i.e., we do not
ask necessarily that all the leading coefficients are different from zero.
We define the distance between two sets of l polynomials as follows
v
u l ni
uX X
(aij − âij )2
(1.1)
dist({p1 , . . . , pl }, {p̂1 , . . . , p̂l }) = t
i=1 j=0

where the subscript i runs over the polynomials and the subscript j runs over the coefficients
of the i-th polynomial (we implicitly assumed the polynomials pi and p̂i to have the same
degree for all i = 1, . . . , l).
Define the set
Dd = Dd (n1 , . . . , nl ) =
= {{p̂1 , . . . , p̂l } : deg(p̂i ) = ni ∀ i and p̂1 , . . . , p̂l have d common roots};
the Approximate Greatest Common Divisor (AGCD) problem is then defined as follows
Problem 1.1. Given d ∈ N, a set of (coprime) polynomials p1 , . . . , pl and the distance defined
in (1.1), compute
inf
dist({p1 , . . . , pl }, {p̂1 , . . . , p̂l }).
{p̂1 ,...,p̂l }∈Dd

Remark 1.2. There are different formulations of the Approximate GCD problem presented
in the literature. Following Problem 1.1, we deal with the Approximate GCD with bounded
degree, so we aim at computing a common factor whose degree is bounded by d. Differently
from other formulations of the problem, we do not try to estimate the degree of the GCD
for the closest set of polynomials having a common factor.

1.1.2

Previous work

Problem 1.1 has been studied by several authors, and different algorithms have been proposed for its solution. The approximate greatest common divisor problem is a nonconvex
optimization problem, for which there are no efficient global solution methods. The existing methods can be divided into local optimization and convex relaxation methods. Local
optimization methods always require an initial approximation, and are, in general, more expensive than convex relaxations; however they optimize explicitly the desired cost function
(in this case the size of the coefficients of the perturbed polynomials) so that they produce
at least as good result as a relaxation method, provided we use the solution of the convex
5

relaxation method as initial estimate for the local optimization method. We list here some
local optimization approaches presented in the scientific literature,
The existing local optimization methods can be divided into two main categories, according to the different formulations of the problem. One approach relies on the decomposition
of the polynomials as a product of a common factor and a quotient, and the minimization of
the associated cost function f (ĥ, û, v̂) = dist({p, q}, {ĥû, ĥv̂}) over all the possible common
divisors ĥ of degree d and pairs of polynomials {û, v̂}. This idea was firstly analysed in
[20]. However this approach is in general computationally expensive. A way to reduce the
computational complexity is the variable projection method [87, 37, 50]. Given a parameter
vector p, the optimization problem is written as
min kĉp̂ − pk2w
p̂, ĉ

(1.2)

where ĉ is the sought common factor, p̂ are the cofactors and k · kw is a weighted norm. In
the variable projection with respect to p̂ the problem is rewritten as
min f (p̂)
p̂

f (p̂) = min kp̂ĉ − pk2w
ĉ

for given p̂.

Note that the problem in the second line has analytical solution (for given R), so the dimension of the problem is reduced. A similar formulation can be stated for the variable
projection with respect to ĉ. Different iterative algorithms are presented in [98], where the
solution is estimated via a quadratic system of equations solved by a Gauss-Newton iteration, and in [7], where it is proposed a fast algorithm which performs Gaussian elimination
on a Cauchy-like matrix. Further analysis for weighted and unweighted norms are developed
in [17, 74, 65]. In [17] the authors compare different (known) techniques for computing the
solution of a nonlinear least squares problem; the work in [74] is based on a Padé approximation approach for the ratio of two polynomials; the authors of [65] solve the problem as
a Structured Total Least Squares problem for the Sylvester matrix associated with the data
polynomials.
The other approach is based on the solution of a structured low rank approximation
(SLRA) problem [59], which is the approximation of a structured matrix by another one of
lower rank which preserves the same structure. This formulation comes from the well-known
link between the degree of the greatest common divisor for a set of polynomials and the rank
constraint of the associated resultant matrix. It is considered a classical Sylvester matrix in
the case of two polynomials, as in [97], and a generalized Sylvester matrix if we deal with
more than two polynomials, as in [46, 48, 80]. In the framework of structured low rank
approximation, more algorithms have been developed in the context of Approximate GCD
problem: structured total least norm and its improvements [47, 56, 93, 94], Riemannian
SVD [11], gradient projection [85], alternating least squares with penalization [43], variable
projection [64], Newton-like iterative algorithms [82]. Structured total least norm algorithms
compute approximate solutions of overdetermined linear systems Ax ≈ b by minimizing the
residual norm and preserving the structure of A (or (A, b)). The authors in [47] apply the
penalty approach in [76] and extend the initialization of [54, Section 4.5.3] to the approximate
GCD problem; in [56] an equivalent formulation of the penalty approach of [47] is presented
6

and solved by a fast algorithm for Sylvester low rank approximation based on the triangular
factorization of a certain matrix by a generalized Schur algorithm; in [93] the problem is
restated as a least squares problem with an equality constraint, while in [94] it is restated as
a nonlinear equation solved by the Newton-Raphson method. Riemannian SVD is a nonlinear
version of the Singular Value Decomposition used in [11] to solve a Structured Total Least
Squares problem via the solution of a linear system. The GPGCD algorithm [85] is an
optimization method which solves a distance problem (in the least squares sense) looking for
a point of local minimum for the function to be minimized; this is done by projecting the
gradient onto a feasible set and then checking the classical first order conditions. The work
in [43] is based on the image representation of the rank constraint, i.e., the constraint on
the sought matrix in written as a product of two factors Ŝ = P L; the structured low-rank
approximation problem is then formulated by adding a penalty term to the cost function to
consider the distance between the current solution and the set of structured matrices. The
solution is computed by alternatingly improve the estimates of the two factors P and L of
the sought solution.
Finally, other papers proposed new solution methods [19, 55, 96].

1.1.3

Contribution

Problem 1.1 is a nonconvex optimization problem, hence there are no standard techniques
for its solution. The problem can be approached by global optimization, local optimization
[68, 53, 72], and convex relaxation methods [29]. The methods based on global optimization,
such as the branch and bound method [3], are too expensive for most real-life problems. The
starting point for the proposed method is a recent algorithm, presented in [40], that solves the
problem as a structured low rank approximation problem for the Sylvester matrix associated
with the data polynomials. This is done by exploiting the well-known result which links the
degree of a greatest common divisor between two polynomials and the rank constraint on
the associated Sylvester matrix [84]. Then, the approximate GCD problem is solved by a
local optimization approach in the sub-variety of polynomials having a GCD, and this is
done by integrating a system of ordinary differential equations which describes the dynamic
on the eigenvalues of the Sylvester matrix associated with the polynomials. The algorithm
presented in [40] was developed and implemented only in the case of an approximate GCD
of degree 1 between two polynomials.
The main contribution of this chapter is to improve and generalize the algorithm proposed in [40]. Replacing the eigenvalues by the singular values makes possible to extend
the problem from 2 to more polynomials by considering a generalized version of the classical Sylvester matrix. On the other hand, switching to the singular values simplifies some
computations (we deal with non negative real numbers instead of complex numbers) and
speeds up the algorithm, making it competitive with other existing methods taken from the
scientific literature on the topic (the bad performances in terms of computational time were
a deficiency in [40]). In this way we have an algorithm that works for any number of polynomials and that can compute an approximate GCD of any fixed degree d ≥ 1. Moreover,
it is competitive with respect to other existing methods and it preserves all the advantages
of the algorithm in [40], such as the possibility of adding constraints on the coefficients
(this case cannot be treated by other methods), the robustness with respect to the initial
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approximation, and the possibility of working with complex coefficients.
In the following sections we describe in details how the proposed algorithm works, highlighting the similarities and the differences with the algorithm in [40]. In particular, in
Section 1.2 we introduce some useful mathematical tools: the generalized Sylvester matrix,
the singular values of structured matrices (in the particular case of generalized Sylvester
matrices), and the basic idea of the two-level algorithm. In the following two Sections 1.3
and 1.4 we describe in details the two iterations of the algorithm, showing some important
results and features of the method: at the inner level we need to compute (and then to integrate) the gradient system of ordinary differential equations associated with the functional
we need to minimize (the smallest singular values of a generalized Sylvester matrix); then
we use an iterative method to get closer to the sought solution (a rank deficient generalized
Sylvester matrix). In Section 1.5 we list some extension of the method: the case of complex
polynomials and the possibility to fix some coefficients if they are known in advance to be
exact. Finally, we test the proposed algorithm, making some numerical experiments and
comparing it with other algorithms taken from the scientific literature on the topic.

1.2

Preliminaries

First of all we introduce some useful mathematical tools in a general framework. They are
the basis for the following of the chapter.

1.2.1

Generalized Sylvester matrices

Consider a set of l polynomials p1 , . . . , pl . We can assume, without loss of generality, that
all the polynomials have the same degree, possibly adding some zeros in the case of missing
leading coefficients. We will see later that the method we are going to propose allows to fix
some of the coefficients, so if we need to add some zeros to the starting polynomials, we can
fix them so that the computed solution preserves all the degrees of the starting polynomials.
The coprimeness among polynomials is usually associated with the resultant matrix, and in
particular with the Sylvester matrix. Since we deal with more than two polynomials we need
to consider a generalized Sylvester matrix, which is defined as follows [67]:
Definition 1.3. Consider a set of l polynomials p1 , . . . , pl whose degree is bounded by n.
By collecting all the coefficients, define a vector p = {p1 , . . . , pl } ∈ Rl(n+1) . The generalized
Sylvester matrix is the following ln × 2n matrix
 
R1
 .. 
S(p) =  . 
(1.3)
Rl
where



pi,n pi,n−1 · · ·
p0


..
..
..
..
Ri = 

.
.
.
.
pi,n pi,n−1 · · · pi,0
8

(1.4)

for i = 1, . . . , l. Each block is associated with a polynomial. All the blocks have the same
dimension n × 2n.
The generalized Sylvester matrix has similar properties to the classical Sylvester matrix.
We summarize them in the following theorem [89]
Theorem 1.4. Assuming (at least) one of the leading coefficients of the polynomials is
different from zero, the degree of the greatest common divisor of the polynomials p1 , . . . , pl is
equal to the rank defect of the Sylvester matrix S(p) in (1.3).
Inspired by Theorem 1.4 we got the idea on how to solve the problem. We want to perturb
the set of polynomials in such a way the smallest singular values of the Sylvester matrix
decrease, till the perturbed Sylvester matrix S(p + δp) satisfy the sought rank constraint.
Remark 1.5. Once we perturb the set of polynomials in order to satisfy the sought rank
constraint, we get at least a common root for the polynomials p1 , . . . , pl . If the computed
common root α is complex, we find automatically one more common root because the conjugate ᾱ is a common root too. In this case the generalized Sylvester matrix has one more
null singular value than expected.

1.2.2

Singular values of structured matrices

In Section 1.2.1 we understood that Problem 1.1 can be restated as a structured low rank
approximation problem, and in particular we are interested in computing the (structured)
distance to rank deficiency of a structured matrix (a generalized Sylvester matrix, or more in
general a block Toeplitz matrix). Denote by S the set of generalized Sylvester matrices, i.e.,
matrices having the structure defined in (1.3) (with the presence of a zero pattern in the case
of zeros as leading coefficients). The datum of our problem is a given matrix S ∈ S and we
aim at computing a rank deficient matrix B = S + X where X ∈ S is of minimum Frobenius
norm. The Frobenius norm comes from the definition of distance in (1.1); we choose the
Frobenius norm because it highlights the differences among the coefficients entrywise.
A classical way to compute the rank of a matrix is through the computation of its singular
values; it is well known that the rank of a matrix equals the number of non null singular
values, or equivalently a matrix B is rank deficient with co-rank k if and only if 0 is a singular
value of B with multiplicity k. Moreover, we can exploit the fact the singular values are non
negative real numbers, so that we can assume they are increasing. Denoting by σi (B), the
i-th smallest singular value of the matrix B. Problem 1.1 can be rewritten as
Problem 1.1’. Given a matrix S ∈ S, compute
min

X∈S
σi (S+X)=0

kXkF

i = 1, . . . , d.

(1.5)

The idea we use is to write the perturbation matrix X as X = E for E ∈ S a Frobenius
norm 1 generalized Sylvester matrix, and  ∈ R a scalar which indicates the norm of the
total perturbation on the starting matrix. Once we split the perturbation in this way, we
can define the set of structured singular values
ΣS (S) = {Σ(S + E) : E ∈ S, kEkF ≤ 1,  fixed },
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(1.6)

where we denote by Σ(·) all the singular values of the argument matrix. First of all we note
that the inequality constraint on the norm of E in (1.6) can be replaced by kEkF = 1 [40,
Lemma 4.4], so the norm of the total perturbation on the starting matrix is given only by
the value of .
Hence, we need to look for the minimum value of  such that the set ΣS (S) contains d
zeros.
For a fixed value of the norm of the perturbation , we want to compute the norm 1
perturbation E ∈ S which minimizes the d smallest singular values of the perturbed matrix
S + E. Making use of the fact the singular values are non negative increasing real numbers,
it is enough to minimize only the d-th singular value (where d is the degree of the common
divisor we want to compute), since all the other singular values smaller than σd automatically
go to zero, so the Sylvester matrix satisfies the rank constraints. This condition is realized
by decreasing the value of σd (S + E) along a descent direction. The general idea of the
algorithm is described in the following section.
Remark 1.6. A solution of Problem 1.1’ exists as a consequence of the extreme value
theorem. We minimize a continous function (a singular value of a matrix, whose continuity
follows from the continuity of the eigenvales [51]) and the feasible set (the set of polynomials
having a common factor of degree at least d) is a closed set [87, Lemma 15]. The solution is
not unique, in general, since it can happen that different values of the optimization variables
achieve the same value of the cost function.

1.2.3

A double iteration algorithm

We describe here the general idea for the algorithm we propose to solve Problem 1.1. The
ideas in this section are adapted to the computation of a solution for Problem 1.1, but they
can be generalized to an arbitrary structured matrix, as we will see in the rest of this thesis.
However every problem deals with a different structure and it can present different properties
and computational issues that deserve a special treatment.
Coming back to Problem 1.1, we understood that we need to look for the smallest  ∈ R
which satisfies the equation σd (S + E) = 0. Equivalently we want to compute
∗ = min{ ∈ R : σd (S + E) = 0}.
This is a global optimization problem. We propose a numerical solution based on a globally convergent local optimization approach. The following terms are used in the following:
Definition 1.7. A matrix E ∈ S with kEkF = 1 and such that the d-th singular value in
Σ(S + E) is (locally) minimum among all the elements of ΣS (S) is called a local extremizer.
The corresponding σd (S + E) is a local minimum point.
The proposed algorithm is based on a two levels iteration: an inner and an outer iteration.
At the inner level we fix the norm of the total perturbation  and we aim at computing a
local minimum point of ΣS (S) which we denote by σd (). This computation is based on the
integration of a gradient system of ordinary differential equations associated with the d-th
singular value of the starting Sylvester matrix.
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Once we compute such optimal perturbation, at the outer level, we know the local minimum point σd () and we need to compute the optimal value for the norm of the perturbation
:
∗ = min{ ∈ R : σd () = 0}.
This computation can be done by a root finding algorithm, and in particular we use the
Newton’s method since we know the analytical expression for the derivative of the objective
function.
Remark 1.8. Because of the computational nature of the algorithm we cannot ask the
objective function to reach exactly the value zero, but it is enough to be below a certain
fixed (small) tolerance.

1.3

Computation of (locally) optimal perturbations

In this section we develop a detailed analysis for the inner iteration of the algorithm, which
consists in computing local minimum points of the set ΣS (S) (defined in (1.6)) for a fixed
value of , or equivalently we want to minimize the d-th singular value of the matrix B(t) =
S + E(t) over all the possible (Frobenius) norm 1 perturbations E(t) such that E(t) ∈ S.
Hence we want to find a descent direction Ė(t) for the d-th singular value of the matrix
B(t) = S + E(t) such that the value of σd is (locally) as small as possible. This computation
is achieved by exploiting a classical result about eigenvalues perturbation for symmetric
matrices [51, Section II.1.1] adapted to the case of singular values.
Lemma 1.9. Let C(t) = D(t)> D(t) be a differentiable real symmetric positive semidefinite
matrix function for t in a neighborhood of 0 and let λ(t) be an eigenvalue of C(t) converging
to a simple eigenvalue λ0 of C(0) as t → 0. Let x0 be a normalized eigenvector of C(0)
associated with λ0 . Then the function λ(t) is differentiable near t = 0 with
λ̇ = x>
0 Ċx0 .
If D(t) = U (t)Σ(t)V (t)> is a singular value decomposition of the matrix D(t) and σ0 is the
singular value of D(t) such that σ02 = λ0 , and u0 , v0 are the associated left and right singular
vectors, respectively, an analogous relation holds true for the singular values of the matrix
D(t):
σ̇ = u>
0 Ḋv0 .
The sought steepest descent direction for the singular value of interest is computed by
considering the matrix B(t)> B(t), where B(t) = S + E(t), We assume the function E(t) is
smooth, so we can apply the result of Lemma 1.9. The following remark guarantees we have
no problems in differentiating the singular values.
Remark 1.10. The functional σd would be not differentiable if the singular values σd and
σd−1 coalesce. This problem could be solved by allowing sign changes in the svd factorization
[25]; however, in our numerical experiments, we never observe this coalescence, so we can
assume the singular values are differentiable without loss of generality.
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Consider a generic singular value σ of the matrix function B(t) = S + E(t) (since the
following statements hold true for any singular value σ of the matrix B(t), we can omit the
index d) and let u, v the associated left and right singular vectors, respectively. Applying the
result of Lemma 1.9 to the positive semidefinite matrix B(t)> B(t) and remembering that S
is a constant matrix we get (we omit the time dependence in order to simplify the notation)
d
σ = u> Ėv.
dt

(1.7)

The expression in (1.7) suggests that the steepest descent direction for the singular value
σ can be computed by looking for the matrix Ė which minimizes the function u> Ėv (up to
constant terms). Exploiting the fact that Ė is a Sylvester matrix, this expression can be
rewritten as
u> Ėv = huv > , Ėi = hPS (uv > ), Ėi
(1.8)
where h·, ·i denotes the standard Frobenius inner product, and PS (·) is the orthogonal projection of the argument onto the manifold of Sylvester matrices. The explicit formula for
computing the operator PS is given in the following lemma:
Lemma 1.11. Let B ∈ Rln×2n an arbitrary matrix. The orthogonal projection of the matrix
B onto the manifold S (with respect to the Frobenius inner product), denoted by PS , is given
by
PS (B) = S(a),
where S(a) is defined in (1.3) and a = {a1 , . . . , al } ∈ Rln is the set of polynomials defined by
n

ain−k

1X
Bj+(i−1)n,j+k
=
n j=1

k = 0, . . . , n, i = 1, . . . , l.

Proof. The result is a consequence of the facts that S is a linear manifold and that for a
vector x ∈ Rd
d
1X
arg min kx − ν1kF =
Re(xi )
ν∈R
d i=1
where 1 denotes the vector of all ones.
A further important result states that the projection PS (uv > ) (where u, v are the left and
right singular vectors associated with σ) is always different from zero. The importance of
this property will be clear later, once we compute the solution of the optimization problem.
Lemma 1.12. If σ > 0 is a simple singular value of a matrix B ∈ S with associated singular
vectors u and v, we have
PS (uv > ) 6= 0.
(1.9)
Proof. Remembering the properties of the singular vectors, we know that v is an eigenvector
of the matrix B > B associated with σ 2 . Assume, by contradiction, that we have PS (uv > ) = 0.
Doing some computations, we get
0 = hPS (uv > ), Bi = huv > , Bi = u> Bv = σ > 0

(1.10)

since σ > 0 by assumption. Consequently, (1.10) is a contradiction, and the claim follows.
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Remark 1.13. Note that in the last results we omitted the index d which denotes the degree
of the sought common divisor. This is because the previous statements hold true for any
singular value of the matrix B and the associated pair of singular vectors. This is important
since the results can be applied for every d ≥ 1, therefore we can compute approximate
common factor of any degree d ≥ 1.

1.3.1

The gradient system

At this point we have all the ingredients to solve our optimization problem, which is the
minimization of the function in (1.8). Let σd be the d-th smallest singular value of the matrix
function B = S + E, and ud , vd be the associated left and right singular vector, respectively.
The problem we aim at solving is to compute the direction Ė which makes the value of σd
follow a steepest descent direction. According to the previous results, this problem can be
written as
Z∗ = arg min u>
d Ėvd
Ė∈S
(1.11)
kĖkF =1
subject to hE, Ėi = 0
where the constraint on the norm guarantees the uniqueness of solution (remember we are
looking for a direction). The solution of the optimization problem (1.11) is given in the
following theorem.
Theorem 1.14. Let E ∈ S of unit Frobenius norm, and ud , vd non-zero real vectors. Consider the matrix function B = S + E and assume E has full (column) rank and E is not
proportional to PS (ud vd> ). The solution of the optimization problem (1.11) is given by
νZ∗ = −PS (ud vd> ) + hPS (ud vd> ), EiE,

(1.12)

where ν is the Frobenius norm of the matrix in the right hand side of (1.12).
Proof. As we just observed, the function we need to minimize u>
d Ėvd can be written as the
>
inner product hud vd , Ėi, which is a linear function with respect to Ė. Observe that both S
and the set E⊥ = {Z : hE, Zi = 0} of matrices orthogonal to E are linear subspaces. For
linear subspaces, as observed in a previous proof, the inner product with a given element is
minimized by orthogonally projecting that element onto the subspace. Hence, we expect the
solution of (1.12) is given by a matrix which is proportional to the orthogonal projection
of the rank one matrix ud vd> on both the subspaces S and E⊥ (or equivalently on their
intersection S ∩ E⊥ ). We denote such matrix as PS∩E⊥ (ud vd> ), possibly rescaled in order to
have norm 1. The next step is to show that the matrix PS∩E⊥ (ud vd> ) is the one in the right
hand side of (1.12). Let PS (·) and PE⊥ (·) be the orthogonal projections onto the two sets S
and E⊥ , respectively. The idea is to use the Von Neumann iterative formula (see e.g. [90]):
if the two projections commute, then we have
PS∩E⊥ (·) = PS (PE⊥ (·)) = PE⊥ (PS (·)).
Given an arbitrary matrix X of suitable dimension, we have
PE⊥ (PS (X)) = PS (X) − hPS (X), EiE.
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On the other side, remembering E ∈ S,
PS (PE⊥ (X)) = PS (X − hX, EiE) = PS (X) − hPS (X), EiE,
which proves the commutativity between the two projections, and consequently the fact that
the solution of (1.12) is proportional to PS (ud vd> ) − hPS (ud vd> ), EiE.
Observe that, by assumption, PS (ud vd> ) is not proportional to E, so that such a solution
can be always normalized in order to have Frobenius norm 1.
The sign in the equation (1.12) comes from the Karush-Kuhn-Tucker local optimality
conditions applied to the optimization problem
min

σd ∈svd(S+E)
E∈S,kEkF =1

σd .

In the case the minimum is not zero, we have
PS (ud vd> ) = sE∗ , s < 0
kE∗ kF = 1
where E∗ an extremizer. Hence, s < 0 characterizes a point of minimum (while s > 0 would
characterize a point of maximum).
Finally, we arrived to a crucial result of our approach: the solution of the optimization
problem (1.11) is given by the solution of (1.12), which represent the gradient system for
the singular value of interest.
Theorem 1.14 is the main point of the proposed approach, since it allows to compute
the optimal perturbation (of fixed Frobenius norm ) corresponding to the smallest value of
σd . This optimal perturbation can be computed by looking at the solution of the following
system of ordinary differential equations
Ė = −PS (ud vd> ) + hPS (ud vd> ), EiE

(1.13)

where E and Ė are norm 1 Sylvester matrices, ud , vd are the left and right singular vectors
of the perturbed Sylvester matrix B = S + E associated with the singular value σd . Indeed,
it is possible to prove that the singular value σd is actually monotonically decreasing along
the solutions of (1.13).
Lemma 1.15. Let E(t) ∈ S of unit Frobenius norm be a solution of the differential equation
(1.13). If σd (t) is the singular value of the perturbed Sylvester matrix B(t) = S + E(t)
corresponding to the vectors ud (t), vd (t) in (1.13), then
d
σd (t) ≤ 0.
dt
Proof. In the proof we can omit the index d since the result holds true for any singular
value σ of the matrix B = S + E and the associated singular vectors u, v. To prove the
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monotonicity, we take the expression for the time derivative of σ given in (1.7), σ̇ = u> Ėv,
and we replace the value of Ė by using the equation (1.13). We get the following two terms
−u> PS (uv > )v = −huv > , PS (uv > )i = −hPS (uv > ), PS (uv > )i
= −kPS (uv > )k2F
and

hPS (uv > ), Eiu> Ev = hPS (uv > ), Eihuv > , Ei
= hPS (uv > ), Ei2 .

Remembering that E has Frobenius norm 1, by the Cauchy-Schwartz inequality we get
σ̇ = u> Ėv = −kPS (uv > )k2F + hPS (uv > ), Ei2 ≤ 0.

Our goal is to minimize a function which is monotonically decreasing, as we saw. It is
natural to look for the points of minimum in correspondence of the zeros of the derivative of
σ. These points are linked to the stationary points of the equation (1.13), as stated in the
following characterization theorem.
Theorem 1.16. Consider a solution of the equation (1.12) and assume σd 6= 0. The following are equivalent
1. σ̇d = 0;
2. Ė = 0;
3. E is a scalar multiple of PS (uv > ).
Proof. The proof follows by combining the previous results in this section. In particular
by Lemma 1.15 the function σd is monotonically decreasing, so a zero of its derivative
corresponds to a point of minimum, i.e., a stationary point of the gradient system (1.13),
the latter being equivalent to Ė = 0. Viceversa, suppose Ė = 0. The expression of σ̇ in (1.7)
leads to σ̇d = 0.
The equivalence between the last two points follows from the gradient system (1.13).
Remark 1.17. The proposed method is, in general, a local optimization approach, so we do
not claim to find the global minimum of the objective function; although this seems to be
the case for experiments of small dimension, where the solutions computed by the proposed
algorithm is at least as accurate as the one found by other existing algorithms. This aspect
will be more clear in the section about numerical experiments.

1.3.2

Integration of the equation

In (1.13) we found the gradient system associated with the singular value σd , and we understood we are interested in the computation of its stationary points. Hence, we need to
solve an ordinary differential equation involving matrices. We present the scheme for the
numerical integration of the equation (1.13) and the computation of the quantities of interest
in Algorithm 1. We discuss some choices and some implementation issues in the following.
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Algorithm 1: Numerical solution of the ODE (1.13) at the step j

1
2
3
4
5
6
7

8

9

10

Data: pj1 , . . . , pjl (or equivalently E j ), σkj , uj , v j , hj (step Euler method) and γ (step
size reduction), .
Result: E j+1 , σkj+1 , uj+1 , v j+1 and h̄j+1
begin
Set h = hj
Compute Ė j = −PS (uj v jT ) + hE j , PS (uj v jT )iE j
Euler step → E j+1 = E j + hĖ j
Normalize E j+1 dividing it by its Frobenius norm
Compute the singular value σk of the matrix B j+1 = S + E j+1
Compute the singular vectors u and v of the matrix B j+1 associated to σk
if σk > σkj then
reject the result and reduce the step h by a factor γ
repeat from 3
else
accept the result; set hj+1 = h, σkj+1 = σk , uj+1 = u, v j+1 = v
if σkj+1 − σkj < tol or σkj+1 ≤ tol then
return
if hj+1 = hj then
increase the step size of γ, hj+1 = γhj
else
set hj+1 = hj
Go to the next iteration
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Algorithm 1 aims at approximating the solution of a continuous problem (integrating the
gradient system (1.13)) by a numerical iterative algorithm. The variable t (usually omitted
to simplify the notation) is related to the iterations of the integration scheme. Even if
there exists examples where the stationary points may not be achieved [1, Section 2], the
convergence property of the approach has been assumed as a generalization of a similar
method applied to different problems (e.g. [41, 15]).
Looking at the algorithm, the first thing to notice is the choice of the explicit Euler
scheme as integration scheme. This is because at each step the function evaluation consists
in the computation of an svd, so it is quite expensive. Higher order explicit schemes would
require more than one svd factorization, so the total computational time would increase
considerably since this is the most expensive (from the point of view of the computational
cost) part of the whole algorithm. An implicit Euler scheme ensures more stability on the
computed solution, especially when we get close to the sought local minimum. This would
require the solution of a system in addition to the svd factorization, hence an increase in
the computational cost (and time). I believed that this computational strategy it is not
worth because of the higher computational cost; anyway it can be object of future work to
understand if the solution of possible stability issues it is enough to support the use of an
implicit method.
Moreover we can focus on the way we adopted to compute some relevant outputs. The
algorithm (lines 5 and 6) needs a singular value of the Sylvester matrix B and the associated
left and right singular vectors. This computation can be done in two different ways:
1. using directly the Matlab function svd on the matrix B (it computes both the singular
values and the singular vectors);
2. compute the eigenvalue decomposition of the matrix B >√
B (using the Matlab function
eig) in order to compute σ 2 and the vector v, then σ = σ 2 and u = Bv/σ.
The function svd is, in general, more stable than the (possibly ill conditioned) eigenvalue
decomposition of the square matrix B > B and the square root of its eigenvalues. From the
point of view of the computational time, however, there is no method which always performs
better than the other. The reason of this behavior can be the fact that the (numerical)
singular vectors of the matrix B are not exactly the same of the (numerical) eigenvectors of
the matrix B > B, due to the presence of numerical errors.
One more thing to be discussed is the choice of the step size in the Euler method, and
its reduction factor. At the moment we do not know his optimal value or a strategy for
its computation (also because it depends on the data of the problem). The simple strategy
used in the code is to reduce the step size by a constant factor if the value of the objective
functional is not decreasing. However, after running several experiments, we found some
examples where the increasing or the reduction of the step size parameter (the scalar γ in
Algorithm 1) can considerably improve (or worsen) the performances of the code.

1.4

The outer iteration: estimation of the distance

We saw how to find the (locally) optimal extremizers E and the associated singular value σ
by computing the steepest descent direction of the functional to be minimized, for a fixed
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value of the norm of the perturbation . At this point we are interested in moving the norm
of such perturbation till we get a (optimal) solution of the problem, i.e., a rank deficient
Sylvester matrix with co-rank d. The notation for the d-th smallest singular value as function
of  is
σd () = min σd ,
σd ∈ΣS


which denotes a smooth branch of local minima parametrized by  and computed by integrating the equation (1.13) as described in Algorithm 1.
In order to compute the optimal value ∗ we exploit the fact that σ() is a smooth function
and we are able to compute the expression of the derivative of the function σ(), hence we
can use a root finding algorithm. In the following lemma we compute the derivative of σ().
Lemma 1.18. Assume that
1.  ∈ (0, ∗ ) is such that σd () 6= 0 for a simple singular value σd ;
2. σd () and E() (the perturbation associated with σ()) are smooth as functions of .
Let ud (), vd () be the pair of singular vectors of the matrix function B() = S + E()
associated with σd (), then we have
d
σd () = −kPS (ud ()vd ()> )kF .
d

(1.14)

Proof. Since σd () is associated with a stationary point of the equation (1.13), we have that
[40, Theorem 4.8]
PS (ud ()vd ()> ) = s()E(),

s() = −kPS (ud ()vd ()> )kF ,

kEkF = 1.

Then
0 = hE(), E 0 ()i = hPS (ud ()vd ()> ), E 0 ()i.
By computing the derivative of σd () with respect to , doing similar computations as in
(1.7), we have
d
σd () = ud ()> (E() + E 0 ())vd () = hud ()vd ()> , E() + E 0 ()i
d
hud ()vd ()> , E()i = hPS (ud ()vd ()> ), E()i = s().
Since the projection PS (ud vd> ) never vanishes, the derivative is strictly negative.
The expression for the derivative in (1.14) can be useful since we aim at computing the
optimal value of  by using a root finding algorithm based on the first derivative of the
objective function. Indeed we will solve the problem
∗ = min{ : σd () = 0}
by using the Newton’s method. The Newton’s iteration can be applied since the function
 → σd () is smooth. The values of  are computed by the formula
k+1 = k +

σd (k )
kPS (ud (k )vd (k )> )kF
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where σd (k ) is the singular value of the matrix S + k E(k ) computed during the previous
iteration by integrating the equation (1.12), and E(k ) is the associated extremizer.
The pseudo-code of the algorithm we use for the outer iteration is in Algorithm 2.
Algorithm 2: Computation of ∗
Data: tol and min . max lower and upper bounds, t current value
Result: f approximation of ∗
begin
1
Set Bisect = False, t = 1
2
while |t − max | ≥ tol do
3
if Bisect = False then
Store t and σ(t )
4
Compute ˜t+1 by a Newton iteration
5
if ˜t+1 ∈
/ (min , max ) then
Set ˜t+1 = (max + t )/2
else
Set ˜t+1 = (max + t )/2
6
7

8
9

10

Compute σ(˜t+1 ) by integrating the ODE
if σ(˜t+1 ) < tol then
Set Bisect = True
Set max = ˜t+1
else
Set Bisect = False
Set t+1 = ˜t+1
Set t = t + 1
Set f = t

The scheme to compute the optimal value of  is the following: when the singular value
σd () is far from zero (or bigger than a fixed small tolerance θ) we use a Newton’s iteration
to get closer to the zero; on the other hand, if the value of σd () is below the fixed tolerance
θ, it means the perturbed Sylvester matrix is rank deficient, so we apply a bisection step in
order to look for possible better solutions (in terms of distance). The starting lower bound
for the value of  is the d-th smallest singular value of the starting Sylvester matrix S, i.e.
the unconstrained distance to rank deficiency, while the upper bound is the Frobenius norm
of the starting Sylvester matrix S.

1.5

Possible extensions

The proposed algorithm can be actually extended to a bigger class of related problems.
The ones we mention in this section are the approximate gcd problem for polynomials with
complex coefficients, and the possibility of fixing some of the coefficients (in the case some
coefficients are known in advance to be exact), as just mentioned. These extensions were
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just mentioned in [40] in the computation of one common root between two polynomials, so
we only recall them since they can be naturally generalized to the case of more than one
common root and more than two polynomials.

1.5.1

Constrained systems

Suppose that only some coefficients of the polynomials can be perturbed, while the others
cannot change (as it happens, for example, when we add some zeros as leading coefficients
in order to have all the polynomials of the same degree). In this case we can still use the
same approach by only changing the projection operator. If I i denotes the set of coefficients
of the i-th polynomial that can be perturbed, the projection operator in Lemma 1.11 should
modify only the corresponding coefficients:
for i = 1 : l
( P
n
1
Bj+(i−1)n,j+k
ain−k = n j=1
0

k ∈ Ii
k∈
/ Ii

In this case we do not have a proof which characterizes the local minima as stationary points of a system of ODEs (except for the case of keeping a polynomial monic [40,
Lemma4.3]), but it is only a numerical evidence. Anyway the numerical experiments support this result, so probably analogous results can be proved also in this case.

1.5.2

Complex polynomials

If we replace real with complex coefficients, everything works in the same way. We simply
move onto the manifold of complex Sylvester matrices (with the presence of a zero pattern
in the case the polynomials have different degrees) and we modify the projection operator
accordingly.

1.6

Numerical experiments

The goals of this section are: experiment how the proposed algorithm works, compare the
computed solutions and the computational performances with other existing methods taken
from the scientific literature, and sum up the conclusion. The main points we will focus on
are:
1. compare the proposed algorithm with its previous version presented in [40], which is
based on the dynamic of the eigenvalues of the Sylvester matrix (it is implemented only
for computing one common root between two polynomials, so the Sylvester matrix is
always square);
2. compare the algorithm with three further algorithms which solve the same problem:
the function gcd nls.m from the SLRA Toolbox [87], the uvGCD function from the
Numerical Algebraic Computing Toolbox (NAClab) [98], and the subspace method
[80];
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3. sum up the results and make some comments on the features of the algorithm and its
optimization.
The algorithms we choosed for the comparisons (uvGCD and SLRA) are some algorithms
available online, and they are implemented only for the case of two polynomials. The SLRA
package has some limitations imposed by its solution method [38, 86], and the algorithm
requires a suitable initial approximation in order to compute an accurate solution. The
uvGCD function is usually very fast but not so accurate in terms of computed distance
(except for small examples). The subspace method (implemented by following the original
paper [80]) requires a good initial estimate to converge to the sought local minimum, and
it usually makes large errors on the coefficients of the computed polynomials. On the other
side, the proposed algorithm is less restrictive, and it allows to fix some of the coefficients
(as we saw in Section 1.5.1). The initial estimate used by default by the algorithm is the
gradient of the objective function; however an interesting property of the proposed approach
seems to be the robustness with respect to the initial approximation, i.e., the computed
solution is (almost) the same independently of the initial approximation.

1.6.1

Comparison with other existing methods

We look now at some numerical examples in order to understand how the proposed algorithm
works and its computational performances. The algorithms we chose for the comparisons
are some online available Matlab codes. As observed in Section 1.1.2, the literature on the
topic is very rich and a lot of algorithms for solving the problem exist. There is no warranty
the algorithms we chose for the comparison are the best, anyway it would be not possible to
compare with all the existing methods.
All the following numerical results are approximated up to few decimal digits.
Example: Approximate GCD of degree 1 with a constraint
Consider the following two polynomials of degree 5 expressed by the vectors of their coefficients:
p1 = (1, 0, 1, 0, 2, 1);
p2 = (−2, 1, 1, −1, 0, 1);
In this first example we want to constrain the first polynomial to be monic. As we said
before, only the proposed ODE metodology can deal with this kind of constraint, so that we
can compare only the proposed algorithm with its previous version [40]. The two computed
polynomials are the following (they coincide up to the third decimal digit)
p̂1 = (1, 0.014, 0.972, 0.051, 1.903, 1.181);
p̂2 = (−1.977, 0.958, 1.078, −1.148, 0.279, 0.473).
Since the polynomials computed by the two approaches are (almost) the same, the common
root and the computed distance are very close. Anyway, if we consider the dynamic on the
singular values, the algorithm takes 0.171 seconds, while if we consider the dynamic on the
eigenvalues, the algorithm takes 2.328 seconds. So we were able to get the same solution in
a smaller computational time.
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Example: a complex common root
In this example, taken from [40], we consider a couple of polynomials having a complex
common root. In the following we do not consider anymore the constrained case, so that
we can add to the comparisons the two mentioned functions uvGCD and gcd nls from the
SLRA Toolbox. The two polynomials we consider are the following:
p1 = [1, 2, 2, 2];
p2 = [2, 0, 1, −2].

(1.15)

We are interested in the computation of a common factor of degree 1; from now on we focus
mainly on the computational time and the computed distance, and not on the numerical values of the coefficients of the polynomials. The results for the computation of an Approximate
GCD of degree 1 are shown in Table 1.1
Table 1.1: Approximate GCD of degree 1 for the polynomials in (1.15). Computational time
and distance,
gcd nls uvGCD ODE-eig ODE-svd
time
0.79 sec 0.05 sec 39.22 sec 1.684 sec
distance 2.1054
3.4039
0.3568
0.3568

The reason of the solutions we read in Table 1.1 is that the closest common root (the
one computed by the two ODE-based methods) is a complex number. While the proposed
approach does not care if the closest common root is real or complex, it happens that both
uvGCD and gcd nls look for a closest real common root, and consequently they compute
a bigger value of distance. Indeed, if we try to compute an approximate common factor
of degree 2, it happens (for this small example) that all the computed solutions have the
same distance. This means that uvGCD and gcd nls need this information a priori, while
the proposed algorithm is able to detect automatically if the closest common root is a real
number or a complex conjugate pair. Just to confirm this fact we show in Table 1.2 the
results about the computation of an approximate common factor of degree 2.
Table 1.2: Approximate GCD of degree 2 for the polynomials in (1.15). Computational time
and distance,
gcd nls
uvGCD ODE-svd
time
0.593 sec 0.25 sec 1.154 sec
distance 0.3568
0.3568
0.3568

After few experiments we notice that the dynamic on the singular values turns out to be
always faster than the dynamic on the eigenvalue, without any loss in the accuracy of the
computed solution. The computational times are now reasonable if compared with the other
two algorithms.
22

Example: high degree polynomials
In this example we consider two polynomials of high degree whose roots are on two different
circles in the complex plane; this kind of data have all the roots at similar distance, so the
optimization problem should be more difficult, in general. The polynomials we consider are
p1 (z) = z 14 − 1;
p2 (z) = z 14 − 3.

(1.16)

In Table 1.3 we report the results of the experiment:

Table 1.3: Comparison among 4 algorithms for computing the Approximate GCD of degree
1 for the polynomials in (1.16). Computational time (first row) and distance (second row),
gcd nls uvGCD ODE-eig ODE-svd
time
0.40 sec 0.15 sec 2.97 sec 0.18 sec
distance 3.1623
3.4110
0.2357
0.1389

We see how the distance computed by the two ODE-based methods is better than the
one computed by the other two methods, which find different local minima of the objective
function. The ODE algorithm based on the dynamic on the singular values find even a better
solution in terms of accuracy, so in this case we were able to improve both the distance and
the computational time. Of course, we cannot say the computed solution corresponds to the
global minimum, but at least it is better than the ones found by the other methods.
Example: polynomials of increasing degree
In the last examples we focused mainly on the computed solution and we observed how
different local optimization approaches can compute different local minima. However the
previous examples were quite small, so the computational times could be misleading. The
goal of this experiment is to observe how the computational time increases with the degree
of the polynomials, or equivalently with the dimension of the Sylvester matrix. We consider
the following couple of polynomials
for n = 1 : 10
p1 = [1, zeros(1, 10n), ones(1, 10n), 5];
p2 = [1, ones(1, 10n), zeros(1, 10n), 1];

(1.17)

The results of the numerical experiments are in Table 1.4, where we can observe how the
proposed algorithm computes the best solution (in terms of distance) in a reasonable computational time.
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Table 1.4: Performances of different algorithms for computing an approximate common
factor of degree 1 between the polynomials in (1.17), whose degrees are increasing.
n
gcd nls
uvGCD
ODE-svd
1 time
0.0389 sec 0.0134 sec 2.0740 sec
——
———–
———–
———–
distance 0.2131
0.2132
0.0352
2 time
0.2212 sec 0.2150 sec 2.5885 sec
———
—————
———–
distance 0.1532
1.7245
0.0166
3 time
0.0612 sec 0.0345 sec 3.1442 sec
——
———
———— ———distance 0.1258
0.1285
0.0124
4 time
0.0272 sec 0.0489 sec 3.59950 sec
———
—————
———–
distance 0.1092
0.1335
0.0106
5 time
0.0214 sec 0.0555 sec 4.7101 sec
——
———
———— ———distance 0.0979
1.2206
0.0095
6 time
0.0379 sec 0.0767 sec 6.2709 sec
———
—————
———–
distance 0.0894
0.0896
0.0088
7 time
0.0294 sec 0.0832 sec 7.5542 sec
——
———
———— ———distance 0.0829
0.0830
0.0082
8 time
0.0020 sec 0.0984 sec 9.5152 sec
———
—————
———–
distance 0.0775
0.0853
0.0078
9 time
0.0023 sec 0.087 sec
11.325 sec
——
———
———— ———distance 0.0731
1.066
0.0074
10 time
0.0024 sec 0.368 sec
15.884 sec
———
—————
———–
distance 0.0694
0.0694
0.0071

Tha algorithm ODE-eig is missing from Table 1.4 because it is too slow and its computed
solution is the same as the one found by ODE-svd. We observe how uvGCD is very fast
but the computed distances are bigger or equal to the one computed by gcd nls (which is
faster in the examples of bigger dimension). On the other hand, the distances computed by
the proposed ODE-based algorithm are on average one order of magnitude smaller. In this
example, the ODE-based algorithm needs just a couple of iteration to reach the solution: this
fact can be helpful because we can have an idea of how the cost per iteration grows with the
dimension of the data. These estimates are useful if one is interested in the computational
complexity of the algorithm, since it is quite difficult to have an analytical expression of the
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computational cost.

1.6.2

Comparison with the subspace method

In this section we compare the algorithm with the subspace method, proposed in [80]. This
is a simple algorithm which extract the information about the approximate common factor
directly from the starting resultant, so the algorithm finds only a local minimum. The
algorithm is implemented directly following the original paper [80], and it is able to deal
with more than 2 polynomials. The experiments of this section are built starting from two
polynomials having an exact common factor and adding some random perturbations to check
how the algorithms behave depending on the level of noise.
We do not care about the numerical values of the coefficients of the polynomials, but
we are interested only in the computed value of the distance. About the computational
time, the subspace method is very simple and computationally cheap (we do not describe
it here, but we will see its generalization to the matrix case in a following chapter), so it is
meaningless to do a comparison from this point of view.
The setup of the experiments is the following:
• fix the number of polynomials, their degrees and their (exact) GCD;
• multiply the GCD by some random polynomials to have a set {p1 , . . . , pl } of polynomials having an exact GCD;
• perturb each polynomial in the following way: p̂i = pi + skpi kri , where s denotes the
noise level and ri is a norm 1 random vector whose elements come from a normal
distribution.
The noise level varies in the interval (0, 1); for each fixed level of noise we run several
experiments (to be sure the result is not misleading) and we plot the average error (the
distance divided by the norm of the data) and the standard deviation.
In the first example we compute an approximate common factor of degree 1 among three
polynomials of degree 8 (Figure 1.1).
In the second example we compute an Approximate GCD of degree 2 for four polynomials
of degree 8 (Figure 1.2).
We observe how the error on the solutions computed by the subspace method is, on average, bigger than the one computed by the proposed algorithm, independently of the level of
noise. This agrees with the fact that we compare a simple and computationally cheap algorithm with one more accurate but computationally more expensive. The subspace method
finds all the informations about the approximate common factor in the starting resultant
matrix, so if we start far from the sought local minimum, we expect the approximation to
be quite bad. About the ODE method, we observe that most of the runs of the algorithm
are very fast (in this cases we have an algorithm fast and accurate at the same time); this
fact is not general though.
On the other hand, it is interesting to observe the plot of the standard deviation. In
Figure 1.1 we see that for small levels of noise, the solutions computed by the proposed
algorithm show a small deviation with respect to the mean value, whlle for high levels of
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Figure 1.1: Computation of an approximate common factor of degree 1 for three polynomials:
distribution of the average error (left) and of the standard deviation (right) for an increasing
level of noise.
noise the situation is reversed. The behavior of the subspace method is opposite, in the sense
that the standard deviation is higher than the one showed by the ode method for small levels
of noise, and it is smaller for high levels of noise. On the other hand, Figure 1.2 agrees about
the average error on the computed solution, but it shows a different trend for the standard
deviation.

1.6.3

Summary and remarks

We sum up here the results of the numerical experiments of this section. We achieved to both
generalize and improve (from the point of view of the computational time) the algorithm
in [40]. The proposed algorithm computes an approximate GCD of any degree d ≥ 1 and
it works for more than two polynomials. This computation is done by perturbing in a
structured way the generalized Sylvester matrix, till it satisfies the sought rank constraint
(there is a relation analogous to the case of two polynomials between the co-rank of the
generalized Sylvester matrix and the degree of a common factor among the polynomials).
Such a perturbation is built through a two-level algorithm which is the common thread
of this thesis: for a fixed value of the norm of the perturbation we decrease the singular
values of interest along a steepest descent direction, while, at the outer level, we move the
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Figure 1.2: Computation of an Approximate GCD of degree 2 for four polynomials: distribution of the average error (left) and of the standard deviation (right) for an increasing level
of noise.
norm of the total perturbation till we reach the sought rank constraint on the perturbed
Sylvester matrix. The singular values are necessary since the Sylvester matrix is rectangular
in the case of more than two polynomials; however we observed it is worth to consider the
dynamic on the singular values also in the case of two polynomials (when the resultant is a
square matrix) because of the remarkable improvement in the computational time. About
the comparison with some other existing methods we saw how the proposed algorithm is
able to compute better approximations, also in the case of matrix of big dimension, where
the other local optimization methods converge to different local minima.
The main scheme of the algorithm which combines the outer and the inner iteration is
in Algorithm 3 for the simpler case of two polynomials.
Just few comments about the optimization of the algorithm. The following parameters
are part of the algorithm:
• the value th is a fixed small tolerance to decide when the objective functional is small
enough; it determines if using a Newton’s iteration or a bisection step;
• itmax is the maximum number of iterations (it is always a good idea to fix a maximum
number of iterations for an iterative algorithm);
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Algorithm 3: Scheme of the main algorithm
Data: p, q (starting polynomials), k (degree approx. common factor) and tol
(stopping tolerance)
Result: E and σ.
From the data we compute min , max
0 = min{20 , .5(min + max )}
c = 0.5
itmax = 40
begin
1
integrate the ODE → compute σk
2
for it = 1 : itmax do
3
if σk > th then
Compute 1 by a Newton iteration
4
if min < 1 < max then
5
if |1 − 0 | < tol then
0 = 1
break
else
0 = 1
else
0 = (1 − c)max + c min

6

else
bisection step, max = 0
0 = (1 − c)max + c min
integrate the ODE → compute σk
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• c determines the weights in the bisection step;
• γ (appearing in the inner iteration) is the step size reduction factor in the Euler method.
All these parameters can influence the speed of convergence of the algorithm; the problem
is that they strongly depend on the data, so there is no a general optimization strategy.
About the complexity of the algorithm, it is not difficult to see that the main core of the
computation is the integration of the ODE. The value of the parameter th plays an important
role because it decides if we need to integrate the equation one more time, or simply reduce
the interval for  (the computational cost of the two operations is different!). As last remark,
we always used the function svd in our experiments (just to have a reference code), but as
noticed in Section 1.3.2 sometimes the code runs faster if we compute the singular values
and singular vectors of B via the eigenvalue decomposition of the matrix B > B.
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Chapter 2
Approximate greatest common divisor
for matrix polynomials
2.1

Introduction

We analyzed in the previous chapter the problem of computing approximate common factors
for scalar polynomials. We see in this chapter how to extend the proposed approach from
scalar to matrix polynomials. Matrix polynomials are matrices whose elements are polynomials or equivalently polynomials with matrix coefficients. Readers not familiar with matrix
polynomials can refer to some classical works, e.g. [36, 81].
The computation of an exact Greatest Common Divisor C(λ) of two matrix polynomials
A(λ), B(λ) is a classical problem in system and control theory and it appears in several
applications in the framework of multivariable control [28, 33, 5]. The computation of
exact Greatest Common Divisors for matrix polynomials has been studied through different
techniques and several algorithms have been proposed by different authors. Some of the
most diffused techniques rely on the combination of polynomials [58], on the transformation
of the block matrix (A(λ), B(λ)) into (C(λ), 0) [95], or on the generalization of the resultant
matrix (and its properties) to the matrix case [2, 9]. Most of the works in the literature
focus only on the properties of the resultant matrices in the case of matrix polynomials,
e.g. [2, 34, 35, 44], or they propose some algorithms for computing the exact Greatest
Common Divisor in the case of matrix polynomials [5, 9, 71]. However some applications (in
a theoretical or practical setting) need the computation of approximate common factors.
While the problem of computing approximate common factors has been extensively studied for scalar polynomials (look at the overview in Section 1.1.2), the problem is surprisingly
missing from the literature in the case of matrix polynomials, and the topic is limited only
to the case of exact greatest common divisors computation. The goal of this chapter is to
extend two algorithms from scalar to matrix polynomials: the algorithm proposed in the previous chapter (presented in [30]) and the subspace method [80] (used to make a comparison
with the proposed algorithm in Figures 1.1 and 1.2).
The chapter is structured in the following way: in Section 2.2 we introduce the problem
of computing exact Greatest Common Divisors for matrix polynomials, highlighting the differences with respect to the scalar case and focusing on the generalization of the resultant
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matrix; then we present the two extensions of the algorithms from scalar to matrix polynomials, the subspace method [80] (Section 2.3) and the ODE based algorithm [30] (Section
2.4). Finally, we test the performances of the two generalized algorithms in Section 2.5. The
applications are the topic of the next chapter.
Notation For the rest of the chapter, we restrict to the case of two square matrix polynomials, in order to simplify the notation. However the approach we are going to propose also
works in the case one of the two matrices is rectangular. As we will point out, we only need
the two matrices to have the same number of rows (columns).
We adopt the following notation:
• A(λ), B(λ) are the (square) starting matrix polynomials, which are coprime by assumption; Â(λ), B̂(λ) are the matrix polynomials having a common factor (the ones
we aim at computing), and C(λ) denotes the common factor between Â(λ) and B̂(λ);
• with an abuse of notation we use a capital letter (A, B, . . . ) to denote both a matrix
polynomial or the column matrix containing its coefficients;
• m is the dimension of the two (square) matrix polynomials A(λ), B(λ), n is the degree
of the two polynomials, d is the degree of the sought common factor;
• S denotes the set of structured Sylvester matrices (in the case of matrix polynomials)
whose dimension depends on the parameter l (the definition is given in Section 2.2.2),
and PS (·) denotes the orthogonal projection operator onto the set S;
• k · k2 and k · kF denote the 2-norm and the Frobenius norm, respectively. We need the
inner product between two matrices, which is the standard Frobenius inner product
hA, Bi = trace(A> B).

2.2

From exact to approximate GCD for matrix polynomials

In this section we briefly discuss the problem of computing an exact Greatest Common
Divisor for two matrix polynomials, which is the starting point of this chapter. We mainly
focus on the preliminary definitions and results, paying attention to the differences with
respect to the scalar case.
The first difference we notice when we pass from scalars to matrices is the loss of commutativity. Therefore the computation of right and left divisors are two different problems.
If not specified, it is clear from the context when we deal with left or right common factors.
Both problems have similar counterparts.
Definition 2.1. A greatest common left divisor of two matrix polynomials A(λ) and B(λ)
(having the same number of rows) is any matrix polynomial C(λ) such that
1. C(λ) is a left common divisor for A(λ) and B(λ), i.e.,
A(λ) = C(λ)Ā(λ)
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B(λ) = C(λ)B̄(λ)

for some matrix polynomials Ā(λ) and B̄(λ);
2. C(λ) is multiple of any other common left divisor C1 (λ), i.e., C(λ) = C1 (λ)M (λ) for
some matrix polynomial M (λ).
Remark 2.2. The Definition 2.1 of greatest common left divisor is meaningful only in the
case the two matrices have the same number of rows. An analogous definition can be given
for right common divisors in the case the two matrices have the same number of columns.
By transposing the data matrices we can switch between left and right divisors.

2.2.1

The GCD is not unique

In the case of scalar polynomials it happens that two common divisors are equivalent up
to multiplication by constant factors (the elements which are invertible in the ring of scalar
polynomials). We expect that analogous properties hold true in the case of matrix polynomials; we only need to define which are the invertible elements in the set of matrix polynomials,
the so called unimodular matrices.
Definition 2.3. Let U (λ) be a square matrix polynomial of dimension g. U (λ) is a unimodular matrix polynomial if there exist a g ×g matrix polynomial V (λ) such that V (λ)U (λ) = I.
Equivalently, U (λ) is a unimodular matrix polynomial if det(U (λ)) is a non zero constant.
Definition 2.4. Given two matrix polynomials C1 (λ) and C2 (λ), they are equivalent if and
only if there exist unimodular matrices U (λ), V (λ) such that C1 (λ) = U (λ)C2 (λ)V (λ).
Definition 2.4 states when two given matrix polynomials are equivalent. The definition is
however a theoretical result; how to understand, in practice, if two matrix polynomials are
actually equivalent? It can be checked that the following elementary transformations are
associated with a multiplication by a unimodular matrix:
1. interchange two columns (it is the multiplication with a permutation matrix);
2. multiply a column by a non-zero constant (it is the multiplication by a constant diagonal matrix);
3. if we denote by ci (λ), cj (λ) the i-th and the j-th column of the matrix C(λ), replace
ci (λ) by ci (λ) + λd cj (λ) (it is equivalent to the multiplication with a matrix polynomial
equal to the identity, except for the presence of λd in the position (j, i);
4. all the previous transformations can be applied to the rows of a matrix polynomial and
they correspond to a premultiplication with a unimodular matrix of the same form.
The matrix polynomials associated with the transformations 1 − 4 are called elementary
unimodular matrices. A finite sequence of elementary unimodular matrices generates a unimodular matrix. The following theorem [78, Theorem 2.5.7] provides a characterization for
the set of unimodular matrices.
Theorem 2.5. A matrix polynomial U (λ) is unimodular if and only if it is a finite product
of elementary unimodular matrices.
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Remark 2.6. As we can understand from Definition 2.4 and Theorem 2.5, the set of equivalent Greatest Common Divisors is quite big and it can be difficult to understand if two
given matrix polynomials are equivalent, even in the case of matrices of small dimension. To
make this problem milder we restrict in the following to monic GCDs, i.e., common divisors
whose leading coefficient is the identity matrix. We remark that assuming that the leading
coefficient is full rank is not general, though.

2.2.2

Sylvester matrices for matrix polynomials

Let A(λ), B(λ) be two m × m matrix polynomials of degree n. Thus
A(λ) = A0 + A1 λ + · · · + An λn

An 6= 0,

(2.1)

B(λ) = B0 + B1 λ + · · · + Bn λn

Bn 6= 0.

(2.2)

Definition 2.7. A square matrix polynomial P (λ) is regular if det(P (λ)) 6= 0.
We assume n > 0 and that the leading coefficients An , Bn are invertible, so that A(λ)
and B(λ) are regular. Before introducing the definition of Sylvester matrix, we need the
concept of common eigenvalues for matrix polynomials, which is crucial in understanding
the properties of the resultant matrix. A point λ0 ∈ C is a common eigenvalue for the
matrix polynomials A(λ) and B(λ) if there exist a vector x0 6= 0 such that A(λ0 )x0 = 0
and B(λ0 )x0 = 0. In this case we refer to x0 as a common eigenvector of A(λ) and B(λ) at
λ0 . Observe that for A(λ) and B(λ) to have a common eigenvalue at λ0 it is necessary that
det(A(λ0 )) = 0 and det(B(λ0 )) = 0, but the converse is not true (the vectors in the two
kernels can be different!).
As it happens for scalar polynomials, the Sylvester resultant matrix is a useful tool for
testing the coprimeness also for matrix polynomials. The straightforward generalization of
the matrix in (1.3) to the case of two matrix polynomials of degree n is
An · · ·

An





S(A, B) = 
Bn · · ·

Bn





· · · A0
· · · · · · A0
..
..
.
.








An · · · · · · A0 

· · · B0


· · · · · · B0


..
..

.
.
Bn · · · · · · B0













n
.

(2.3)

n





The key property of the classical resultant matrix for scalar polynomials (Lemma 1.4) does
not carry over for matrix polynomials [34], and in particular it holds true that
dim ker(S(A, B)) ≥ ν(A, B),

(2.4)

where ν(A, B) denotes the total common multiplicity of the common eigenvalues of the
matrix polynomials A(λ) and B(λ). The following example is just to show that the inequality
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(2.4) can actually be strict




−1 + λ
0
λ
1
A(λ) =
, B(λ) =
1
−1 + λ
0 λ−2
  
 
1
1 0 −1 0
1
−2 0 1 1 −1 −2
 
   = 0.
S(A, B) 
 1  = 1 0 0
1  1 
−1
0 1 0 −2
−1

(2.5)

In (2.5) we have a singular Sylvester matrix (its kernel has dimension 1) associated with two
coprime matrix polynomials (the determinants of A(λ) and B(λ) have no common zeros,
hence the two matrices have no common eigenvalues).
In order to solve the issue and get the equality in (2.4) we can consider a bigger Sylvester
matrix [34]. If we define the following resultant depending on the parameter `


An · · · · · · A0

 

A
n · · · · · · A0

 

..
..


.
.
 `−n

 


A
·
·
·
·
·
·
A

n
0 
(2.6)
S` (A, B) = 
 

Bn · · · · · · B0
 

Bn · · · · · · B0
 

 

.
.
 `−n

..
..


Bn · · · · · · B0 
we have the equality in (2.4) for any ` ≥ n(m + 1) 1 . This is useful since, in this way,
we have similar properties to the case of scalar polynomials and we can act in a similar
way by considering the link between the rank defect of the resultant and the degree of the
determinant of the Greatest Common Divisor.
Going back to the polynomials in the example (2.5), we can check that by considering
the resultant matrix defined in (2.6), we have that


1 0 −1 0
0
0
0 1 1 −1 0
0


0 0 1
0 −1 0 


0 0 0

1
1
−1

S3 (A, B) = 
1 0 0

1
0
0


0 1 0 −2 0
0


0 0 1
0
0
1
0 0 0
1
0 −2
is full rank.

2.2.3

The Approximate GCD problem

As stated in the introduction of the chapter, there exist some algorithms for computing exact
common factors for two matrix polynomials, but it seems there is no algorithm for computing
1

the matrix in (2.6) refers to right common factors
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approximate common factors. These computations are needed in practical applications,
where the coefficients can be noisy or corrupted, as well as in some distance problems, as we
will see in the applications (Chapter 3). Given two coprime matrix polynomials, we aim at
computing the smallest (according to a certain definition of distance) perturbation on the
polynomial coefficients which makes them having a common factor of given degree.
Let A(λ) and B(λ) be two coprime matrix polynomials. The problem is to compute a
closest pair of matrix polynomials Â(λ), B̂(λ) having a non trivial common factor of specified
degree d. The distance we consider is the following:
v
uX
n
X
u n
kAj − Âj k2F +
dist({A, B}, {Â, B̂}) = t
kBj − B̂j k2F
(2.7)
j=0

j=0

where the subscript j denotes the j-th coefficient of the corresponding matrix polynomial.
We assume all the coefficients to be real, just to simplify the notation. The Approximate
GCD problem can be stated as
Problem 2.8. Given two coprime matrix polynomials A, B, and an integer d ∈ N, d ≥ 1,
compute
dist({A, B}, {Â, B̂})
inf
{Â,B̂}
Â,B̂ have a GCD of degree d

where the distance is the one defined in (2.7).
In the following we are going to propose two algorithms for computing the solution of the
nonconvex optimization Problem 2.8. To the best of our knowledge, there is no algorithm in
the literature which solves Problem 2.8. The algorithms we are going to propose generalize
two approaches from scalar to matrix polynomials: the subspace method [80], used in Section
1.6.2 as a term of comparison with the proposed algorithm, and the ODE-based algorithm
presented in [30] and described in Chapter 1.

2.3

Generalized Subspace method

In this section we describe how we generalize the subspace method [80] to the computation of
an approximate GCD for matrix polynomials. The original algorithm for scalar polynomials
is a powerful tool in the framework of GCD computation since it is simple to develop, easy to
understand and convenient to implement. In the case of scalar polynomials, we implemented
the algorithm following the original paper [80], and we compared its performances with the
proposed ODE-based algorithm (see Section 1.6.2). Since we are going to generalize it to the
case of matrix polynomials, we describe the features of the algorithm and its implementation.
The subspace method was one of the first algorithms capable of dealing with noisecorrupted data. The basic idea of the algorithm is the fact that the information on the
(approximate) GCD of a set of polynomials can be extracted from the left null space of the
associated resultant. Due to its simplicity, we should expect its performance can be improved
by other local optimization approaches, as we observed in Section 1.6.2 for the scalar case.
We briefly recall in Algorithm 4 how the algorithm works for scalar polynomials.
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Algorithm 4: Subspace method for scalar polynomials
Data: p1 , . . . , pN , n (maximum degree) and d (degree common factor)
Result: c (approximate common factor)
begin
1
Build S, the Sylvester matrix of dimension N (n + 1) × (2n + 1) associated with
the given data polynomials
2
Compute U = (Ur+1 , . . . , U2n+1 ), a matrix whose columns form an orthonormal
basis for the null space of S, where r = 2n + 1 − d. Such matrix can be computed
by using SVD.
3
Reshape each column of U into an Hankel matrix with r rows:

Ui (1)
Ui (2)
Ui (2)
Ui (3)
Hi = 
 ···
···
Ui (r) Ui (r + 1)
4


· · · Ui (d + 1)
· · · Ui (d + 2) 


···
···
· · · Ui (2n + 1)

i = r + 1, . . . , 2n + 1.

build the matrix
R=

2n+1
X

HiT Hi

i=r+1

and extract the GCD c by the eigenvector of R corresponding to the smallest
eigenvalue.
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To generalize the method for matrix polynomials, we replace the scalar coefficients by
matrices of dimension m, manipulating and reshaping the data properly. Similarly to the
scalar case, the (approximate) common factor is given by the left singular vectors associated
with the smallest singular values of a matrix whose blocks are Hankel matrices. The pseudocode for the algorithm in the case of 2 matrix polynomials is in Algorithm 5
Algorithm 5: Subspace method for matrix polynomials
Data: A(λ), B(λ), n (maximum degree) and d (degree common factor)
Result: C(λ) (approximate common factor)
begin
1
Build the structured Sylvester matrix S as in (2.3) of dimension
2m(n + 1) × m(2n + 1)
2
Compute U = (Ur+1 , . . . , U2n+1 ), a matrix whose columns form an orthonormal
basis for the null space of S; we have now r = m(2n + 1 − d), using the same
notation r just to have a similar expression, so each Ui corresponds to a set of m
vectors. The matrix U can be computed by using SVD.
3
Reshape each vector of U into a m × (2n + 1) matrix (according to the dimension
of the coefficients)


Ui (1) Ui (m + 1) · · · Ui (2mn + 1)


..
..
Ūi =  ...

.
.
Ui (m)

4

5
6

Ui (2m)

· · · Ui (m(2n + 1))

for i = n + 1, . . . , 2n + 1
Build a m(d + 1) × (2n + 1 − d) block Hankel matrix Hi (for i = r + 1, . . . , 2n + 1)
from the columns of Ūi
Stack the matrices Hi in a row K = [Hr+1 , . . . , H2d+1 ]
The m left singular vectors of K associated to the m smallest singular values give
the (approximate) common factor C(λ).

Remark 2.9. Given the matrices A and B, the subspace method computes only their (approximate) GCD but not the perturbed polynomials Â, B̂. To compute these polynomials
we need to solve the least squares problem
min kA − Âk2F + kB − B̂k2F = min kA − C Āk2F + kB − C B̄k2F
Â,B̂

(2.8)

Ā,B̄

where C is the common factor computed by the algorithm.

2.4

Generalized ODE-based method

In this section we are going to propose a generalization of the algorithm proposed in Chapter
1 for scalar polynomials. The ideas behind the approach are similar, so we will omit some
proofs to avoid repeating the same arguments. We remark again we assume to deal with
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monic common divisors (just to fix and simplify the notation), but the following ideas can be
naturally generalized to the case of common divisors with rank deficient leading coefficients,
as it is needed in some applications (see Chapter 3).

2.4.1

General framework

We describe first some useful tools and ideas to understand how the algorithm works. When
we deal with coprimeness of matrix polynomials, just as it happens for the scalar case, the
Sylvester resultant is a useful tool. We showed in Section 2.2.2 that, replacing the scalar
coefficients by matrices, we do not have anymore the equality between the co-rank of the
resultant and the degree of the common factor of the polynomials, as it happens in the scalar
case [84]. In order to solve this issue, it can be worth to work with the modified resultant
S` (2.6), since in this way we preserve the equality in (2.4).
Given A(λ), B(λ) two coprime matrix polynomials, we are interested in computing their
Approximate GCD. We start with the full rank Sylvester matrix S` (A, B) and we need to
perturb the coefficients of the polynomials (in a minimal way) so that the kernel of the
associated resultant S` (Â, B̂) has the sought dimension k = md. This is done by iteratively
adding a structured perturbation to the matrix S` (A, B) which minimizes the singular values
of interest (the k smallest singular values, assuming they are increasing). The rank test on
the Sylvester matrix is done by computing its svd, and in particular it is well known that
a matrix has co-rank k if and only if it has k zero singular values. Exploiting the fact that
the singular values are ordered non negative real numbers, we can focus on minimizing only
the k-th singular value σk . In particular, we write the perturbed matrix as Ŝ = S` + E,
where  is a scalar measuring the norm of the total perturbation on the starting Sylvester
matrix, while E is a norm one matrix (w.r.t. the Frobenius norm) which identifies as E
the minimizer of σk over the ball of matrices whose norm is at most . In this way we can
move E and  separately, minimizing the k-th singular value at one step, and the norm of
the perturbation at the other until σk = 0.
Similarly to what happened in the scalar case, these ideas lead to the following two levels
algorithm: we iteratively consider a structured matrix of the form S` + E, with  ∈ R and
E a (Frobenius) norm 1 matrix having the same structure (and dimension) of S` , and we
update it on two different levels:
• at the inner level we fix the value of , and we minimize the functional σk by looking
for the stationary points of a system of ordinary differential equations for the matrix
E;
• at the outer level, we move the value of  in order to compute the best possible solution.
Remark 2.10. From the numerical point of view the functional σk cannot vanish, but it is
enough it reaches a fixed small tolerance.

2.4.2

The inner iteration

We analyze and retrace in this section the inner iteration of the algorithm, where the value
of  is fixed and we want to optimize over the perturbation E. The goal is to compute an
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optimal perturbation that minimizes the singular value σk of the matrix S` + E over the
set of matrices E of unit Frobenius norm preserving the structure of the starting modified
resultant. This is done by considering a smooth path of structured matrices E(t) of unit
Frobenius norm along which the singular value σk of S` + E(t) decreases. We still need the
results in Lemma 1.9 [51].
Assuming that the perturbation matrix E(t) is smooth, we can apply Lemma 1.9 (we
assume the singular values are differentiable functions since from the numerically point of
view we do not observe any coalescence among them). Omitting the time dependence and
doing similar computations as in the scalar case, we find the following expression for the
derivative of σk :
σ̇k = u> Ėv,
(2.9)
where u, v are the singular vectors of Ŝ associated with σk ; therefore the steepest descent
direction for the functional σk , minimizing the function over the admissible set for Ė, is
attained by minimizing u> Ėv = huv > , Ėi. We notice that E ∈ S, and consequently also its
derivative preserves the same structure, i.e., Ė ∈ S; therefore
huv > , Ėi = hPS (uv > ), Ėi

(2.10)

where the formula for the operator PS (the projection of the argument onto the Sylvester
structure) comes from a generalization of the one in the scalar case, hence it consists in
averaging the matrix coefficients along the diagonals of the block Toeplitz matrix. We
resume it in the following lemma, omitting the proof:
Lemma 2.11. Let S` be the set of generalized Sylvester matrices of dimension m`×2m(`−n),
and let H ∈ Rm`×2m(`−n) be an arbitrary matrix. The orthogonal projection with respect to
the Frobenius norm of H onto S is given by (using Matlab notation for the rows/columns of
the matrices)
PS (H) = S` (P 1 , P 2 ),
where

`−n

1
Pn−i

1 X
H(m(j − 1) + 1 : mj, m(j − 1) + 1 + mi : m(j + i))
=
` − n j=1

2
Pn−i

1 X
=
H(m(` − n) + m(j − 1) + 1 : m(` − n) + mj, . . .
` − n j=1

`−n

m(j − 1) + 1 + mi : m(j + i))
for

i = 0, . . . , n.

We underline that the projection PS (uv > ) is different from zero for any pair of singular
vectors u, v associated with a non zero singular value, as it happened for scalar polynomials.
This is important since the inner product (2.10) can vanish only because of the zeros of Ė.
Minimization problem
We computed in (1.7) the expression for the derivative of the singular value σk of the Sylvester
matrix Ŝ = S` + E. In order to compute the steepest descent direction for σk we need to
solve the following constrained optimization problem:
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G = arg min u> Ėv

(2.11)

Ė∈S
kĖk=1
hE,Ėi=1

where the constraint on the norm is added in order to select a unique solution, since we
look for a direction. The solution of (2.11) is given by the following differential equation
describing the gradient system for the functional to be minimized:
Ė = −PS (uv > ) + hE, PS (uv > )iE.

(2.12)

The result can be proved in a way similar to the scalar case. Consequantly (2.12) is the key
point of the inner iteration of the proposed approach. The following theorem remarks its
importance:
Theorem 2.12. Let E(t) ∈ S be a matrix of unit Frobenius norm, which is a solution of
(2.12). If σ is the singular value of Ŝ = S` + E associated with the singular vectors u, v,
then σ(t) is decreasing, i.e.
σ̇ ≤ 0
Proof. In the proof we show that σ̇ ≤ 0 by using the gradient system found in (2.12). We
remember the expression for σ̇ = u> Ėv (up to constant factors) and we exploit the equation
(2.12) to replace the value of Ė; we get two terms:
u> PS (uv > )v = huv > , PS (uv > )i = kPS (uv > )k2F
since PS (uv > ) has the Sylvester structure, so the inner product does not change if we project
the term uv > . The other term is
u> hE, PS (uv > )iEv = hE, PS (uv > )ihE, uv > i = hE, PS (uv > )i2
since E is a Sylvester matrix. Summing the two terms with the correct signs, because of the
Cauchy-Schwarz inequality we have
σ̇ = u> Ėv = −kPS (uv > )k2F + hE, PS (uv > )i2 ≤ 0
because kEkF = 1.
By Theorem 2.12 we have that the stationary points of the ODE (2.12) are candidate
local minima for the objective functional under the considered constraints. The following
corollary provides a rigorous characterization of the minimizers.
Corollary 2.13. Consider a solution of equation (2.12), and assume the corresponding
singular value σ > 0. The following statements are equivalent:
1. σ̇ = 0
2. Ė = 0
3. E is a scalar multiple of PS (uv > ).
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The integration of the equation
We briefly discuss and partly recall here how to compute the solution of the ODE (2.12)
and some useful remarks about the integration of the equation. Since (2.12) is a constrained
gradient system, the value of σk is monotonically decreasing during the integration of the
equation, as we can see in Figure 2.1.
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Figure 2.1: Tipical behavior of the singular value σk of the matrix S` + E during the
integration of the ODE (2.12) for a fixed value of . The final value corresponds to the
stationary point of the equation (2.12).The data for the plot are choosen randomly.

As in the scalar case, the function evaluation required in the integration of the equation
is quite expensive since it involves the computation of one svd factorization at each step (we
need both the k-th singular value and the corresponding singular vectors), so the choice for
the integrator is the explicit Euler scheme. We show the pseudo-code in Algorithm 6. As
in the scalar case the performances of the code can change depending on the values of some
parameters (which depend on the starting data), but we avoid repeating the same arguments
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(we fix the values of all the parameters, just to have a reference code).
Algorithm 6: Numerical solution of the ODE (2.12)
Data: A, B (or equivalently the associated Sylvester matrix), σk , u, v, h (step Euler
method), γ (step size reduction), tol and .
Result: Ē, σ̄k , ū, v̄ and h̄
begin
1
Set h̃ = h
2
Compute Ė = −PS (uv > ) + hE, PS (uv > )iE
3
Euler step → Ẽ = E + hĖ
4
Normalize Ẽ dividing it by its Frobenius norm
5
Compute the singular value σ̃k of the matrix S̃ = S` + Ẽ
6
Compute the singular vectors ũ and ṽ of the matrix S̃ associated to σ̃k
7
if σ̃k > σk then
reject the result and reduce the step h̃ by a factor γ
repeat from 3
else
accept the result; set h̄ = h, σ̄k = σ̃k , ū = ũ, v̄ = ṽ
8
if σ̄k − σk < tol or σ̄k ≤ tol then
return
if h̄ = h then
increase the step size of γ, h̄ = γh
else
set h̄ = h

9

Go to the next iteration

10

2.4.3

Estimation of the distance

We understood how to compute optimal (structured) perturbations of given norm , and this
is done by integrating a gradient system of ordinary differential equations associated with
the objective functional. We denote by σk () the singular value associated to such optimal
perturbation, computed by integrating the ODE (2.12). The next step is the computation
of a minimal value of  which satisfy the equation σk () = 0, and therefore it solves the
optimization problem. A key observation is the fact that Ŝ − S` = E, hence the value
of  is linked to the distance between the starting (modified) resultant and its structured
perturbation. Analogously to the scalar case, the zeros of the function σk () can be found
by a Newton’s iteration, since the results in 1.18 can be generalized to the matrix case.
Lemma 2.14. Assume that
1.  ∈ (0, ¯) for a certain upper bound ¯, such that σk () 6= 0 for the simple singular value
σk ;
2. σk () and E() are smooth functions with respect to .
42

If u() and v() are the singular vectors of Ŝ = S` + E associated with σk , then
d
σk () = −kPS (u()v()> )kF .
d
Proof. See Lemma 1.18.

Figure 2.2 shows the typical behavior of the function σk ().
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Figure 2.2: Plot of the function σk () starting from two random matrix polynomials.

We observe that the plot of the function σk () allow us to choose the Newton’s method
as a root finding algorithm, exploiting the results in Lemma 2.14. The Newton’s iteration is
then coupled with a bisection step in order to look for possible better solutions (in terms of
distance) once the objective functional reaches the zero (or the fixed small tolerance from a
numerical point of view). We summarize the algorithm for the outer iteration in Algorithm
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7.
Algorithm 7: Computation of ∗
Data: tol, tol2 and min . max lower and upper bounds, , σ() current values
Result: f approximation of ∗
begin
1
Set Bisect = False, j = 1, j = 
2
while |j − max | ≥ tol2 do
3
if Bisect = False then
Store t and σ(t )
4
Compute ˜j+1 by a Newton iteration
5
if ˜j+1 ∈
/ (min , max ) then
Set ˜j+1 = (max + min )/2
else
Set ˜j+1 = (max + min )/2
6
7

8

9
10
11

12

Compute σ(˜j+1 ) by integrating the ODE (Algorithm 1)
if σ(˜j+1 ) < tol then
Set Bisect = True
Set max = ˜j+1
else
Set Bisect = False
min = ˜j+1
Set j+1 = ˜j+1
Set j = j + 1
Set f = j

Observe the presence of two different tolerances: tol is the threshold for the singular
value of interest, while tol2 identifies the interval containing ∗ .
Remark 2.15. Increasing the value of , due to the choice of the initial value for the ODE
(2.12) (the matrix E computed at the previous step), it could happen that the trajectory
of the function σk () is not monotonically decreasing. This fact often happens when the
starting resultant is close to the sought rank deficiency. In order to deal with this issue and
get a global decreasing trajectory with respect to  we need to introduce a free dynamic for
the objective functional. It consists in solving the unconstrained version of Problem 2.11,
whose solution is obtained by removing any constraint on the computed E. It happens that
the norm of such solution increases for decreasing values of the objective functional. The
scheme of the algorithm we need to adopt alternates the free and the constrained dynamics
in the following way:
1. consider the matrix S` + E, and integrate the equation (2.12) removing any constraint
on E, till the norm of the perturbation reaches a fixed level 2 ;
2. starting from the perturbation E computed in point 1, integrate the equation adding
the constraints hĖ, Ei = 0, kEk = 1 and considering  = 2 (using Algorithm 6).
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The basic idea of this scheme is that the end point of each iteration coincides with the
starting point of the following one, so that the trajectory is continous (and consequently
monotonically decreasing) with respect to both t and .

2.4.4

Computation of the common factor

By iteratively updating the values of E and  using the strategies previously discussed, we
get a resultant matrix satisfying the sought rank constraint. Consequently we have two
matrix polynomials having a common factor of degree d. In Remark 2.9 we explained how
to compute the non-coprime matrix polynomials given their common factor (we need to solve
a least squares problem). Anyway the opposite computation is not straightforward.
One idea to compute the common factor can be to use a fast and computationally cheap
algorithm thought for exact GCD computation. We can use the generalized subspace method
proposed in Section 2.3. The algorithm works fine in the exact case (but remember the
computed rsultant is not exactly rank deficient!) and we do not need any external function
or toolbox.
On the other hand, we can make use of the the Polyx Toolbox [79], a Matlab Toolbox
suitable for the applications of scalar and matrix polynomials in the field of systems, signals
and control theory. In particular the toolbox contains two functions, called grd.m and gld.m,
suitable for the computation of (exact) right/left common factors for matrix polynomials.
These two functions are briefly described in the following.
The functions grd.m and gld.m We briefly explain here how the two functions grd.m
and gld.m from the Polyx Toolbox [79] work. Due to the similarities between left and
right common factors, we do not repeat the same arguments twice, but we only state the
general ideas for the algorithm which computes right common factors (the other algorithm
has analogous counterparts).
Consider the two matrix polynomials
N1 (z) = N10 + N11 z + · · · + N1w z w
N2 (z) = N20 + N21 z + · · · + N2w z w
having the same number of columns mN and the same degree w, and define the matrix
 
N1
N=
.
N2
Consider the resultants Sw+` (N1 , N2 ) (following the definition in (2.6)) for increasing values
of ` = 1, 2, 3, . . . . Each Sylvester matrix is then reduced to its shifted row Echelon form by
a Gaussian elimination algorithm without row permutations. We need to iterate the scheme
till we find the smallest integer `¯ which satisfy the equality
rank(Sw+`+1
¯ ) − rank(Sw+`¯) = mN .
According to [4], the last mN non zero rows of S`¯ yield the coefficients of a greatest common
right divisor for the two matrices N1 , N2 .
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We remember again that these functions are thought for exact GCD computations, while
the output polynomials computed by the proposed ODE-based algorithm have not an exact
GCD (the singular values of the resultant decrease up to a small tolerance but they do not
reach exactly the zero). This fact is intrinsic in the numerical nature of the algorithm itself.
Therefore, sometimes it can happen that the computed common factor verifies one of the
following situations:
1. the computed GCD equals the identity (so the functions are not able to reveal the
presence of a common factor);
2. the leading coefficient of the GCD is singular, while we assumed the common factors
are monic (in particular we minimized a functional which would reveal the presence of
a monic common factor);
3. the computed GCD has degree higher than expected.
Most of the times none of the above facts is verified, and it happens that the common
factors computed by the function grd.m (or gld.m) match the ones computed by the subspace
method.

2.5

Numerical experiments

We perform now some numerical tests in order to understand the performances of the proposed algorithms. As stated before, there is no term of comparison in the scientific literature (up to our knowledge), so the results computed by the subspace method and the
ODE-based approach are compared with the solutions obtained through the Matlab function
f minsearch.
Solution computed through Matlab minimization In this paragraph we briefly explain how to adapt the Matlab minimization function fminsearch to compute approximate
common factors of matrix polynomials. The paragraph is interesting also because it helps
to understand some properties of the considered problem. First of all we have the following
lemma:
Lemma 2.16. The matrix polynomials Â(z), B̂(z) have a left common factor of degree d if
and only if the matrix polynomial D̂(z) = (Â(z), B̂(z)) can be factored as D̂(z) = C(z)D̄(z) =
C(z)(Ā(z), B̄(z)).
Therefore Problem 2.8 can be rewritten as an optimization problem for one matrix polynomial only:
min dist(D, D̂)
D̂,C,D̄
(2.13)
subject to D̂(z) = C(z)D̄(z), deg(C(z)) = d
where the distance is still the same defined in (2.7). Matrix polynomials which can be
factorized in this way form a variety of the Grassman type [49].
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Moreover the product between two matrix polynomials D̂(z) = C(z)D̄(z), similarly to
the scalar case, can be written in matrix representation, building a block Toeplitz matrix
from the coefficients of the factor C:
 


D̂0
D̄0
 D̂ 
 D̄1 
 1


D̂(z) = C(z)D̄(z) ⇐⇒  .  = Md (C)  .. 
 .. 
 . 
D̄n−d
D̂n
where Md (C) has the following block Toeplitz structure:


C0
 C1 C0



 ..

...
 . C1



.
m(n+1)×m(n−d+1)
.

. . C0 
Md (C) = Cd ..
.
∈R


Cd
C1 


. 
..

. .. 
Cd
In this way, the computation of an approximate common factor (2.13) can be written as the
nonlinear least squares problem
min kD − Md (C)D̄kF .

(2.14)

C,D̄

The structure of the problem allows to separate the two optimization variables C and D̄,
therefore we can have a problem in the variable C only:
min(min kD − Md (C)D̄kF ) = min k(I − Md (C)M+
d (C))DkF .
C

D̄

C

(2.15)

Problem (2.15) is solved through the Matlab function fminsearch. Observe that we should
know a priori the degree of the determinant of the common factor, since the function fminsearch requires an initial estimate in input. Therefore in this case the assumption on the
common factor to be monic plays a central role.
We can now run some numerical experiments in order to look how the proposed algorithms
perform, and compare the computed solutions with the local optimization methods used by
the Matlab solver. The data for the experiments are random generated matrix polynomials
having an exact common factor; we add then perturbations of different noise levels (in the
interval [0, 1]) in order to analyze the solutions computed by the different approaches. We
neglect the numerical values of the polynomials, and we focus only on the values of the
computed distances and on the standard deviation. In the following experiments we plot the
distance averaged over fifty runs of the algorithms with different noise realizations, just to
be sure the results are not misleading, and we plot then the standard deviation in order to
understand how each solution is far from the average.
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Figure 2.3: Computation of an Approximate GCD of degree 1 for two 2 × 2 random matrix
polynomials of degree 3: distribution of the average distance (left) and of the standard
deviation (right) depending on an increasing level of noise

In the first considered example (see Figure 2.3) we have two 2 × 2 matrix polynomials of
degree 3 and we compute an approximate common factor of degree one.
From the graph we can observe that the proposed ODE-based algorithm obtains better
solutions (in terms of distance) than the subspace method, as it happened in the case of
scalar polynomials (Figures 1.1 and 1.2).
We need then to make some comments about the minimization through the Matlab
function fminsearch. People familiar with Matlab know that this function needs an initial
approximation in input, so we can ask if the performances observed in Figure 2.3 depend on
the (possibly poor) initialization. In Figure 2.3 the initial estimate is the solution computed
by the subspace method, so it is not a bad choice but neither the best one since; anyway we
observe the (average) computed distances are almost the same as the ones computed by the
ODE algorithm. If we initialize the function with the GCD computed by the proposed ODEbased algorithm, the solutions computed by fminsearch improve. In Figure 2.4 we observe the
same numerical example where we added the distances computed by the function fminsearch
with different initializations (random, solution of the subspace method, solution of the ODE
algorithm). We notice how the different initial estimates for the function fminsearch influence
the accuracy of the obtained solution.
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Figure 2.4: Computation of an Approximate GCD of degree 1 for two 2 × 2 matrix polynomials of degree 3: distribution of the average distance (left) and of the standard deviation
(right) depending on an increasing level of noise; we initialized the Matlab minimization in
different ways
About the standard deviation we observe results similar to the scalar case (Figure 1.1).
The solution computed by the proposed algorithm are closer to the mean value for small
levels of noise in comparison with the ones computed by the subspace method, while this
trend is reversed for high levels of noise.
Remark 2.17. Computational time The subspace method is very fast due to its low
number of arithmetic operations. The proposed ODE-based algorithm is (on average) faster
than the function fminsearch, whose performances depend on the initial estimate.

2.6

Remarks and possible extensions

In the chapter we generalized two algorithms for the approximate greatest common divisor
computation from scalar to matrix polynomials. The first is the subspace method, only
mentioned in Section 1.6.2 and used as term of comparison; it is a fast and computationally
cheap algorithm which extract all the information about the (approximate) GCD from the
resultant matrix. The second one is a generalization of the approach proposed in Chapter 1,
and is based on the integration of the gradient system associated with a suitable functional.
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The proposed algorithms can naturally be extended to the case of more than two matrix
polynomials, or to the case of non square matrices (the important fact is that at least one of
the dimensions is the same). The extensions to complex matrix polynomials and constrained
systems (presented in Section 1.5 in the case of scalar polynomials) can be adapted to the
matrix case.
Similar to the scalar case, the computational performances of the proposed ODE-based
algorithm depend on the presence of some parameters. We omitted the same arguments,
but we used always the same reference code.
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Chapter 3
Applications in systems, control and
signal processing
The problem of computing a greatest common divisor for a set of polynomials is a classical
problem in numerical linear algebra. Numerically, it is an ill-conditioned problem: small
perturbation on the data can result in large changes in the computed solution. Since in
practical applications the data coefficients are usually affected by noise, we need to compute
approximate gretaest common divisors. As we saw in Section 1.1.2, the problem of computing
approximate greatest common factors has been widely studied in the scientific literature, and
it is still an active research topic.
Looking at the overview of the existing methods for solving the problem (Section 1.1.2)
we notice that the applications of the problem in system theory, control theory and signal
processing are surprisingly missing, but only theoretical and computational aspects on the
problem are discussed. We are going to propose in the following some applications of the
problem which can be solved by a (approximate) greatest common divisor computation; on
the other hand algorithms developed to solve the proposed problems can be viewed as (approximate) greatest common divisor computation methods. The mathematical formulation
of the problem we consider is the one in Problem 1.1.
The approximate common factors computation problem for matrix polynomials seems
to be absent from the literature, as just mentioned. However it is interesting to generalize
some applications to the case of multivariable systems, where matrix polynomials are fundamental. This is the main reason which motivated the extension of the proposed approach
from scalar to matrix polynomials. Some of the problems we are going to analyze can be
naturally generalized by switching from (approximate) common factors computations for
scalar polynomials to matrix polynomials, leading to powerful definitions and numerically
accurate results.
In particular, the applications we are going to describe in details are: blind finite impulse response system identification, computing the distance of a given linear time-invariant
system to the set of uncontrollable systems, estimation of the common dynamic for a set of
autonomous linear time-invariant systems. A brief overview follows on the controllable part
of a system and on the computation of minimal kernel representations.
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3.1

Blind finite impulse response system identification

Blind system identification is the problem of retrieving an unknown system from the informations given by its (noisy) outputs. This is a fundamental problem in signal processing.
The mathematical formulation of the problem we consider is
Problem 3.1. Given N output observations y 1 , . . . , y N of a finite impulse response (Single
Input Single Output) system, generated by unknown signals u1 , . . . , uN , find the impulse
response of the system h.
The term blind means that the input signals ui are unknown; observe that in the case
the input signals are known the problem becomes easier. We want now to transform the
problem in an approximate common factor computation. To do so we need to pass to the
Z-transform of the signals (for the sake of simplicity we keep the same notation in both the
time domain and Z-domain).
Remark 3.2. The Z-transform of a finite duration signal y i is a polynomial.
Switching to the Z-domain makes possible to pass from signals to polynomials. The
following theorem states how the blind system identification problem (Problem 3.1) can be
restated as an approximate greatest common divisor computation.
Theorem 3.3. Assume that at least N = 2 observation y 1 , . . . , y N of a finite impulse response system are given. Moreover assume that
1. the inputs u1 , . . . , uN have finite supports,
2. the polynomials u1 (z), . . . , uN (z) are coprime.
Then the impulse response h of the system is, up to a scaling factor α ∈ R, the greatest
common divisor of the polynomials y 1 (z), . . . , y N (z).
Proof. The output observations y 1 , . . . , y N come from the convolution between the (unknown) input signals u1 , . . . , uN with the impulse response of the system h. If we denote by
∗ the convolution operator, we have
y i = h ∗ ui for i = 1, . . . , N.
Since the system h is finite impulse response, its Z-transform is a polynomial h(z) = Z(h).
Under assumption 1, also ui (z) = Z(ui ) are polynomials (if a discrete time signal is time
limited and bounded, its Z-transform is a finite summation). Therefore y i (z) = Z(y i ) are
polynomials too since in the Z-domain we have the relation
y i (z) = h(z)ui (z) for i = 1, . . . , N.

(3.1)

In particular the equation (3.1) shows that the polynomial h(z) is a common factor for all the
polynomials y 1 (z), . . . , y N (z). By assumption 2, the polynomials u1 (z), . . . , uN (z) have no
common factors, so h(z) is the greatest common factor for the polynomials y 1 (z), . . . , y N (z).
In practical applications, the observations y i can be noisy because of several sources of
error. Therefore, the data can be written as
y i = yti + ỹ i
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(3.2)

where yti is the true signal and ỹ i is the noise, and the corresponding polynomials results
to be coprime. Assuming that the noise on the observations is zero mean, white, Gaussian,
a maximum likelihood estimator for the impulse response of the system is obtained by the
solution of the following optimization problem
1

N

1

N

minimize over ȳ , . . . , ȳ , ū , . . . , ū , h̄

N
X

ky i − ȳ i k22

i=1

(3.3)

subject to ȳ i = h̄ ∗ ūi for i = 1, . . . , N.
Remark 3.4. Since we put h̄ as an optimization variable, we assumed implicitely that the
order of the corresponding system is a priori known.
Following the previous statements, Problem (3.3) is equivalent to an approximate greatest
common divisor computation. If the data are generated as in (3.2) with white Gaussian noise,
the approximate GCD (corresponding to a structured low-rank approximation problem) is a
maximum likelihood estimator [59, Proposition 3]. This idea can be generalized to correlated
Gaussian noise if the covariance matrix is known. In the presence of different kind of noise
(non Gaussian), the solution of the same problem is not statistically optimal, in the sense
that it could be biased or it could give asintotic error covariance bigger than the maximum
likelihood estimator (for the considered problem the term asymptotic is not relevant, though).
In these cases norms other than the 2-norm should be considered (an analysis for the classical
regression problem is developed in [12, Section 7.1.1]).
Illustrative example We show here a simple example which shows how to apply the
proposed methodology. Suppose we are given the finite impulse response system
1
1
1
h[n] = δ[n] + δ[n − 1] + δ[n − 2],
3
3
3
where δ is the dirac delta function. The Z-transform is the polynomial h(z) = 1 + z −1 /3 +
z −2 /3. Consider then the following two input signals with finite support (and theis Ztransform):
u1 [n] = δ[n] + δ[n − 1]
u1 (z) = 1 + z −1
u2 [n] = δ[n − 2]
u2 (z) = z −2 .
Then, possibly changing variable as x = z −1 if we prefer to work with positive powers, the
two (exact) observations are
1
y 1 = (1 + x)(1 + x + x2 )
3
1
y 2 = x2 (1 + x + x2 )
3
In a practical setting, such observations are noisy, so the system is retrieved by computing
an approximate common factor of degree 2 between y 1 + ỹ 1 and y 2 + ỹ 2 , where the data are
generated as in (3.2). We can observe that the assumptions on the inputs in Theorem 3.3 are
both important: the first ensures that the Z-transforms of the inputs are polynomials (and
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not infinite sums), while the absence of common factors in the polynomials allows to identify
the system with the (approximate) greatest common divisor of the (noisy) observations.
The computed solution depends on the method we use for solving the Approximate GCD
problem.

3.2

Distance to uncontrollability

Consider a linear time invariant dynamical system B defined by its state space representation
B(A, B, C, D) = {(u, y) : ẋ = Ax + Bu, y = Cx + Du}

(3.4)

where A ∈ Rn×n , B ∈ Rn×n , C ∈ Rp×n , D ∈ Rp×n are the parameters of the system, n denotes
the number of states, m and p denote the number of inputs and outputs, respectively. The
set of parameters, however, is not unique: a change of basis x̄ = V x leads to an equivalent
representation B(V AV −1 , V B, CV −1 , D). This section is divided in three main parts: in
the first we discuss about the problem of computing the distance to uncontrollability in
general, explaining the mathematical framework behind our approach to the problem, and
the difference with respect to the classical definition. In a second part, we focus on Single
Input Single Output (SISO) systems (they correspond to the case m = p = 1 in (3.4)),
since we will show that the distance to uncontrollabilty problem in the SISO case can be
restated as an approximate common factor computation for scalar polynomials. Then the
more general case of Multi Input Multi Output (MIMO) systems is considered as a natural
extension of the previous formulation to the case of matrix polynomials. Some numerical
experiments show the benefit of the proposed formulation of the problem.
Controllability is an important property of a system: a system described by the representation (3.4) is said to be controllable if we can direct the state function x(t) to a given
state in a finite interval of time through an input function u(t). The classical notion of
comtrollability [45], for a system expressed by its state space representation (3.4), is linked
only to the couple of parameters A and B, and it involves the numerical computation of the
rank of the so called controllability matrix
C(A, B) = (B, AB, · · · , An−1 B),

(3.5)

where n is the number of states of the system (the dimension of the square matrix A). Verifying if a given system is controllable is a yes-no question whose answer is linked to the rank
of the matrix (3.5), and in particular it holds true that a system is controllable if and only if
the associated controllability matrix (3.5) is full rank; but arbitrary small perturbations (e.g.
due to noise or other errors) on the parameters A, B can switch the controllability property.
Systems very close to be uncontrollable are linked to ill conditioned computational problems
[52, 24], and they can cause troubles with the mathematical models or even the underlying
physical systems [16]. Therefore it is useful to measure how far a controllable system is from
the closest uncontrollable system. This is the problem of computing the distance to uncontrollability. The problem considered in the literature [73] refers to the controllability matrix
(3.5) and is linked only to the perturbation of the parameters A and B of the state space
representation. In particular the distance to uncontrollability is defined as the structured
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distance to rank-deficiency of the controllability matrix in (3.5), so it requires to compute the
smallest perturbations (with respect to the Frobenius norm) ∆A, ∆B such that the matrix
C(A, B) + C(∆A, ∆B)
is rank-deficient. This problem is equivalent [27, 26] to the following global optimization
problem in a complex variable
min σn (A − λI, B)
(3.6)
λ∈C

where σn is the smallest singular value. The issues due to these previous definitions is that
they only depend on the (non unique) parameters A, B of the state space representation.
We are going to propose a representation invariant definition of controllability which is a
property of the system itself and not of the parameters choosed for its representation. This
is done by moving to the behavioral setting [78, 92, 66], where a linear time invariant system
is seen as the set of its trajectories. The controllability property, in this setting, becomes
the possibility of switching between any two trajectories, up to a delay of time.
Definition 3.5. Let B be a linear time-invariant dynamical system, which is a set of trajectories (vector valued functions of time). The system B is controllable if for all w1 , w2 ∈ B
there exist a T > 0 and a w ∈ B such that
(
w1 (t) for t < 0
w(t) =
w2 (t) for t ≥ T
A system is uncontrollable if it is not controllable.
The controllability property in the behavioral setting involves a rank test on a particular
matrix polynomial, which is linked to the representation of the system. Any linear timeinvariant system can be described by a kernel representation [91]: given a system B, there
exist a matrix polynomial R(z) ∈ Rp×(n+p) [z] such that
R(B) = {w|R0 w + R1 σw + · · · + Rl σ l w = 0},
where σ is the shift operator (in the discrete case) or the derivative operator (in the continuous case). The rank of the matrix polynomial R(z) determines the controllability of the
system B, and in particular it holds the following lemma [78]:
Lemma 3.6. The system B is controllable (according to Defintion 3.5) if and only if the
matrix polynomial
R(z) = R0 + R1 z + · · · + Rl z l
is left prime, i.e., R(z) is full row rank for all z ∈ C.
For a Single-Input Single-Output (SISO) system, such matrix polynomial R(z) is a 1 × 2
matrix R(z) = (p(z), −q(z)). If we denote by u the input of the system, and by y the output,
we can switch to the so called input/output representation
 
 u
Bi/o (p, q) =
p(z)y = q(z)u
y
by dividing the vector w into its two components. It is easy to check that the matrix
polynomial R(z) = (p(z), −q(z)) can lose rank only if the polynomials p and q vanish at the
same point (i.e., they have a common root). We can write the following theorem [78]:
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Theorem 3.7. Consider the pair of polynomials p(z), q(z), with deg(p) ≥ deg(q). The SISO
system Bi/o (p, q) is controllable if and only if the polynomials p and q are coprime.
By Theorem 3.7 we can link the controllability property of a linear time-invariant dynamical system to the existence of common factors between polynomials. In particular the
computation of the distance to uncontrollability in the SISO case is equivalent to the computation of an approximate common facor of degree 1 between the polynomials p and q of
the input/output representation. If we define the distance between two systems (described
by their input/output representations) as
   
p̂
p
−
dist(Bi/o (p, q), Bi/o (p̂, q̂)) =
,
q
q̂
2
we give the following (representation invariant) definition for the computation of distance to
uncontrollability. Given a controllable system Bi/o (p, q), compute
d(B) = min dist(B, B̂)
B̂∈Luc

where Luc is the set of linear time-invariant (SISO) uncontrollable systems.
In the case of Multi Input Multi Output (MIMO) systems, the kernel representation B
is given by
R(B) = {w|R0 w + R1 σw + · · · + Rl σ l w = 0},
where R ∈ Rm×(m+p) is a matrix polynomial. In the MIMO case the matrix R of the kernel representation has bigger dimension, and in particular it can be partitioned as R(z) =
(P (z), −Q(z)), where P (z), Q(z) are two matrix polynomials. The input/output representation of a MIMO system can be naturally generalized as
 
 u
P (z)y = Q(z)u .
Bi/o (P, Q) =
y
Lemma 3.6 [78] allows to adapt Theorem 3.7 to the case of MIMO systems, therefore the
problem of computing the distance to uncontrollability for a MIMO system can be restated
as an approximate GCD coputation between two matrix polynomials.
Theorem 3.8. The system B is controllable if and only if the matrix polynomials P (z), Q(z)
are (left) coprime. The presence of left common factors in P and Q leads to loss of controllability.
Proof. Because of Lemma 3.6 we show that P (z) and Q(z) have no (left) common factors
if and only if the block matrix (P (z) Q(z)) is full row rank ∀z ∈ C. Assume that P and Q
have no left common factors, so they are left coprime. Hence [95] there exists a unimodular
matrix U such that
(P (z) Q(z))U (z) = (I 0),
so the matrix is full rank for all z.
On the other hand, suppose P (z) = C(z)P̄ (z), Q(z) = C(z)Q̄(z). We can factorize the
block matrix (P (z) Q(z)) as C(z)(P̄ (z) Q̄(z)). The zeros of C(z) are the only points which
makes the matrix (P (z) Q(z)) lose rank, since P̄ , Q̄ are coprime.
Hence the system B is controllable if and only if the matrices P (z) and Q(z) have no left
common factors of degree one or more.
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Let Luc be the set of uncontrollable MIMO linear time-invariant systems with m ≥ 1
inputs and p ≥ 1 outputs,
Luc = {B | B uncontrollable MIMO LTI system}
and define the distance between two arbitrary systems as the distance between the couples
of matrix polynomials in their input/output representations:
dist(B(P, Q), B(P̄ , Q̄)) = k(P Q) − (P̄ Q̄)kF ,

(3.7)

where, with an abuse of notation, we identified the matrix polynomials by the vectors containing their coefficients1 . The problem of computing the distance to uncontrollability for a
MIMO system is the following:
Problem 3.9. Given a controllable system B(P, Q), find
d(B) = min dist(B, B̄),
B̄∈Luc

where the distance is the one defined in (3.7).
Problem 3.9 is the computation of an approximate left common factor of degree 1 between
the matrix polynomials P (z) and Q(z).
In the following, we propose a numerical example in order to show the benefits of our
approach (the behavioral setting) and the performances of our algorithm (it is a modified
version of the algorithm proposed in Chapter 2 since we will consider the computation of
approximate left common factors whose leading coefficient is singular).
Numerical example Consider the following system B given by its state space representation:
B(A, B, C, D)




1
1
1 0
1
2
0.1 3


5 0
 , B = 0.1 0.5 ,
A=
 0 −1 −1 0
0
1
(3.8)
0
0
0 1
`
`




1 2 0.1 0.3
1 1
C=
,D =
.
3 0.1 0.1 0.5
1 1
Observe the particular structure of the system. If we set ` = 0, the system is uncontrollable
independently of all the other values (the last row of the controllability matrix (3.5) is
`[1, 1, . . . , 1]). Arbitrary perturbations on the parameter ` make the system controllable
(again check the rank of the controllability matrix (3.5) for ` 6= 0), so modifying the value
of ` we are able to build a controllable system which is arbitrarily close to an uncontrollable
system.
1

The parameters P and Q which identify the system are not unique, but an equivalent representation
can be obtained multiplying both P and Q by the same unimodular matrices. In order to have a well
posed definition of distance we need to apply some normalization, e.g. we can assume P to be monic; this
assumption is not general though.
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If we want to move to the behavioral setting, we need a way to switch from the state
representation (3.8) to the kernel representation
B = {w|R0 w + R1 σw + · · · + Rr σ r w = 0}.
In order to compute the matrix polynomial R(z), we can write a general state representation of a linear time-invarant system (3.4) in extended form (discretizing and rewriting the
equations):

 

y(k)
C
y(k + 1) =  CA  x(k)
y(k + 2)
CA2



(3.9)
D
u(k)
 u(k + 1) .
D
+  CB
CAB CB D
u(k + 2)
Since we want to eliminate the state x in order to get the matrix polynomials P and Q of
the input/output representetion, we can premultiply the equation (3.9) by the matrix in the
left null space of the observability matrix (C; CA; CA2 ):




y(k)
C
(P2 , P1 , P0 ) y(k + 1) = (P2 , P1 , P0 )  CA  x(k)
y(k + 2)
CA2



(3.10)
D
u(k)
 u(k + 1)
D
+(P2 , P1 , P0 )  CB
CAB CB D
u(k + 2)
We denote by P (z) = P0 + P1 z + P2 z 2 , while Q(z) is given by the coefficients in the matrix
product on the last row of (3.10):
Q2 = P2 D + P1 CB + P0 CAB;
Q1 = P1 D + P0 CB;
Q0 = P0 D.
In this way we can compute a kernel representation for the system in (3.8).
If we set ` = 0, the system (3.8) is uncontrollable, and the two polynomials which give
the kernel representation are the following (all the numerical values are rounded to three
decimal places):




1 0 2
0.516 −0.064
P (z) =
z +
z
0 1
0.173 −0.460


−0.700 0.670
+
0.242 −0.232




(3.11)
1.434 −1.092 2
−1.378 1.142
Q(z) =
z +
z
−0.912 0.487
0.328 −0.135


0.249 −0.267
+
.
0.739 −0.463
59




0
1
The matrices P (z) and Q(z) in (3.11) have as common factor
, and the
z − 1 0.509
associated Sylvester resultant S6 (P, Q) (according to the definition given in (2.6)) is rank
deficient with co-rank 1 (observe the correspondence among the co-rank of the controllability
matrix (3.5), the co-rank of the Sylvester resultant and the degree of the determinant of the
common factor). If we perturb the value of ` in (3.8), the correspondng system is controllable
(the controllability matrix (3.5) is full rank) and this fact is reflected also in the behavioral
sense, since the matrix polynomials P̂ , Q̂ of the input/output representation are coprime
(the associated Sylvester resultant S6 (P̂ , Q̂) is full rank).
We want to compute now the value of distance to uncontrollability for the perturbed
controllable system. In the following experiment (Table 3.1) we consider the system in (3.8)
and we list some values of the computed distance to uncontrollability corresponding to different perturbations of the parameter `. The proposed distance in the behavioral setting
is compared with the classical notion of distance to uncontrollability, which is given by the
numerical solution of problem (3.6). In [39] are listed several problems arising by solving
the nonconvex global optimization problem (3.6) by local optimization approaches. The
algorithm we use for solving (3.6) is the one proposed in [14], where the authors underline
there are no standard methods for computing distance to uncontrollability, which is a more
difficult problem than other distance problems, such as distance to singularity or distance to
instability. The distance in the behavioral sense involves the computation of an approximate
left common factor between P̂ (z) and Q̂(z), the two matrix polynomials coming from the
input/output representation of the perturbed system, which are coprime since the corresponding system is controllable (the algorithm we use for computing these values of distance
is a modified version of the one presented in Chapter 2, where the functional to be minimized
is changed appropriately).

Table 3.1: Distance to uncontrollability for a perturbed state space representation and the
corresponding kernel representation
`
d. uncontr. (classic) d. uncontr. (behavioral)
10−4 5.4 ·10−5
9 · 10-9
10−3 5.4 · 10−4
6.6 · 10−6
10−2 5.4 · 10−3
6.6 · 10−5

We consider then the converse problem: we start from an uncontrollable system in the
behavioral sense (i.e., two matrix polynomials having a left common factor) and we switch,
after a perturbation on the polynomials coefficients, to the state space representation in
order to analyze the values of the distance to the closest uncontrollable system. Consider
again the matrix polynomials in (3.11). In order to switch from the kernel to the state space
representation we call the function lmf2ss from the Polyx Toolbox [79]. The computed
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representation is:
B = B(A, B, C, D)

1.018 1 −0.438
−0.191 0 0.567
A=
 0.646 0 1.932
−0.542 0 −1.010


0.330 −0.374
−1.364 0.808 

B=
−3.769 2.676  C
−1.714 −0.769


0


0
0
2
D =
1
−3.040 7.90
0

=

(3.12)


0
0 2 0
.
−3.040 0 7.90 0

Since the system is uncontrollable by construction, the associated controllability matrix
(3.5) is singular, as expected. We now add some random perturbations to the coefficients
of the matrix polynomials in order to see how the corresponding state space representation
and the associated distance to uncontrollability change. The results are given in Table 3.2.

Table 3.2: Distances to uncontrollability of a perturbed kernel representation and the corresponding state space representation
norm perturbation d. uncontr. (behavioral) d. uncontr. (classic)
3.98 · 10−5
3 · 10−6
0.120
−4
−4
4.38 · 10
2.5 · 10
0.119
−3
−4
4.7 · 10
4.5 · 10
0.119

This last experiment confirm the results we observed in Table 3.1, that is the distances in
the bahvioral setting are smaller than the ones in the classic sense, so the behavioral approach
seems to be more accurate in finding which is the closest uncontrollable system. We notice
the difference in the computed values of the distance in the classic sense comparing Table 3.1
and Table 3.2, as a consequence of the different parameters we adopted for the state space
representation. We do not observe such a variation in the distances in the behavioral sense,
where the computed values of distance reflect the perturbations on the data.
We remark that in the first example the perturbation is deterministic, so the numerical
results we get by reproducing the example will be the same; on the other side the perturbation
in the second example is randomly generated, so we cannot expect to get exactly the same
results by rerunning the experiment (but only similar ones).

3.3

Common dynamics estimation

The common dynamics estimation problem we consider is the following
Problem 3.10. Given a set of N autonomous linear time invariant system B1 , · · · , BN , find
their common dynamics, defined as B = B1 ∩ · · · ∩ BN .
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In the case of scalar systems, the kernel representation of each system is of the form
Bi = ker(pi (σ)) = {y|pi0 y + pi1 σy + · · · + pin σ n y = 0},
where σ is the shift operator in the discrete case, or the derivative operator in the continous
case. Looking at the set of systems as a set of polynmials, it is natural to see the intersection
of the systems as the polynomials common factor. If there exist no common factor (so the
common dynamic is B = {0}), an approximate common dynamic can be considered. After
switching to the kernel representation, this problem is equivalent to a (approximate) greatest
common divisor computation for several polynomials.
The considered Problem 3.10 can be naturally extended in the framework of multivariable
systems by replacing scalar with matrix polynomials. The kernel representations of the
systems are of the form
Bi = ker(Pi (σ)) := {w | P0 w + P1 σw + · · · + Pn σ n w = 0}.

(3.13)

where each Pi is a gi × q matrix polynomial. Problem 3.10 is equivalent, in this case, to a
greatest common divisor computation for the matrices P1 , . . . , PN . In the case there is no an
exact common factor we can consider the problem of computing an approximate common
factor, by using the proposed approach. The following illustration can be extended from 2
to any number N of systems.
B1 = ker(R1 ), B2 = ker(R2 ),
!
 
R1
B = B1 ∩ B2 = ker
= ker GCD(R1 , R2 ) .
R2
A more complete survey on the common dynamics estimation problem, including some
reformulations and equivalent optimization problems, can be found in [63].

3.4

More applications

We list here more applications related to computing (approximate) common factors of matrix
polynomials.

3.4.1

Controllable and uncontrollable subsystems

In Section 3.2 we described how to compute the distance of a controllable linear timeinvariant system from the set of uncontrollable ones. Once we compute a solution of Problem
3.9, we can split the system into two parts, controllable and uncontrollable [91]. A nice way
to define the controllable part of a system is via subsystems. If B1 , B2 are two dynamical
systems, we say B1 is a subsystem of B2 if the set of trajectories of the first system is a
subset of the ones of the second system. This can be expressed also in terms of kernel
representation: if R1 (z), R2 (z) are the matrix polynomials in the kernel representations of
the two systems B1 and B2 , respectively, then B1 is a subsystem of B2 if there exist a matrix
polynomial F (z) such that R2 (z) = F (z)R1 (z).
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Definition 3.11. The controllable part of a system B, denoted by Bc , is defined as the largest
controllable linear time-invariant subsystem of B.
Assume that the system B is the set of solutions of the difference equation R(z)w = 0 for a
certain matrix polynomial R(z) ∈ Rg×q , and we are interested in computing Bc . If the matrix
R can be factored as R(z) = C(z)R̂(z), with C(z) ∈ Rg×g , det(C(z)) 6= 0, R̂(z) ∈ Rg×q ,
then the system represented by the difference equation R̂(z)w = 0 is the controllable part of
B (assuming R̂(z) is left prime). If such a factorization does not exist, we could consider an
approximate common factor computation between the two blocks P (z), Q(z) of the matrix
R(z) in the input/output representation.

3.4.2

Minimal kernel representation

A further problem involving GCD computation for matrix polynomials is the computation
of a minimal kernel representation of a system starting from a non-minimal one [78]. A nonminimal kernel representation is a vector R̃(z) whose elements are gi × q matrix polynomials,
such that the trajectories w of the dynamical system satisfy the difference equation R̃(σ)w =
0. A given kernel representation is minimal if R̃(z) has no redundant rows. In the matrix
autonomous case we can compute a minimal kernel representation by looking at the GCD
of the elements Ri (z) ∈ Rgi ×q [z] of R̃, i.e.,
Rmin (z) = GCD (R1 (z), . . . , Rl (z)).
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(3.14)

Part II
Hankel matrix nearness problems
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Chapter 4
A gradient system approach for
Hankel structured low-rank
approximation
Rank deficient Hankel matrices are at the core of applications in control and signal processing.
In practice the coefficients of the involved matrices can be noisy because of different sources
of errors (measurements, computations, etc.) so the data matrices appear full rank. This
motivates the problem of Hankel structured low-rank approximation.
Structured low-rank approximation problems, in general, do not allow analytic solution.
In this chapter we propose a local optimization approach based on a two-level iteration. The
proposed algorithm appears to be efficient in terms of accuracy of the computed solution,
and it shows a robustness with respect to the initial approximation. The algorithm is then
extended to mosaic Hankel structured matrices, and this is done in order to deal with the
problem of common dynamic estimation.

4.1

Introduction

4.1.1

Preliminaries

Hankel matrices are structured matrices of the form
H = (hi+j )m,n
i,j=1
where the entry on the i-th row and the j-th column depends only on the sum i + j. Hankel
matrices can be associated in a natural way to vectors or time series. For a given m ∈ N,
let Hm ∈ Rm×n (m ≤ n) be the Hankel matrix built from the real numbers p1 , p2 , . . . , pT


p1
 p2

Hm (p) =  ..
 .

p2
p3
..
.

pm pm+1
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· · · pn
· · · pn+1 

..  .
. 
pT

Definition 4.1. We denote as H the manifold of Hankel matrices. For a given Hankel
matrix Hm (p) ∈ Rm×(T −m+1) ⊂ H we define vec(Hm ) = p = (p1 , . . . , pT )> . When the
subscript m is missing, the dimension of the corresponding Hankel matrix depends on the
context.
The Hankel structure is suitable for solving several problems with practical applications
[8, 77]; in the next chapter we illustrate some applications involving rank deficient Hankel
matrices, and in particular system identification of linear time-invariant models, polygons
from moments reconstruction and common dynamic estimation. In a practical setting the
data are noisy, therefore we need to know haw close the given data matrices are to a rankdeficient Hankel matrix. The structure preserving property is of both theoretical [18, 76, 83]
and applicative [59] interest.
We are going to analyze the problem of computing the structured distance to singularity
in the case of (scalar) Hankel matrices. The version of the problem we consider is the
following:
min
kp − p̂kw
(4.1)
p̂
Hm (p̂)rank-deficient

where the weighted norm is such that kpkw = kHm (p)kF .
Remark 4.2. The cost function in Problem 4.1 is a weighted norm such that the norm of
the vector p is the same as the Frobenius norm of the associated Hankel matrix Hm (p). This
is done in order to point out we are going to focus on the dynamic for the vector p and not
directly on the corresponding Hankel matrix. The considered weighted norm is computed
by appropriately
weighting the entries of the vector p (the i-th entry needs to be multiplied
√
by j, where j is the number of occurrences of the considered entry in the Hankel matrix
Hm (p)). In the vector case we consider the standard Euclideanmetric, while in the matrix
case we consider the Frobenius inner product hA, Bi = tr A> B .
We give also some hints on how to extend the proposed approach to the case of mosaic Hankel matrices, which are block matrices whose blocks are (scalar) Hankel matrices
depending on different parameter vectors. Such structure is popular in system theory and
identification, where the particular structure allows, e.g., to solve system identification problems with multiple trajectories of different lengths [64].

4.1.2

Main contribution

The approximation of a structured matrix by a matrix of lower rank which preserves the
same structure is a classical problem in numerical linear algebra. The constraint on the
structure of the computed solution makes the problem harder in comparison to the case of
unstructured low-rank approximation. Hence there are no standard ways for its solution.
Looking at numerical schemes, global optimization approaches are usually computationally
expensive, so the most common methods for solving Problem 4.1 are local optimization [60]
or convex relaxation [29].
Problem 4.1 can be approached by directly considering the Hankel matrix Hm (p) and
using the same ideas presented in Chapter 1, where we remember the Approximate GCD
problem is restated as a structured low-rank approximation problem for a Sylvester matrix
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(a block Toeplitz matrix). The obtained results motivated the extension of the approach to
Hankel matrices because of the similarity between Toeplitz and Hankel matrices. Since in
the Hankel case it seems more natural to consider the formulation in Problem 4.1, we focus
now on the dynamic on the parameter vector, inspired by the ideas presented in Chapter 1
and [15]. We are going to propose a double iteration method for Hankel structured low-rank
approximation. We start from a parameter vector p and we aim at adding a perturbation
of the form δ, where δ is a norm-1 vector while  is a scalar denoting the norm of the total
perturbation on the data vector. The two values of  and δ are updated on two different
levels:
• at the inner level we fix the norm of the perturbation  and we look for the vector δ
which makes the smallest singular value of the Hankel matrix H(p + δ) decrease as
much as possible. This is done by choosing δ so that the singular value of interest
follows a steepest descent direction;
• at the outer level we need to move the value of  till the matrix H(p + δ) satisfies the
constraint on the rank.
The same approach can be adapted to the case of mosaic Hankel matrices: in this case we
need to perturb each block of the matrix (more parameter vectors) in order to minimize only
one singular value.
In the rest of the chapter we describe in details the two levels iteration, pointing out its
properties. Some applications of the proposed problem and the performances of the approach
are the topics of the following chapter.

4.2

The algorithm

We propose in the following an algorithm for the numerical solution of (4.1), which is a
structured low rank approximation problem in the case of scalar Hankel matrices.
The optimization problem we aim at solving is written as
Problem 4.3. Given a vector p such that H(p) is full rank, compute
min kp − p̂kw
p̂

subject to Hm (p̂) rank-deficient.

The cost function we minimize is a weighted difference between the entries of the given
p and the entries of the computed vector p̂: this is equivalent to kHm (p) − Hm (p̂)kF . The
algorithm we are going to propose computes the numerical solution splitting the problem on
two different levels: at the inner level we fix the norm of the perturbation on the starting
vector and we look for a direction which makes the smallest singular value of the Hankel
matrix H(p+δ) decreasing; at the outer level we increase the norm of the total perturbation
till we get an admissible solution (a vector p̂ such that Hm (p̂) is rank-deficient). The two
(independent) updates of these quantities lead to the proposed local optimization approach.
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4.2.1

A double iteration algorithm

Definition 4.4. Given a matrix A we denote by σ(A) the smallest singular value of A.
It is well known that the rank of a matrix can be computed looking at its singular values.
For a matrix H, the value σ(H) measures its (unstructured) distance to singularity; inspired
by this fact, we want to iteratively decrease the value of σ(H) but preserving the Hankel
structure. This is done by perturbing the given vector p along a direction which makes the
functional σ(Hm (p)) decreasing till it reaches a fixed (small) tolerance. In such a way we are
able to achieve the sought constraint.
In particular, starting from a vector p and the associated Hankel matrix Hm (p), the
perturbed vector has the form p̂ = p + δ, with δ a norm 1 vector and  ∈ R a scalar which
measure the norm of the total perturbation on the starting vector p; the values of the two
parameters δ and  are updated independently on two different levels:
• for a fixed value of  we compute an optimal perturbation δ (by looking at the stationary
points of a system of ordinary differential equations) which makes the smallest singular
value of the matrix Hm (p + δ) decreasing following the steepest descent direction;
• once we have the perturbation δ, we update the value of  in order to get closer to an
admissible solution (a vector p̂ = p + δ such that Hm (p̂) is rank deficient).
In the following sections we describe in details how to build such a perturbation.

4.2.2

How to decrease the smallest singular value

In this section we consider  as fixed and we want to compute a vector δ of norm 1 in such
a way that σ(Hm (p + δ)) is minimal among all the possible norm 1 perturbations. In other
words we are looking for the norm 1 vector δ which makes σ(Hm (p + δ)) decreasing along
a steepest descent direction. As usual, we still need the result in Lemma 1.9.
The matrix we consider is Hm (p̂)T Hm (p̂) (where p̂ = p + δ). In particular let σ be a
singular value of the matrix Hm (p̂), and u, v be the associated left and right singular vectors,
respectively (we omit the time dependence). We have
d
d 2
σ = v T (Hm (p̂)T Hm (p̂))v = 2¯σu> Hm (δ̇)v
dt
dt
σ̇ = ¯u> Hm (δ̇)v,

(4.2)

where ¯ is the scalar wich satisfy Hm (p̂) = Hm (p) + ¯Hm (δ). The optimal descent direction
for σ is obtained by minimizing the function (up to constant terms)
u> Hm (δ̇)v = huv > , Hm (δ̇)i = hPH (uv > ), Hm (δ̇)i

(4.3)

where PH (·) denotes the orthogonal projection of the argument onto the Hankel structure;
the last equality is a consequence of the Hankel structure of the matrix Hm (δ). The explicit
formula for the operator PH (·) is given in the following Lemma 4.5.
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Lemma 4.5. Let H ⊂ Rm×n be the manifold of real m×n Hankel matrices, and let B ∈ Rm×n
an arbitrary matrix. The orthogonal projection (with respect to the Frobenius inner product)
of B onto H is given by
PH (B) = Hm (q)
where

i

1X
qi =
Bj,i−j+1
i j=1

for i = 1, . . . , m

m

1 X
qi =
Bj,i−j+1
m j=1

for i = m + 1, . . . , n − 1

i

qm+n−i =

1X
Bj,m+n−i−j+1
i j=1

for i = 1, . . . , m

and Hm denotes the Hankel matrix built from the coefficients of the vector q, q = vec(Hm (q)).
Proof. The proof is similar to the case of Toeplitz matrices, by replacing diagonals with
antidiagonals. We recall the main ideas of the proof. The solution of matrix nearness
problems (in the Frobenius norm) to a linear subspace is given by the orthogonal projection
with respect to the Frobenius inner product. Since Hankel matrices form a linear subspace
and the basis matrices are orthogonal, the closest Hankel matrix to a given matrix (in the
Frobenius norm) is obtained by the inner product with the basis matrices (or equivalently
taking the average along the anti-diagonals).
Before going on, we consider the case of mosaic Hankel matrices. just because the
following results can be naturally extended to this case. To simplify the notation we consider
a mosaic Hankel matrix with n rows and only two blocks Kn = (Hn (p̂1 ), Hn (p̂2 )), where
p̂1 = p1 + δ1 , p̂2 = p2 + δ2 are two perturbed time series with  ∈ R and k(δ1 ; δ2 )k2 = 1.
As we understood, we are interested in the computation of the derivative of the smallest
singular value of the matrix Kn . In order to decouple the two terms depending on two
different vectors, we apply Lemma 1.9 to the matrix Kn Kn> and we get the following formula
for the derivative (omitting the time dependence):
σ̇ = u> (Hn (δ̇1 ), Hn (δ̇2 ))v
where u, v are the left and right singular vectors of the matrix Kn associated with its smallest
singular value σ(Kn ). Therefore all the results we are going to present in the case of a single
Hankel matrix can be extended to the case of mosaic Hankel matrices by appropriately
partitioning the blocks of the matrix.
Coming back to our approach, as it happened with (block) Toeplitz matrices, also in the
case of Hankel matrices it holds true that PH (uv > ) 6= 0, where PH is the projection operator
and u, v are the singular vectors associated with σ. In this way the zeros of the function in
(4.3) depend only on Hm (δ̇).
Lemma 4.6. Let p, δ be two vectors of the same dimension with δ of norm 1, and consider
the Hankel matrix Hm (p̂) = Hm (p) + ¯Hm (δ). If σ > 0 is a simple singular value of Hm (p̂)
and u and v are the corresponding left and right singular vectors, then
PH (uv > ) 6= 0.
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Proof. Assume, by contradiction, PH (uv > ) = 0. We have
0 = hPH (uv > ), Hm (p̂)i = huv > , Hm (p̂)i
where the last equality is a consequence of the Hankel structure of H(p̂). By exploiting the
relations among the singular vectors, we have
1
hHm (p̂)vv > , Hm (p̂)i =
σ
1
= v > Hm (p̂)T Hm (p̂)v = v > σv = σkvk2 ,
σ

huv > , Hm (p) + ¯Hm (δ)i =

where we used the fact that v is an eigenvector of Hm (p̂)> Hm (p̂) associated with σ 2 . The
proof is completed since σ > 0 by assumption, and v is a non-zero vector, so by following
the chain we get the contradiction 0 > 0.
Let σ(Hm (p̂)) be the smallest singular value of the matrix Hm (p̂) = Hm (p) + ¯Hm (δ), and
u, v be the corresponding left and right singular vectors, respectively. The steepest descent
direction for σ(Hm (p̂)) is given by the solution of
δ ∗ = arg min u> Hm (δ̇)v
kδ̇k2 =1

(4.4)

subject to hδ, δ̇i = 0
where the constraint on the norm guarantees the uniqueness of the solution (since we look for
a direction) while the last constraint guarantees the norm conservation of the perturbation
δ. We give the solution of the problem (4.4) in the following lemma
Lemma 4.7. Let δ be a norm 1 vector, and u, v be non-zero real vectors. If Hm (p̂) =
Hm (p) + ¯Hm (δ) and Hm (δ) is full rank and not proportional to PH (uv > ), then the solution
of the optimization problem (4.4) is given by
µδ ∗ = vec(−PH (uv > )) + hδ, vec(PH (uv > ))iδ

(4.5)

where µ is the norm of the vector in the right hand side.
Proof. By using the Frobenius metric, the term −PH (uv > ) is the free gradient for the function (4.3), which needs to be minimized. Therefore vec(−PH (uv > )) is the solution of the
unconstrained minimization problem (4.4).
For an arbitary vector y of suitable dimension, the projection on the space of vectors
orthogonal to δ is given by
P (y) = y − hy, δiδ.
We simply replace y by vec(−PH (uv > )), and then we normalize in order to satisfy the
constraint on the norm.
Also in the case of the dynamic for the parameter vector p (4.5) it happens that the
objective functional is monotonically decreasing.
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Theorem 4.8. Let δ be a solution of (4.5). If σ(t) is the smallest singular value of the
Hankel matrix Hm (p̂) = Hm (p + δ), then
σ̇(t) ≤ 0.
Proof. To prove the result we recall the expression of σ̇ computed in (4.2) σ̇ = u> Hm (δ̇)v,
omitting the constant terms. We replace now the expression of δ̇ from Lemma 4.7, end we
estimate the two terms.
u> Hm (vec(PH (uv > )))v = huv > , PH (uv > i = kPH (uv > )k2F .
u> Hm (hδ, vec(PH (uv > ))iδ)v = hHm (δ), PH (uv > )ihuv > , Hm (δ)i =
= hHm (δ), PH (uv > )i2 .
By rearranging the terms with the correct sign we get
u> δ̇v = (−kPH (uv > )k2F + hHm (δ), PH (uv > )i2 ).

(4.6)

Because of the Cauchy-Schwartz inequality and remembering δ has norm 1, we have
hδ, vec(PH (uv > ))i ≤ kvec(PH (uv > ))k2 .

(4.7)

The inequality u> δ̇v ≤ 0 is obtained from (4.7) by adding some appropriate positive weights
on the entries of the vectors in the inner product (see Remark 4.2).
As a consequence of the results of this section, we have that the candidate local minima
for the objective functional are the stationary points of the equation (4.5), which are the
solutions we want to compute. Equation (4.5) is a differential equation on the vector δ. The
integration is performed by adopting an Explicit Euler scheme (the function evaluation is
again a singular value decomposition). The numerical scheme for the integration of the ODE
(4.5) is summarized in Algorithm 8.

4.2.3

How to get an admissible solution? Free and constrained
dynamics

Once we get the optimal perturbation δ through the procedure described in Section 4.2.2
(for a fixed value of ), we need to iteratively update the value of  till we get an admissible
solution (a vector p̂ such that the Hankel matrix Hm (p̂) is singular). A natural way to
proceed is to increase the value of  by a constant factor step by step till we reach the
sought solution; but running this simulation on random data we get something strange and
unexpected (Figure 4.1). The behavior observed in Figure 4.1 is a consequence of the choice
of the initial datum for the ODE (4.5). Consider a certain value 1 ∈ R and integrate
the equation (4.5) till you get an optimal perturbation δ1 (of norm 1) which corresponds
to a minimal singular value σ1 = σ(Hm (p + 1 δ1 )). On the following iteration we update
2 = 1 + ∆ (where ∆ is a given constant term) and the initial datum for the equation
(4.5) is choosen as p + 2 δ1 . In general it can happen σ(Hm (p + 2 δ1 )) > σ1 ; the problem
arises when this relation is preserved in correspondence of the stationary point associated
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Algorithm 8: Numerical solution of the ODE (4.5)
Data: δ, σ, u, v, h (step Euler method) and γ (step size reduction), .
Result: δ ∗ , σ ∗
begin
1
Compute δ̇ = −vec(PH (uv > )) + hδ, vec(PH (uv > ))iδ
2
Euler step → δ 1 = δ + hδ̇
3
Normalize δ 1 dividing it by its norm
4
Compute the singular value σ 1 = σ(Hm (p + δ 1 ))
5
Compute the singular vectors u1 and v 1 associated with σ 1
6
if σ 1 > σ then
reject the result and reduce the step h by a factor γ
repeat from line 2
else
accept the result; set σ ∗ = σ 1 , δ ∗ = δ 1
7
if σ 1 − σ < tol or σ 1 ≤ tol then
return
8

Go to the next iteration

with 2 , i.e., σ(Hm (p + 2 δ1 )) > σ(Hm (p + 2 δ2 )) > σ1 (the first inequality follows from the
monotonicity of the functional for a fixed ). This issue was just observed in Remark 2.15
in the case of low-rank approximation of Sylvester matrices for matrix polynomials, but we
describe here the scheme in details since this issue always happens in the Hankel case. First
of all we need to introduce a free dynamic.
Free dynamic for σ(Hm (p̂)) In the previous sections we considered the solution of Problem 4.4, which is a constrained optimization problem whose solution gives a norm 1 perturbation vector which minimizes the given cost function. The norm of the total perturbation
on the starting data vector is given by the (fixed) value of . What happens if we remove
the constraints? The unconstrained optimization problem is still a gradient system, by construction, for the same functional. It can be shown that the corresponding solution of the
unconstrained problem is given by
δ ∗ = −PH (uv > ).

(4.8)

The numerical scheme for the integration of the equation (4.8) is very similar to the one
presented in Algorithm 8, where we only need to change the equation appropriately and
remove the normalization step. The main difference with respect to the previous case is
that, by removing all the constraints during the integration of the equation, the norm of
the perturbation vector δ is monotonically increasing. Therefore it is natural to link the
stopping criterion for the integration of the equation with a threshold on the norm of the
computed perturbation.
The introduction of the free dynamic is helpful to have a globally decreasing trajec73
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Figure 4.1: Plot of the functional σ(H3 (p̂)) (p̂ is a random vector) for increasing values of 
(left) and as function of the iteration number (right).

tory for the objective functional with respect to  (the monotonicity for a fixed  is a
property of the integrator). The idea is to alternate the free and constrained dynamics
in order to increase the norm of the perturbation first (by minimizing the objective functional) and optimizing the computed solution for a given perturbation level later. This
scheme is summarized in Algorithm 9 (where the uppercase f denotes the corresponding
quantities are associated with the free dynamic, i.e., the integration of equation (4.8)).
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Algorithm 9: Computation of ∗
Data: p, tol, ∆
Result: o approximation of ∗
begin
1
Set  = 10−4
% arbitrary small value
2
Integrate the equation (4.5) with the given data
store δ, σ1 = σ(Hm (p + δ))
3
while σ1 > tol do
4
1 =  + ∆
5
integrate the equation (4.8) with initial value p + /1 δ
and stop when /1 kδ f k2 ≥ 1
store δ f , σ1f = σ(Hm (p + /1 δ f ))
set 1 = kδ f k2
6
integrate equation (4.5) with initial value p + 1 δ f
store δ, σ1 = σ(Hm (p + 1 δ))
set  = 1
7
o = 
If we apply the scheme of Algorithm 9 to the same example of Figure 4.1, we get the result
in Figure 4.2, where we can observe both the improvement in the value of the computed 
and the monotonocity of the objective functional.
Remark 4.9. In the previous sections we considered real quantities just to simplify the
notation. As it happened in the case of Sylvester matrices, all the arguments hold true in
the complex case (proceed as in Section 1.5.2).
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Figure 4.2: Plot of the functional σ(H3 (p̂)) (p̂ is the same vector of Figure 4.1) as function
of  (left) and for increasing iteration number (right).
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Chapter 5
Applications and experiments
We describe some applications involving low-rank approximation of Hankel matrices and we
perform then some numerical experiments to observe the efficiency of the proposed methodology in the case of Hankel structures.

5.1

System identification

Hankel matrices play a central role in system theory and identification. An important result
states that the rank deficiency of a Hankel matrix built from some data is equivalent to
the fact that such data is an impulse response of a linear time-invariant dynamical system.
In particular it is known that a complete linear time-invariant dynamical system1 can be
defined through a difference equation [66, Theorem 7.2] of the form
R0 p(t) + R1 p(t + 1) + · · · + Rm p(t + m) = 0 for t = 1, . . . , T − m.

(5.1)

where m > 0 is the order of the system, while R = (R0 , R1 , . . . , Rm ) 6= 0 is a vector
of real numbers. In the problem of system identification we know the time series p =
(p(1), p(2), . . . , p(T )) ∈ RT and we want to understand which is the generating model (the
vector R). If we write equation (5.1) in extended form we have


p(1)
p(2)
···
p(T − m)
 p(2)
p(3)
. . . p(T − m + 1)


(R0 , R1 , . . . , Rm ) 
(5.2)
 = 0.
..
..
..


.
.
.
p(m + 1) p(m + 2)
p(T )
which means the Hankel matrix Hm+1 (p) is rank deficient.
We deduce that a necessary and sufficient condition for the time series p to be generated
by a linear time invariant dynamical model is H(p) to be rank deficient. However in practical
applications the coefficients of p can be corrupted by noise, so we have a full rank Hankel
matrix and we are interested in finding the closest singular Hankel matrix. The vector R is
then computed as the kernel of the computed matrix.
1

In the case of linear time-invariant systems, completeness is also called finite dimensionality and is
equivalent to the fact that the bahavior is closed in the topology of pointwise convergence.
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Model (5.2) is used in several applications, ranging from biomedical signal processing, vibrational analysis of dynamical structure, industrial process system identification, stochastic
identification and telecommunications [88, 13, 21, 22, 23].

5.2

Polygons from moments reconstruction

The problem consists in reconstructing a (binary) simply connected and nondegenerate polygon from some complex quantities called moments. The mathematical framework of the
problem and its derivation can be found, e.g., in [70, 69]; we briefly summarize here how to
restate the problem as a Hankel low-rank approximation problem, without describing further
details.
A polygon is reconstructed by its n vertices z1 , . . . , zn , and each zi is a complex number
(a point in the complex plane). For a given integer number N > 2n, the so called complex
moments are defined as [70]
τk =

n
X

aj zjk

f or k = 0, . . . N

(5.3)

j=1

where



zj−1 z̄j−1 1
i
2Aj
z̄j 1
, Aj = det  zj
aj =
(zj − zj−1 )(zj − zj+1
4
zj+1 z̄j+1 1
and the assumption that the set of vertices is cyclic (so z0 = zn , zn+1 = z1 and so on).
Equation (5.3) can be written in extended form as


 
τ0
1
 τ1   z1
  
 ..  =  ..
 .   .

1
z2
..
.

z1N z2N

τN

 
a1
··· 1


· · · zn   a2 

 ..  ⇐⇒ T = Za
. . . .. 


.
.
N
· · · zn
an

(5.4)

Using Prony’s method [42] it is possible to show that the set of vertices can be computed
from the vector of complex moments T in (5.4). Define the polynomial
P (z) =

n
Y

n

(z − zj ) = z +

j=1

n
X

pj z n−j

j=1

and the vector p = (pn , pn−1 , . . . , p1 ). In this way, the problem is equivalent to the computation of the vector p. Premultiply equation (5.4) by the following Toeplitz matrix

KN +1



pn pn−1 · · · p1
1


..
..
.. ..
=
.
.
.
. :
pn pn−1 · · · p1 1
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KN +1 T = KN +1 Za = 0, where the last equality comes from the definition of P (z), The
identity KN +1 T = 0 can be then written as


τ0
τ1
· · · τn
 
 τ1
τ2
· · · τn+1 

 p
(5.5)
 ..
..
..  1 = 0.
 .
.
. 
τN −n τN −n+1 · · · τN
In equation (5.5) arises a rank-deficient Hankel matrix. In realistic applications the measurements of the complex moments is affected by noise, so that we expect the Hankel matrix
H(T ) to be full rank. By computing the closest singular Hankel matrix and its kernel, we
can reconstruct the set of vertices z1 , . . . , zn .
Remark 5.1. In this problem all the quantities are complex numbers.

5.3

Common dynamic estimation

We deal here with a different version of the problem presented in Section 3.3. The modified
version of the problem is presented in [75], where the authors model a set of scalar time
series y 1 , . . . , y N as a sum of n1 , . . . , nN dumped exponentials, respectively, which have nc ≤
min(n1 , . . . , nN ) common exponents. The difference with respect to the previous case is that
in Problem 3.10 we know the systems Bi , while in this case we only know the corresponding
time series y i but not the generating systems. The given time series y i are approximated by
a set of time series ŷ i which satisfy the model
ŷ i (t) =

nX
i −nc

αij λtij +

j=1

nc
X

βij µtj ,

(5.6)

j=1

where µ1 , . . . , µnC are the exponents common to all the time series, while λ1 , . . . , λni −nc are
the remaining exponents of the corresponding i-th time series. The authors of [75] propose
a subspace-type method to solve the problem. We assume that the data are generated in
the output error setup, i.e., y i = ȳ i + ỹ i where ȳ i satisfy the model (5.6) and ỹ i are zero
mean white Gaussian noise terms. In this setup the maximum likelihood estimator for the
problem is
v
u N
uX
ky i − ŷ i k2
minimize t
2

(5.7)

i=1
i

Ti

over ŷ ∈ R , λij ∈ C, µj ∈ C, αij ∈ C, βij ∈ C
subject to (5.6).
In Section 5.1 is described how a linear time-invariant dynamical model is naturally
encoded by the Hankel structure of a matrix. By adopting the behavioral setting for system
theory, where a linear time invariant dynamical model is seen as the set of its trajectories
[78, 92, 66], the notation y ∈ B means that y is a trajectory of the system B. Ln denotes
the class of systems of order at most n, so B ∈ Ln means that the order of the system B is
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at most n. In this setting, the common dynamic estimation problem is: given trajectories
y 1 , . . . , y N of systems B1 ∈ Ln1 , . . . , BN ∈ LnN , compute B = B1 ∩ · · · ∩ BN .
If the signals y i are noisy, the intersection B1 ∩ · · · ∩ BN is empty, so we need to solve
an approximate common dynamic estimation problem [62]. In this section we restate the
problem as an optimization problem with multiple rank constraints.
The data of our problem are some trajectories y 1 , . . . , y N , the orders of the generating
systems n1 , . . . , nN , and the dimension of the intersection n. In the exact case the common
dynamics B = B1 ∩ · · · ∩ BN is given by
B|L = span(Hn+1 (y 1 ), · · · , Hn+1 (y N )).

(5.8)

In the approximate case, the maximum likelihood estimation problem we need to solve is
v
u N
uX
ky i − ŷ i k22
minimize t
i=1

over ŷ , . . . , ŷ N , B̂, Bˆ1 , . . . , B̂N
1

(5.9)

subject to ŷ i ∈ B̂i ∈ Lni i = 1, . . . , N
and B̂ = Bˆ1 ∩ · · · ∩ B̂N ∈ Ln .
The following result [63] holds true
Theorem 5.2. The maximum.likelihood estimation problem (5.9) is equivalent to the following low-rank approximation problem with multiple rank constraints:
v
u N
uX
minimize t
ky i − ŷ i k22
i=1
(5.10)
subject to rank Hni +1 (y i ) ≤ ni i = 1, . . . , N
rank (Hn+1 (y 1 ), · · · , Hn+1 (y N )) ≤ n
.

5.4

Numerical experiments

We run here some experiments in order to observe how the proposed approach performs on
the applications involving Hankel matrices. We observe the comparison with other methods, the extension to the complex case, and a new method for the numerical solutions of
optimization problems with multiple rank constraints.

5.4.1

Identification of linear time-invariant dynamical models

The problem we consider is the one described in Section 5.1. As first example we choose the
parameter vector p10 = (1, 2, . . . , 10). We observe the following relation holds true


1
2
·
·
·
8


1 −2 1 2 3 · · · 9  = 0 0 · · · 0
(5.11)
3 4 · · · 10
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so the considered model has order 2. As second test example, if the time series in (5.11)
seems simple in comparison to realistic models or signals coming from practical applications,
we consider a more complicated time series. The signal p20 (t) is a multisine wave coming
from a linear time-invariant system of order 8 and it consists of 30 points (the number of
parameters to be estimated). The data for our problems are built by adding a random
perturbation to each coefficient of p10 and p20 . In particular the perturbed signals are built
starting from the exact ones as
p = p0 + τ rkp0 k2 /krk2
where r is a random vector while τ is the noise level.
In the following numerical experiments we compare the results computed by the proposed
approach with the ones of the function slra.m from the SLRA Toolbox [86]2 .
Error analysis In this first example we want to test the error on the computed solutions.
On a single run we expect the two different local optimization methods to compute different
solutions, hence we will look at the average behavior on several perturbations. We vary the
level of noise τ uniformly between 0 and 1. We first plot the results for the vector p10 in
Figure 5.1..
We observe how the two computed solutions are very close (almost overlapping), and a
small gap appears only for high levels of noise. From the point of view of the computational
time, the function slra.m is faster; however our algorithm only needs one integration of the
gradient system in order to get the sought parameter vector. The results of Figure 5.1 are
satisfactory but they seem not as good as the ones we got in Section 1.6 where we were able
to get smaller values for the distance; this fact shows how the structures of the cconsidered
matrices can influence the performances of different algorithms, or equivalently how the
local minima computed by different optimization methods also depend on the considered
problems. We can observe similar results if we run the same simulation for the signal p20
(Figure 5.2). Also in this case the computed distances are very close, even if the data signal
is more complicated.
For the sake of completeness we show the same experiment for different multisine waves
coming from linear time-invariant models of increasing order (Figure 5.7). This is just to
observe that, for more complicated models, the two plots are no more exactly the same but
our approach appears to be more accurate for high levels of noise, as it happened in the case
of block Toeplitz matrices.
Dependence on the initial estimate We analyze now how the two algorithms behave
depending on the starting initial estimate. An important feature of the proposed approach
is the robustness with respect to the initial approximation, i.e., the computed solutions
corresponding to different initial approximations are (almost) the same (they are all in a
neighborhood of the same point). This is quite interesting since the numerical solutions
computed by locally optimization approaches usually strongly depend from the initial estimate given in input. Up to now, we do not have a proof of this fact but it is only a numerical
2

Since we solve Problem 4.1 the function slra.m minimizes a weighted 2 norm
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Figure 5.1: Identification of the parameter vector (1, 2, . . . , 10): error computed by the two
algorithms as function of the noise level (average on 50 perturbations).
evidence (this fact holds true also in the case of approximate GCD computation, even if in
that case the error analysis was enough to justify the proposal of the numerical approach).
The following experiment is built to show this fact, and in particular we will observe
how the solutions computed by the two algorithms (the proposed ODE-based approach
and the function slra) depend on the starting approximation given in input. The standard
initializations (the ones used by default without providing any input) for the two algorithms
are the following:
• ODE: the starting optimal perturbation δ is choosen as the steepest descent direction for the smallest singular value of the starting Hankel matrix Hm (p), i.e., δ =
−vec(PH (uv > )), where u, v are the left and right singular vectors associated with
σ(Hm (p)) and PH is the projection operator onto the Hankel structure;
• SLRA: the initial estimate is the unstructured low-rank approximation of the matrix
Hm (p).
We are going to test how a perturbation on the standard initial estimates influences the
solutions computed by the two algorithms. The perturbations are randomly generated from
a normal distribution with zero mean and standard deviation 1/2. Figure 5.8 highlights
very well the independence of the solution computed by the proposed approach with respect
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Figure 5.2: Identification of the output of a system of order 8: error computed by the two
algorithms as function of the noise level (average on 50 perturbations).
to the initial estimate. All the plots associated with the ODE-based algorithm are very
close (we cannot see the different plots since they are almost overlapping); on the other
hand, we can see one different plot for each (averaged) solution computed by the function
slra, especially when the level of noise increases (and consequently the optimization problem
becomes harder). We observe that, by changing the initial estimate, the solutions computed
by the function slra are less accurate (in comparison with the results of Figure 5.1); moreover
a perturbation on the initial estimate can cause slra not finding the global minimum also in
the noise free case.
Remark 5.3. Because of normalization issues we are not able to establish a perfect link
between the initial estimates for the two different algorithms. However a perturbation on
the optimal initial estimate (the one used by the algorithms by default) should be enough to
show the robustness of the proposed approach with respect to the initial condition. Arbitrary
initial conditions highlight more clearly this property.

5.4.2

Reconstructing polygons from moments

We show here some numerical examples for the problem described in Section 5.2 or in a
detailed way in [70]. We consider a triangle whose vertices are given by the following three
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Figure 5.5: Order system 16,

Figure 5.6: Order system 18

Figure 5.7: Identification of perturbed multisine waves coming from linear time-invariant
models of increasing order.
points in the complex plane:
z1 = −0.4655 + 0.2201i
z2 = 0.0082 + 0.4599i
z3 = −0.3283 − 0.1809i.

(5.12)

Following the procedure described in [70] we aim at reconstructing such a triangle from a
set of (perturbed) complex moments by solving a Hankel low-rank approximation problem.
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Figure 5.8: Identification of the vector p10 : error computed by the two algorithms as function
of the noise level (average on 50 perturbations). Each plot corresponds to a different initial
estimate.
Since we deal with complex numbers we cannot do any comparison with the function slra
(the available version does not work in the complex case).
We start from a set T0 = (τ0 , . . . , τN −1 ) of N complex moments and we add a random
perturbation to both their real and imaginary part. Then we solve a Hankel low-rank
approximation problem for the perturbed parameter vector T in order to decrease the rank
of the matrix in (5.5). The set of vertices is recovered from the kernel of the computed matrix;
the considered error is the norm of the distance between the computed set of vertices and
the starting ones
   
z1
ẑ1



z2 − ẑ2  .
e=
z3
ẑ3
2
All the following results are the average over 50 different random perturbations.
First of all we show some graphical results in order to understand what actually happens.
In Figure 5.13 we observe some numerical reconstructions for different levels of noise and 9
complex moments. We observe how the reconstruction improves with a decreasing level of
noise (it is completely wrong in the first picture while it seems very good in the last two
cases).
In the following we want to analyze how the error behaves as function of the level of
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Figure 5.9: Noise level 100

Figure 5.10: Noise level 10−1

Figure 5.11: Noise level 10−2 ,

Figure 5.12: Noise level 10−3

Figure 5.13: Triangle from moments reconstruction: numerical results for different noise
levels
noise (for a fixed number of complex moments), and as function of the number of moments
(for a fixed level of noise). In Figure 5.14 we observe the error is actually linearly increasing
(using a logarithmic scale on both axis) with the level of noise (we considered 9 complex
moments).
The next analysis is useful to understand how the error changes with the number of
considered complex moments. We fix the noise level to 10−3 . First of all we study the
modulus of the (exact) complex moments (Figure 5.15) The first two moments are always
zero by definition. In [70] is proved that a minimum of 2n + 1 (n is the number of vertices)
is necessary for the reconstruction. In Figure 5.15 we observe that the modulus of the
moments is actually decreasing, so we expect that the moments with smaller magnitude
have less influence in the accuracy of the corresponding reconstruction. If we plot the error
as function of the number of considered moments (Figure 5.16), we can see it is actually
decreasing for an increasing number of moments. Consequently we can choose the number
of complex moments according to the needed accuracy on the sought solution. We remark
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Figure 5.14: Error as function of the noise level

that this last analysis is strongly linked to set of vertices (the shape of the polygon), because
the complex moments (and their magnitudes) are functions of the vertices.

5.4.3

Common dynamic estimation

The formulation of the problem we consider is the one described in Section 5.3. This version
of the problem is interesting since it involves the numerical solution of optimization problems
with multiple rank constraints, whose solutions methods are not popular in the literature (a
new algorithm has been recently proposed in [57]). The optimization problem we consider is
(5.10). While the first N rank constraints could be solved separately as Hankel structured
low-rank approximation problems, the presence of the last coupling term (which stresses the
presence of a common dynamic among the signals) introduce some difficulties. For the sake
of simplicity we restrict to the case of two (noisy) time series p1 , p2 coming from two linear
time-invariant systems of order 8. The (exact) time series are sum of exponentials satisfying
the model (5.6). In particular they have 4 common poles, and each signal consists of 50
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Figure 5.15: Modulus of the first (exact) 16 complex moments for the vertices in (5.12)
points. Following the notation of problem (5.10), the problem we aim at solving is
q
minimize kp1 − p̂1 k22 + kp2 − p̂2 k22
subject to rank H9 (p̂1 ) ≤ 8
rank H9 (p̂2 ) ≤ 8
rank (H13 (p̂1 ), H13 (p̂2 )) ≤ 12

(5.13)

.
How to extend the proposed approach As far as we understood, a standard Hankel
low-rank approximation approach for all the matrices cannot give an admissible solution
because of the presence of the last coupling constraint (there are more matrices than parameter vectors). The basic idea to adapt the approach showed in Chapter 4 is to perturb the
time series in such a way all the constraints are satisfied at the same time. We collect the
given time series in one vector only p = (p1 ; p2 ). Assuming the starting time series are noisy,
we start with three full rank Hankel matrices H9 (p1 ), H9 (p2 ), K13 (p1 , p2 ), where we use the
letter K to denote the mosaic Hankel matrix. The goal is to perturb the vector p in order
to make all these three matrices rank deficient.
Using the notation of Definition 4.4, a way to satisfy all the rank constraints is to vanish
the singular values σ1 (p1 ) = σ(H9 (p1 )), σ2 (p2 ) = σ(H9 (p2 )), σ3 (p1 , p2 ) = σ(K13 (p1 , p2 )) or
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Figure 5.16: Error for an increasing number of complex moments. The noise level is fixed.
equivalently to vanish their sum σ1 + σ2 + σ3 .
The sought perturbed vector has the form p̂ = (p̂1 ; p̂2 ) = p + δ, where  is a scalar
denoting the total norm of the perturbation, while δ = (δ1 ; δ2 ) is a norm 1 vector partitioned
according with the dimensions of p1 and p2 . As usual, the proposed approach is based on
the following two levels iteration:
• for a fixed value of  we aim at computing the vector (δ1 , δ2 ) whose components minimize the functional σ1 (p̂1 ) + σ2 (p̂2 ) + σ3 (p̂1 , p̂2 );
• given the perturbation vector δ, we update the value of  till we get an admissible
solution.
By exploiting the results of Section 4.2 (and the hints on the mosaic-Hankel case), we can
compute the gradient for the functional to be minimized by splitting it into three different
parts (by linearity). If we call u1 , v1 , u2 , v2 and u3 , v3 the three pairs of singular vectors
associated with σ1 , σ2 , σ3 , respectively, the optimization problem we need to solve is
>
>
δ̇ = arg min u>
1 H9 (δ̇1 )v1 + u2 H9 (δ̇2 )v2 + u3 K13 (δ̇1 , δ̇2 )v3
δ̇=(δ̇1 ,δ̇2 )
kδ̇k2 =1

(5.14)

subject to hδ̇, δi = 0.
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By the previous results we know the free gradients for the three different parts of the
functional are given by
vec(−PH (u1 v1> ))
vec(−PH (u2 v2> ))
(vec(−PH (u13 v31> )), vec(−PH (u23 v32> )))
where the rank one matrix u3 v3> has been partitioned according to the dimensions of the two
blocks of the matrix K. Therefore it is natural to consider the solution
δ̇1u = vec(−PH (u1 v1> )) + vec(−PH (u13 v31> ))
δ̇2u = vec(−PH (u2 v2> )) + vec(−PH (u23 v32> ))

(5.15)

The vectors in (5.15) do not satisfy the constraints in (5.14), though. In order to satisfy the
orthogonality condition, the vector δ̇ = (δ̇1 , δ̇2 ) needs to be adjusted in the following way
δ̇ = −δ̇ u + hδ̇ u> , δiδ.

(5.16)

The vector δ̇ in (5.16) needs then to be normalized in order to fulfill the constraint on the
norm.
Once we are able to compute optimal perturbations on the time series for a fixed value
of , an admissible solution is computed by alternating a free dynamic and a constrained
dynamic, with a scheme similar to the one described in Section 4.2.3.
Using the described approach we can now run an experiment to compute a numerical
solution of the problem in (5.13). We start with two exact time series p01 , p02 which are two
multisine waves coming as output of a linear time-invariant system of order 8, and we add
a random perturbation in order to generate the data p1 , p2 of our experiment. The data are
such that k(p1 ; p2 ) − (p01 ; p02 )k2 = 0.3720. It happens that, by minimizing the sum of the
three singular values by using the proposed approach, they decrease in the following way
• σ1 : 0.2085 → 2.939 · 10−3
• σ2 : 0.1939 → 1.115 · 10−11
• σ3 : 0.2536 → 6.405 · 10−3
The functional behaves as in Figure 5.17 It happens that the functional decreases but, at
the end, only one of the three singular values is small enough to consider the associated
Hankel matrix rank-deficient (this situation is not general, though, since it can happen we
are able to minimize all the singular values at the same time). In this case the problem can
be splitted in two parts: after the singular value σ2 reaches the zero, we fix the computed
time series p̂2 (and consequently the corresponding rank deficient Hankel matrix), and we go
on by minimizing the functional σ1 (p̂1 ) + σ3 (p̂1 ) where the second block of the mosaic Hankel
matrix is now fixed. The strategy is the same as described before, we simply removed one
optimization variable and one constraint. Going on starting from the solution p̂1 computed
at the previous step, adopting this two-steps strategy, we get the following decrease for the
singular values (the zero threshold for the functional is fixed to 10−6 )
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Figure 5.17: Behavior of the functional σ1 + σ2 + σ3 for the numerical solution af a problem
with multiple rank constraints.
• σ1 : 0.209 → 3.04 · 10−8
• σ2 : 0.194 → 1.11 · 10−11
• σ3 : 0.254 → 9.70 · 10−7 .
Finally we note that the norm of the difference between the computed time series and the
data of the problem is 0.3639, so we are able to get very close to the exact distance (it was
0.3720).
Remark 5.4. By numerical evidence, the singular value of the mosaic Hankel matrix decreases slower than the others. Consequently if one singular value reaches the zero faster
than the others, the corresponding constraint is not the coupling term.
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Conclusion
In the present thesis we studied three main problems: the computation of approximate
greatest common divisors for scalar polynomials and matrix polynomials (first part) and the
Hankel structured low-rank approximation (second part).
Each of these problems was restated as a matrix nearness problem, and a novel numerical
scheme based on a local optimization approach was proposed for their numerical solution.
The basic idea behind the approach for the solutions is similar, and it is based on the integration of a system of ordinary differential equations which describes the gradient dynamic
associated with a suitable functional. Despite the mentioned problems were all restated as
structured low-rank approximation problems, the proposed approach is suitable for a larger
class of optimization problems whose constraints are not necessarily linked to the rank, but,
more in general, to the location of the eigenvalues of a matrix in the complex plane.
The proposed approach appears to be powerful in terms of error on the computed solution,
and competitive in comparison with some other methods existing in the literature. A more
interesting feature is probably the robustness shown with respect to the initial condition,
i.e., the computed solutions are almost independent of the initial estimate (they are all in a
small neighborhood of the same point).
An interesting and challenging point for a possible future development could be the
optimization of the algorithm with respect to the set of parameters. We pointed out how the
presence of several parameters can influence the computational performances of the proposed
algorithm, and that only a prior knowledge on the problem data can be helpful from this
point of view. Alternatively a statistical analysis can be run in order to observe how the
performances of the algorithm on a benchmark of test examples depend on the values of
such parameters. This would be not a theoretical result, though, but it can be useful in an
applicative setting.
Indeed we showed several interesting applications of the proposed problems in the fields
of systems and control theory and signal processing. Most of the applications we analyzed
about approximate gcd computation were missing from the literature on the topic. We
saw the blind system identification for finite impulse response systems, the intersection of
behaviors, but the more interesting is probably the distance to uncontrollability, where the
novel approach to the problem allowed us to restate the problem in a different formulation
and to get accurate numerical results. On the other hand, in the framework of Hankel lowrank approximation, we analyzed some classical applications (system identification, polygons
reconstruction) and we proposed the numerical solution of a Hankel-structured optimization
problems with multiple rank constraints, which generalize the classical Hankel low-rank
approximation problems. This was motivated by the common dynamics estimation problem
94

in multi-channel signal processing.
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