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Chapter 1

A simple approximate
model to characterize a
nonlinear RF system
A very popular example of a nonlinear RF system is a transceiver.

This

system is an unavoidable part of various telecommunication systems and is
built up from different components like mixers, amplifiers and filters. When a
telecommunication system designer wants to design a performant transceiver,
a simulator containing simple and widely applicable models for these different
RF components is needed. Since almost every engineer in general, and
RF designer in particular, is raised within the linear design framework, it
seems to be a very good idea to linearize the behavior of these different RF
components. This approach has been in use for 60 years now and has proven
to be very useful and powerful. However, the components behave ever more
nonlinearly, due to the hard restrictions on size, power consumption and
bandwidth for the new (portable) communication systems. As a consequence,
the linearization of the behavior of these nonlinear components is only
approximately valid. The modeled output Ŷ for a given input U will differ
from the “true” (measured/simulated) output Y . The difference between both
is called the model residuals Ne . In the special case of mild nonlinearities
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excited by a multitone excitation signal U (which has a constant power
spectrum, but a random phase spectrum), this residual can be shown to
contain two different contributions [Pint 01a]. A deterministic one, which is
the mean model error, and a stochastic one, which describes the variability of
the output over the realizations of the input signal. Hence, it is possible to
explain the input-output behavior of the system by an approximate linearized
model, that contains the linear Transfer Function (TF) of the system and the
coherent contributions of the nonlinearities, and an output noise source for
the stochastic contributions (see Fig. 1.1). What is striking here is that a
nonlinear amplifier can be replaced by an idealized part (the linear amplifier +
coherent contributions) and a noise source to cope with the difference between
the ‘idealized’ behavior and the systems behavior. This idea of “wishful
modeling” can now be extended to allow modeling of the different components
that are present in the receiver chain: filters, amplifiers and mixers.

Ne
U

Approximate
Linearized Model

Ŷ

Y

Figure 1.1: A linearized model for nonlinear systems is only approximately
valid. For this reason, the modeled output Ŷ for a given input U differs from
the “true” output Y . The behavior of a nonlinear system can then be modeled
by an approximate linearized model and a noise source Ne .

1.1

A

simple

approximate

model

to

characterize filters and amplifiers
An amplifier is designed to behave as a linear dynamic system - a Linear Time
Invariant (LTI) system - that amplifies the input signal over a certain frequency
band. However, nonlinear distortions are often noticeable in the real amplifier.
A filter should also be an LTI system by design. Hence, for these systems the
ideal behavior will also be approximated well by an LTI model.
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In both cases, the behavior of the system is dominantly linear. To allow for
the modeling of nonlinear distortions we will need to extend this model class.
LTI systems have the property that when they are excited by a periodic input
signal, the output signal is also a periodic signal with the same period (see
Fig. 1.2). Amplifiers and filters - even when operating outside their linear region
- also have this property (see Fig. 1.3), and consequently, they belong to the
class of the periodic input, same period output (PISPO) systems. Since these
nonlinear systems maintain periodicity and were designed to be linear, they will
mainly behave as LTI systems. Hence, it seems reasonable to approximate their
behavior in an LTI model. In such an approximate approach, modeling errors
are inevitably made. It can be shown that a part of the nonlinear contributions
are contained in these errors. Note that these errors change whenever the phase
of the spectrum is modified, even for a fixed input power spectrum. Due to
their very complex nature, these changing nonlinear contributions appear as
noise to the linear model when all the signals that have the same amplitude
input spectrum are considered as an input signal. To model these distortions,
we therefore introduce a noise source that resembles them and the mean model
is taken as a model for the whole class. When the model errors are minimized
in a least squares sense, this approach of approximate models for nonlinear
systems, built up by an LTI model and a noise source, is called the Best Linear
Approximation (BLA) [Pint 01a].
The use of this approach has some consequences. To illustrate this, a simple
example of a static nonlinear amplifier is considered, namely an arctan system
(y = atan(u)). For a system of this class that is idealized to be a linear system
by intuition, a small signal analysis is a very widely utilized linearization of the
system behavior around a DC operating point. An infinitely small excitation
signal is then applied to the system on top of the DC biasing point and the
AC
linearization is made around it. Note that in this case PPDC
→ 0. Taking one
step back, it is clear that an infinitely small signal does not really resemble a

realistic excitation. For systems that are members of the LTI class, this is not
of importance as the behavior is not dependent on the input amplitude. If the
systems are nonlinear and need to be approximated, the situation is different.
For transceiver systems, the applied excitation signals are almost always
(modulated) telecommunication signals such as Orthogonal Frequency Division
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In

Out
PISPO

In

t

Out

t

Figure 1.2: If the steady-state response to a periodic input signal is a periodic
output signal with the same period, the system belongs to the class of PISPO
systems.

In

Out
CLIPPING

In
Out

t

Figure 1.3: Although clipping is a hard nonlinear effect, saturated amplifiers
still belong to the class of the PISPO systems.
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Modulated (OFDM) signals, Quadrature Amplitude Modulated (QAM) signals
and Wideband Code Division Multiple Access (W-CDMA) signals. It is at
least questionable that the small signal linearization still stands for these kind
of communication systems signals. In order to get a grip on the problem, a
linearization is made for an excitation signal whose amplitude and shape are
stepwise adapted to more and more resemble a realistic communication signal.
This mechanism is explained in the next paragraphs.
First, the influence of the power of the excitation signal on the linearization
is investigated. A communication signal always has a finite power and never
an infinitely small one. This challenges the hypothesis of infinitely small signal
P
power used in AC analysis, as now Psignal
is finite. In this test, a simple
DC
sinewave excitation signal is chosen as an illustration. Note that this signal
still strongly differs from a communication signal. The following series of
experiments will be performed. First, the sinewave excites the system, but
has an infinitely small amplitude (fixed to a level above the numerical accuracy
in practice!). The gain of the amplifier is then a constant value that is equal to
the derivative (the slope) taken in the origin of the response (see Fig. 1.4). For
the considered arctan law system, the least squares linearization [Pint 01a]
is shown by the light gray curve in Fig. 1.4. Next, a second sinewave with

Out

In

Figure 1.4: Linearizing a nonlinear system for two input sinewave signals with
a different power.
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a different input power excites the system and the response is represented in
Fig. 1.4 by the dark gray curve. When operating at an infinitely small input
signal, the gain of the amplifier is a constant value G. As the amplitude of the
input signal is increased, the gain G(In) starts to change. This is not possible
for an LTI system. The gain now depends on the input signal and hence an
imperfect linearization will result: there is no single gain value that explains
the response perfectly. An approximation is therefore unavoidable. A least
squares approximation is utilized to determine the linearization that results in
the smallest Mean Squared Error (MSE). If the amplitude of the sinewave is
further increased, the gain of the linearization as obtained by the least squares
approximation will decrease. This indicates that the linearization will depend
on the excitation signal that is utilized. This experiment shows that in this
special case the amplitude of the excitation signal should be taken into account.
Remember that a sinewave signal with a finite power is still not a good
representation of a real communication signal. A telecommunication signal
contains information that is transported by a modulation of the signal. Since we
do not know the information that will be sent in advance, the information that
is transmitted by telecommunication systems almost always can be assumed to
have a random character. As a consequence, the modulated signals can also
safely be assumed to have a random character. A Gaussian distribution is often
assumed and this seems to yield a good representation of a telecommunication
signal [Bane 03] [Dini 05].
As we know that the linearization depends on the excitation signal, a new
question arises. Is the linearization of a sinewave signal with a given finite
power also valid for a Gaussian noise signal with the same power? To answer
this question, a least squares linearization is made for a sinewave signal
and a Gaussian noise signal that contain the same power. Fig. 1.5 shows
the linearization for the static amplifier considered before, obtained for both
signals. Note that there is a significant difference in the gain obtained for
both signals! Fig. 1.5 also shows the Probability Density Function (PDF) of
both signals. For a sinewave signal, the PDF shows that the amplitude of
the signal is more likely to remain around the maximum amplitude. Hence,
the linearization of the arctan system is influenced mostly by the extremal
values of the excitation signal as is shown by the dark gray straight line. For a

1.1 A simple approximate model to characterize filters and amplifiers
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Gaussian noise signal, the amplitude of the signal is more clustered around zero.
Hence, the linearization of the System Under Test (SUT) is mainly influenced
by the behavior of the original system around zero input, and consequently, the
behavior is given by the light gray straight line. This illustrates that, besides
having an input power dependency, the linearization also depends upon the
PDF of the excitation signal.

Amplitude

Out

PDF

Noise
Sine

In

Figure 1.5: Linearizing a nonlinear system for two input signals with the
same power but a different Probability Density Function (PDF). Light gray:
Gaussian noise-like excitation; Dark gray: sinewave excitation.
In contrast to sinewave signals, telecommunication signals do not contain one
excited frequency line in their spectrum. A whole frequency band is excited
instead. Therefore, it is no longer sufficient to only consider the power of
the signal. For telecommunication signals, the distribution of the power over
the frequency, i.e. the power spectrum, has to be taken into account. In
a similar test as for the sinewave signal, for which the linearization depends
upon the power, the linearization can be shown to depend on the shape of
the power spectrum and its total power. Note that for a sinewave signal the
power spectrum is also taken into account, but since only one frequency line is
excited, it is sufficient to speak about the power of the signal.
To conclude, two hypotheses are to be made to ensure that the proposed
approximate linearization of an amplifier, from now on called the BLA, is valid:
Hypothesis 1.1 The considered system belongs to the class of Periodic Input,
Same Periodic Output (PISPO) systems.
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Hypothesis 1.2 The utilized excitation signal belongs to the class of the
Gaussian noise-like signals with a fixed Power Spectral Density (PSD).
The influence of these hypotheses on the applicability of the BLA is discussed
later. Under hypothesis 1.1 and under hypothesis 1.2, the BLA is then defined
as the model G consisting of two parts: a linear time-invariant one GBLA , and a
noise part Ntot containing contributions of the nonlinearities, the process noise
and the measurement noise. Assuming that a periodic excitation is considered
G is defined by
G(jωk ) = SY U (jωk )/SU U (jωk )

(1.1)

Here, SU U is the Fourier transform of the auto-power spectrum of the input
u(t). SY U is the cross-power spectrum of the input u(t) and output y(t). Note
that the Single Input, Single Output (SISO) perspective is taken here, and that
consequently, multiple port effects are not accounted for. To interpret the BLA
in the frequency domain, a link is made with the Frequency Response Function
(FRF). To clarify the link between the BLA and the FRF, the FRF can be
noted by (see [Pint 01a]):
Y (jω) = GBLA (jω)U (jω) + Ntot (jω)

(1.2)

The interpretation is given in more detail in [Pint 01a], but the reader should
note that the contributions to the output can be partitioned into two sets. The
first one consisting of contributions of the system output that are coherent
with the system input signal (the underlying linear system contributions
+ the coherent nonlinear contributions). Additionally, all the incoherent
contributions of the nonlinearity contribute to the nonlinear noise source that
is a part of the model. More information about coherent and incoherent
contributions can be found in appendix A. All the coherent contributions are
taken into account in the linearization, and are hence modeled by GBLA , while
the incoherent ones will act as noise and contribute to Ntot when taken over
an infinite number of signal realizations. To conclude, note also that equation
(1.2) illustrates that the BLA model is frequency-dependent and consists of
an LTI system GBLA that represents the approximate linear time-invariant
behavior of the system, given a known excitation signal class and a signal class
dependent noise source Ntot whose variance is also frequency dependent (see

1.1 A simple approximate model to characterize filters and amplifiers
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figure 1.6).

N tot
U

G BLA

Ŷ

Y

Figure 1.6: The BLA consists of an LTI system GBLA that represents the
underlying LTI system and a signal class dependent noise source Ntot .

Discussion of the hypotheses
Hypothesis 1.1 defines the set of systems that can be modeled. It contains
the LTI systems as a subset. Fortunately, a lot of real-world RF systems
belong to the PISPO class as many systems are designed to be LTI, and
hence, the BLA can be applied for a lot of practical RF systems. In the case
of an RF transceiver, the BLA can be applied for the amplifier and the filter
components. However, there is still a problem for mixers: they do not belong
to the PISPO class, as is illustrated in figure 1.7. Therefore, an extension of
the BLA will be needed in order to model mixers too.
Hypothesis 1.2 is not a very restrictive hypothesis in an RF telecommunication
context, since the modulated signals that are often utilized can be proven to
belong - at least approximately - to the class of the Gaussian noise-like signals
with a fixed power spectrum [Dini 05], [Bane 03].
The remaining problem is that, under these hypotheses, the BLA is not a
generally scalable model for the considered system, since this approximate
model still depends upon various other system parameters (e.g. the signal
class, the DC bias points, the reflection factors at the ports, ...). When one
of these parameters is changed, a different system behavior will be observed,
and consequently, a different SISO BLA will result. During the design of
an RF transceiver, the simulation is to be performed under different system
parameters. The aim of the design is to use these degrees of freedom to
obtain a more performant transceiver. Hence, flexibility of the model with
respect to the system parameters is a very useful feature. Remember also
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MIXER
In

Out

LO

In
LO
Out

t

Figure 1.7: The time domain representation of the input, local oscillator and
output signal of a mixer (perfect multiplier) shows that the period of the output
signal differs from that of the input signal, and hence, the requirements for
PISPO systems are not met.

that once a BLA is estimated for a given component, this model will only
be valid for Gaussian noise-like signals with the same fixed power spectrum
as the excitation signal used for the estimation. In order to optimize
telecommunication systems, the models included in the simulator must not
only allow the telecommunication system designers to change the system
parameters of the different components, but also the power spectrum of the
utilized telecommunication signal. Therefore, the BLA model also needs to be
extended towards a scalability of the power spectrum.
To do so, we need to define a domain in the multi-dimensional space of
system and signal parameter values for which the model is valid. This
multi-dimensional space has to be representative for the normal operation of
an RF transceiver. In order to simplify the reasoning, only one dependency
is assumed first, namely the dependency upon the power of the excitation
signal. As a consequence, a segment in the space of power values is selected
that is representative for normal device operation. Given the range of power
values that limit the considered power space, there exist three possible ways
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to obtain a model that is valid over this range. First, it is possible to
estimate the nonparametric meta-BLA. To do so, the BLA is estimated for
a two-dimensional domain in the space of frequency and power values. The
estimated BLA is then a function of the selected power sample Pk and the
frequency fk . Hence, a two-dimensional model GBLA (fk , Pk ) (i.e. an array
of nonparametric BLA models) is obtained. In the simulator, this data array
has to be interpolated to yield the actual model response. The quality of the
interpolation will depend on the number of frequency and power samples that
has been chosen. However, this means that a lot of data points need to be
inserted in the simulators for one component (i.e. the number of frequencies
multiplied by the number of powers). Note that this two-dimensional (2D) set
of data can be interpreted as a collection of nonparametric BLAs.
To reduce the number of “parameters” a parametric model for each BLA can
be estimated as a function of the frequency. The nonparametric dependency
as a function of the power is kept. Hence, one LTI system model GBLA (θf , Pk )
is obtained for each power value Pk . The estimated BLA is then a function
of the selected power Pk , but is parametric over the frequencies and hence
valid for all the frequencies within the considered frequency range. Hence, a
one-dimensional function array GBLA (f, Pk ) (i.e. a one-dimensional array of
parametric BLA models) is obtained. The number of parameters then equals
the multiplication of the number of coefficients by the number of powers.
To further reduce the parameter count, a parametric model for the 2D BLA
can be estimated. The BLA can be parametrized in the power dimension
using a model based on the position of the poles and zeros (which are hence
the parameters θf ) of the different BLAs. The parametric model tracks how
the different poles/zeros move for the changing values of the power. By
bringing these pole/zero tracks together in a high-level model, the behavior
of the component is characterized over the considered power and frequency
range. However, this method is suboptimal, since first an estimation of the
LTI behavior has to be made for each power sample to obtain the different
parametric BLA’s, and afterwards, a second estimation has to be done for
finding the tracks of the poles/zeros.
To overcome this problem, a third method is proposed. In this method the goal
is to estimate a BLA model GBLA (θf , θP ) that is parametric in function of
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frequency and power, in one step. This method can then be extended towards
multiple parameters. In this way, a simple and widely applicable model for the
filter and the amplifier components in the RF transceiver can be found. This
type of model that approximates the Input/Output (I/O) function, which
characterizes the relationship between inputs and outputs, in much simpler
terms then than the full measurement, is often called a metamodel [Klei 05].
Other names for this type of model exist: surrogate model, response surface
model or emulator [Gori 09].

1.2

A

simple

approximate

model

to

characterize mixers
Another very important component type in transceivers is the mixer. A mixer
is a component that shifts the frequency content of the input signal from one
frequency band to another. A mixer can be modeled either as a nonlinear
system or as a linear time-variant system.
In fact, an idealized mixer behaves as a mathematical multiplier followed by
a filter (see subsection 2.2.2). The multiplier multiplies the input signal with
a sinewave pump signal that is called the Local Oscillator (LO) signal. As
a consequence, energy will appear in the output spectrum in two different
frequency bands, called the Upper SideBand (USB) and Lower SideBand
(LSB). After this multiplication, the filter selects the desired band (USB or
LSB). Dependent on the selected frequency band, the mixer gets a different
name: when the mixer shifts the signal between the Intermediate Frequency
(IF) band and the Radio Frequency (RF) band, the mixer is denominated as an
RF mixer (see Fig. 1.8). When the mixer shifts the signal between the Image
(IM) frequency band and the IF band, the mixer is called an ‘image mixer’ (see
Fig. 1.8).
In both cases the mixer is denominated as an upconverter, if the frequency
conversion is performed from a lower frequency band towards an higher one,
and as a downconverter if the frequency is performed in the opposite direction.
To perform the frequency shift of the signal from one band to another, a mixer
contains at least one nonlinear component (e.g. a Schottky-barrier diode, a
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Figure 1.8: Dependent on the bands within which the frequency shift occurs,
the mixer is denominated as an RF or IM mixer.

Field-Effect Transistor (FET), a Heterojunction Bipolar Transistor (HBT), a
Complementary Metal Oxide Semiconductor (CMOS) transistor, ... ), that
is pumped by a strong Local Oscillator (LO) signal. As a consequence, the
behavior of mixers is dominantly nonlinear or linear time-variant. In either
case, for these components, the PISPO property is no longer valid: when a
mixer is excited by a periodic input, the output is not a signal with the same
period as the input signal. As a consequence, hypothesis 1.1 is no longer fulfilled
(see also Fig. 1.7) and a BLA would not be meaningful to describe the main
behavior of this kind of component.
The idea that underpins the BLA can similarly be used to model the behavior
of these spectral components. Therefore, the regular mixer behavior will be
approximated or idealized by an “ideal” model, and hopefully the incoherent
contributions of the nonidealities will again pile up to form a noise source that
represents the variability induced by the nonideal nonlinearities. The “ideal”
model will no longer be an LTI model (since the system does no longer belong
to the PISPO class).
However, we can replace it by an ideal frequency converter which is linear
time-variant. This ideal frequency converter can be modeled by a bilinear
equation:
y(t) = u(t)l(t)

(1.3)

Here y(t), u(t) and l(t) represent the time-domain output waveform, input
waveform and the saturated LO signal, respectively. As a consequence, the
behavior of the mixer can be approximated by an idealized bilinear model plus
a noise source that represents the incoherent nonlinear contributions. When
the model is estimated in a least squares sense, the model that is obtained by
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this approach will be called the Best BiLinear Approximation (BBLA) .
This new constitutive relation has some consequences. The “ideal” model
used here represents a perfect frequency converter and hence the approximate
modeling approach is only valid for a class of systems that dominantly act as a
frequency converter. An ideal frequency converter has the property that, when
excited by a periodic signal, the period of the input(s) and the output signals
are commensurate, as for fout = kfin + lfLO with k, l ∈ N. For this reason
we will call the class of systems that obey this condition the periodic inputs,
commensurate periodic output (PICPO) systems.
Intuitively speaking, a mixer behaves similarly to an amplifier when its
frequency-shifting behavior is omitted. Hence, the “idealization” of a frequency
translating system will be related to the linearization of an amplifier. The
“idealization” of the mixer will also depend on the class of excitation signals
that is utilized. In order to force that the mixer creates a frequency shift, the
LO signal must be a one-tone signal (i.e. a sinewave) that has a high power in
comparison with the input signal. Under this condition, the LO signal will act
as a “pump” signal that energizes the frequency shift. The high LO power is
needed to enforce the practical low conversion loss operation of the device, but
it does not influence the idealized model.
Since the input signal must resemble a telecommunication signal, it is
straightforward to also use a Gaussian noise-like signal here to obtain a mixer
model that is “linearized” under somewhat realistic excitation conditions.
To conclude, two hypotheses are needed to enforce that the proposed
approximate idealization of a mixer (the BBLA) be valid:
Hypothesis 1.3 The system belongs to the class of Periodic Input,
Commensurate Periodic Output systems.
Hypothesis 1.4 The excitation signal belongs to the class of the Gaussian
noise-like signals with a fixed Power Spectral Density (PSD), while the LO
signal is a one-tone signal conveying a large (when compared with the excitation
signal) fixed power.
Under hypothesis 1.3 and under hypothesis 1.4, the BBLA is then again
defined as the model G consisting of two parts: an ideal frequency translating
conversion function GBBLA , and a noise part Ntot . Assuming that a periodic
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input excitation is considered G is defined as:
G(jΩk ) =

SY V (jΩk )
SV V (jΩk )

(1.4)

Here, SV V is the auto-power spectrum of the ideal frequency converted input
v(t), which is function of the input u(t) and the (saturated) local oscillator
signal l(t) of the PICPO system. SY V is the cross-power spectrum of the
RF-IF/IM conversion of the Device Under Test (DUT). Note that the kth
spectral line of the ideal frequency converted input is given by:
V (jΩk ) = U (jωk ) ⊗ L(jωLO )

(1.5)

To interpret the BBLA in the frequency domain, a link is made with the
Conversion Function (CF) under a Gaussian noise-like excitation. To clarify
the link between the BBLA and the CF, note that the CF can be written as
(see section 3.4):


Y (jΩk ) = GBBLA (jΩk ) U (jωk ) ∗ L(jωLO ) + Ntot (jΩk )

(1.6)

Here, Ωk = ωk ± ωLO represents the frequency value of the ideal converted
frequencies in the output that correspond with the frequencies ωk in the
input, when an LO with frequency ωLO is applied: Ωk = ωk ± ωLO . Note also

that ∗ represents the convolution operator. The interpretation of equation
(1.6) is given more in detail in chapter 3, but the reader should now notice
that the CF can be partitioned into two sets, the first one consisting of
contributions in the output of the system that are coherent with the ideal
contributions U (jωk ) ∗ L(jωLO ), and the second one containing all the
incoherent contributions. All the coherent contributions influence GBBLA ,
while the incoherent contributions will act as additional noise sources (Ntot )

when taken over an infinite number of signal realizations. To conclude,
equation (1.6) illustrates that the BBLA model is frequency dependent (it
depends not only on the frequencies of the input signal, but also on the
LO frequency). It consists of a bilinear model GBBLA that represents the
underlying frequency shifting system, and a noise source Ntot that represents
the nonideal contributions of the nonlinearities which are incoherent to U ∗ L.
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The value of both components can be obtained by a least squares estimation
(see figure 1.9).

N tot ( Ω )
U(ω)

G BBLA ( Ω )

Yˆ ( Ω )

Y(Ω )

L ( ω LO )
Figure 1.9: The BBLA consists of a bilinear model GBBLA that represents the
underlying frequency shifting system, and a noise source Ntot that represents
the residuals, which are minimized in a least squares sense.
This approximate linearized model still depends upon various system
parameters (e.g. DC bias points, reflection factors, ...). Note that this model
will only be valid for all Gaussian noise-like input signals with the same fixed
power spectrum or Power Spectral Density (PSD). When the power of the LO
sinewave signal is changed, a new BBLA will also be obtained. In order to
optimize a telecommunication system, the models included in the simulator
must not only allow the telecommunication system designers to change the
system parameters governing the behavior of the different components, but
also the power spectrum of the utilized telecommunication signal and the
power (and frequency) of the LO sinewave signal. Therefore, the BBLA model
needs to be extended, in a way that is similar to the BLA metamodel.
Similarly as for the amplifier case, a multi-dimensional segment in the space
of system and signal parameter values has to be defined, to set the range
of values for which the model is valid. In analogy to the metamodel for
amplifiers and filters, a multidimensional BBLA can be estimated in different
ways. One possibility is to extract a nonparametric metamodel from CF
measurements over different frequencies and with different values of the
input power. Afterwards, this type of metamodel can be parametrized. To
do so, the parametric BBLA is estimated for a set of input power values
and are glued together by interpolating the parameters (poles and zeros)
of these one-dimensional models over the input power variable. Hence, a
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semiparametric metamodel is obtained. Another option is to estimate a
full-parametric metamodel in one step. Hence, a widely applicable model is
obtained for the mixer components in RF transceivers.

1.3

Conclusions

A filter or amplifier can approximatively be linearized into a BLA because these
components belong to the class of PISPO systems. Similarly, a mixer can be
approximately modeled by a BBLA since it is a PICPO system. The input
signal used for the model extraction is chosen to be a Gaussian noise-like signal
with a fixed power spectrum, and the LO signal exciting the considered mixer
has to be a one-tone signal with a large (when compared with the input signal)
fixed power (or a saturated power level). Both the BLA and the BBLA can be
extended into a metamodel that allows some system and signal parameters to
be taken into account. The widely applicable approximate linearized models
for filters, amplifiers and the bilinearized models in the case of mixers are quite
similar in construction. Hence, when their power spectra match, they can be
coupled together, and consequently, a model can be obtained that characterizes
the simulated RF transceiver.

1.4

Layout of the thesis

The goal of this thesis is to develop a method that allows to find widely
applicable (scalable) models for the most important components in RF
transceiver systems (i.e. amplifiers, filters and mixers). For this thesis, we
take the perspective of an RF designer and try to gradually build up all the
information that is needed to understand the proposed methods and put them
into practice. The existing Best Linear Approximation (BLA) model seems
to be a good starting point for devices that are dominantly linear. However,
the BLA is only valid under specific hypotheses on the system and the signal
class. The considered systems need to be PISPO systems, and the BLA model
will only be valid for Gaussian noise-like signals with a fixed power spectrum
and a random phase spectrum. These hypotheses limit the applicability of the
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BLA. First of all, the BLA will not be applicable to mixers, since these systems
are not PISPO systems. Mixers belong to the PICPO system class, where the
input(s) and output have commensurate periods.
In the first part of this thesis, a BLA-like approach is suggested for PICPO
systems. The goal here is to extend the BLA model to obtain a new model
that is valid for PICPO systems like mixers. Similarly to the BLA, the true
behavior of the PICPO system is approximated by an idealized behavior. First,
one needs to know how a PICPO system behaves ideally. Then, the influence
of the nonidealities on this ideal behavior is intuitively investigated, so that
a qualitative description of the behavior of a PICPO system is found. A
method is designed to predict which frequency lines in the output spectrum
will carry nonideal contributions. This will allow to qualitatively describe
and quantitatively estimate how the nonideal contributions affect the ideal
behavior. This method is explained in chapter 2.
The knowledge gathered in chapter 2 then allows the definition of an
approximate idealized model for PICPO systems, called the Best BiLinear
Approximation (BBLA). A method is given to estimate the BBLA for mixers.
This method will be based on conversion function (CF) measurements. For
every frequency (or converted frequency), for which the FRF (or CF) is
measured, the obtained approximate model then predicts a complex value.
For this reason, these kinds of model are called nonparametric models.
Furthermore, the properties and the different terms of the BBLA model
are discussed, and the BBLA model of a mixer is then estimated based on
simulation and measurement data. All these topics are touched in chapter 3.
Nonparametric models consist of a large amount of data points that is
proportional to the number of measurements. A parametric model can be
estimated to obtain a model for which the number of parameters will remain
independent of the number of measurements. To do so, a parametrization is
done in the frequency domain to ensure that the number of model parameters
is independent on the number of measured frequency points of the FRF or CF
measurement. This allows to obtain a parametric BLA or BBLA. Different
methods to estimate a parametric BLA are already explained in [Pint 01a]. In
chapter 4, one of these methods is highlighted, and it is also shown that this
method can be extended to estimate a parametric BBLA.
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Even if we succeeded in extending the class of systems, the problem remains
that the (non)parametric BLA or BBLA models are still limited applicable,
since they are only valid under certain restrictive assumptions on the applied
excitation signals. In fact, the BLA and BBLA are obtained around a given
‘operating point’ that is set by different system and signal parameters (e.g. the
signal class, the DC bias point, the reflection factor at the ports, ...). From
a system design point of view, it would be desirable to know the approximate
behavior for different values of the system and signal parameters. In the
second part of this thesis, these restrictive assumptions are relaxed. To do
so, techniques are developed to obtain a model that is valid for a space of
operating points: a so called metamodel. This model is a scalable model
that glues the different approximate models together. The metamodel can
be nonparametric, semi-parametric or full-parametric. The different methods
that are used to obtain these metamodels are described in chapter 5. The
metamodels that are estimated in this thesis describe the dynamic behavior
of PISPO or PICPO systems dependent on the frequency and the power of
the excitation signal. With the proposed methods it is now possible to obtain
a metamodel for amplifiers and filters (PISPO systems), but also for mixers
(PICPO systems). The obtained metamodels give an approximate description
of the behavior and are no longer only valid for one value of the input power but
describe the behavior for a wide range of input powers. These models can then
be put into a simulator and will allow the telecommunication system designer
to design more performant transceiver systems.
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Part I

An approximate idealized
model for PICPO systems

Chapter 2

How do nonlinearities
affect the “ideal” behavior
of a nonlinear system?
In chapter 1, a modeling approach is suggested that allows to approximately
model the idealized behavior of systems, distorted by unwanted nonlinear
distortions. The suggested approach is usable for PISPO systems, such as
filters and amplifiers, which are ideally LTI systems. The same approach
will also be applicable for the frequency translating PICPO systems, such as
mixers. The approximate model for a PICPO system will also idealize the true
behavior. For this reason it is important to know how the PICPO systems
that we consider ideally behave. Subsequently, the influence of nonidealities
must be investigated. Finally, it will be possible to describe qualitatively
and quantitatively how the true behavior of a system (PISPO or PICPO)
differs from the ideal one. With this knowledge it will be easier to set up
an approximate idealized model for these systems.
In this chapter the approach is first applied on PISPO systems, which are
ideally modeled as LTI systems. The nonidealities of these PISPO systems are
nonlinearities. Hence, the goal is to know how nonlinearities will affect the ideal
behavior. To do so, it will be important to know where nonlinear contributions
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will pop up in the output spectrum, when the system is excited by a realistic
excitation signal. Given this information, it becomes possible to compare the
distorted output spectrum with that of an LTI system to qualitatively and
quantitatively understand how nonlinearities affect the ideal behavior under
realistic excitation.
What is striking is that certain nonlinear contributions will pile up on the
same frequency lines as the input lines in the output spectrum. To identify the
influence of the linear and the nonlinear parts separately, it will be necessary
to use special excitation signals.
All these techniques to detect for nonlinearities in PISPO systems, by using
special excitation signals, already exist [Vanh 01, De L 04, Padu 07]. They
are refreshed in this chapter, since a similar approach can also be applied
for PICPO systems. However, a better understanding of the ideal behavior
of these systems is needed. First, the behavior of the ideal PICPO system
is investigated. Subsequently, the nonidealities are taken into account.
For PICPO systems it will not be sufficient to consider only unwanted
nonlinearities, since also unwanted linear distortions exist! The influence of
these nonidealities on the ideal behavior is then investigated by comparing the
output spectrum with that of an ideal PICPO system. It is then possible to
describe qualitatively and quantitatively how the nonidealities will influence
the ideal behavior of PICPO systems. The gathered knowledge of the ideal
behavior and the nonidealities will help to find an approximate idealized model
for PICPO systems (see chapter 3).

2.1

How do nonlinearities affect the ideal
behavior of PISPO systems?

Ideally, a PISPO system behaves as an LTI system. As a consequence, the
output spectrum of such a system only contains energy at the same frequencies
in the input spectrum and the output spectrum of the system (see fig. 2.1).
Nonlinearities are responsible for creating energy at extra frequencies in the
output spectrum. To illustrate this, a static third order nonlinear PISPO
system y(t) = a1 u(t) + a2 u2 (t) + a3 u3 (t) is considered to be dominantly linear
(a1 >> a2 >> a3 ). To understand the action of the nonlinearities, this system
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is first excited by a pure sinewave signal. Afterwards a more realistic RF
excitation signal is applied, namely a multitone signal, to mimic the modulated
telecommunication signals.

u( t)

y(t )
LTI system

U(ω )

Y(ω)

(a)

ω1

ω

U(ω )

ω1

ω

Y(ω)
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Figure 2.1: The output spectrum of an LTI system will only contain energy at
the same frequencies as the input spectrum of the system.

2.1.1

A static third order NL system excited by a
sinewave

Consider the static third order nonlinear system y(t) = a1 u(t) + a2 u2 (t) +
a3 u3 (t) excited by a sine wave u(t) = Asin(ω0 t). Note that a1 , a2 and a3 are
chosen to be constant real values and that ω0 represents the frequency of the
sinewave. The response of this system can be split into its ideal (thus linear),
quadratic and cubic contributions. The contributions in the output signal can
be determined in the time and frequency domain. In the time domain, the
output is readily calculated. In the frequency domain, each contribution can
be found by using the Volterra theory [Sche 80]. This boils down to the
determination of an n-th order contribution in the output signal Y on every
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frequency that is equal to the sum of a combination of n excited frequency
lines ω1 , ω2 , . . . , ωn in the input signal, taken both in positive and negative
frequencies:
Y [n] (ω1 , ω2 , . . . , ωn ) → Y (±ω1 ± ω2 ± . . . ± ωn )

(2.1)

Here Y [n] denotes an nth order contribution to the output signal.
For the sine wave excitation only one spectral line is excited, namely ω0 .
Furthermore, only a static third order nonlinear system is considered to simplify
the calculations, and hence, only contributions up to the third order are
possible. As a consequence, the different contributions will fall on the following
frequency lines (see also Fig. 2.2):
• As is shown in Fig. 2.1, the linear contributions can only fall on excited
frequency lines. Since only ω0 is excited in the input signal, the linear
term will only contribute to the fundamental frequency ω0 .

• Referring to equation (2.1), the quadratic contributions can only fall on a
spectral line whose frequency is the sum of a combination of two excited
frequency lines. Since here, only ω0 is excited in the input signal, the
quadratic term will only give a contribution on the second harmonic
located at a frequency 2ω0 (ω0 + ω0 = 2ω0 ) and at DC (Direct Current)
(−ω0 + ω0 = 0 or ω0 − ω0 = 0).
• Referring to equation (2.1), the cubic contributions can only fall at
frequencies that are the sum of a combination of three excited frequency
lines. Since here, only ω0 is excited in the input signal, the third
order term will only give a contribution on the third harmonic 3ω0
(ω0 + ω0 + ω0 = 3ω0 ) and on the fundamental frequency (ω0 + ω0 − ω0 =

ω0 or ω0 − ω0 + ω0 = ω0 or − ω0 + ω0 + ω0 = ω0).

The reader should notice that here, only contributions that are present at the
positive frequencies are considered. However, since the output signal is a real
signal, these contributions also exist in the negative part of the spectrum.
The latter enumeration illustrates that nonlinearities create extra components
on multiples of the fundamental frequency ω0 . These components are often
called harmonic components. Some of these components fold down on excited
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frequency lines and come on top of the ideal (linear) contributions. When a
linearization for the considered PISPO system is made, all the contributions
that fall on the ideal frequency lines are taken into account and the linearization
will differ from the perfect linear model y(t) = a1 u(t). Hence, some of the effects
of the nonlinearities are taken into account in the approximate linearized model.
However, this linearization is not able to explain and predict the creation of
extra harmonic components.
At the other side, there exists a possibility to detect the nonlinear contributions:
in the case of a sinewave excitation, odd order nonlinear contributions fall on
odd harmonics and even order contributions fall on even harmonics.
However, in an RF context, the system is excited by a more complex
information signal. To mimic this signal, a multitone signal will be applied
and the influence of the nonlinearities is then investigated again.

u(t)

a1 u + a2 u 2 + a3 u 3

U(ω )

y(t)

Y(ω)

ω0

ω

ω 0 2ω 0 3ω 0 ω

Figure 2.2: The linear (blue), quadratic (green) and cubic (red) contributions
of a static nonlinear system (y(t) = a1 u(t) + a2 u2 (t) + a3 u3 (t)) under a sine
wave excitation.

2.1.2

A static third order NL system excited by a
multisine

Consider now that the static nonlinear system y(t) = a1 u(t) + a2 u2 (t) + a3 u3 (t)
is excited by a multisine u(t). Instead of one excited frequency, as is the case for
a sine wave excitation, a set of excited frequency lines {ω1 , ω2 , . . . , ωN } exist.
Note that these frequency lines all lay on a commensurate grid ωk = lk δω with
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lk ∈ N. Keeping the Volterra theory in mind (see equation (2.1)), the different
contributions for the considered static third order nonlinear system will fall on
the spectral lines that have the following frequencies (see also Fig. 2.2):
• It has already been shown that the linear contributions can only fall at
the frequencies of excited spectral lines. Since here, every frequency line
belonging to the set {ω1 , ω2 , . . . , ωN } is excited in the input signal, the
linear term will give a contribution on these frequencies.
• The quadratic contributions can only fall at frequencies that are the
sum of the frequency of two excited spectral lines. This means that
the quadratic term will give a contribution on every frequency line:
±ωi ± ωj with ωi , ωj ∈ {−ωN , . . . , −ω2 , −ω1 , ω1 , ω2 , . . . , ωN }

(2.2)

• The cubic contributions can only fall at frequencies that are the sum of
the frequency of three excited spectral lines. This means that the cubic
term will give a contribution on every frequency line:
±ωi ± ωj ± ωk with ωi , ωj ∈ {−ωN , . . . , −ω2 , −ω1 , ω1 , ω2 , . . . , ωN } (2.3)
Example To illustrate this, consider a bandpass multisine with three excited
frequency lines {ω1 , ω2 , ω3 }. Note that a non-baseband signal has been chosen
so that the applied signal resembles an RF signal. For the considered static
third order nonlinear system y(t) = a1 u(t) + a2 u2 (t) + a3 u3 (t), the different
contributions will fall on the following frequency lines (see also Fig. 2.3):
• The linear contributions can only fall at a frequency belonging to the set
{ω1 , ω2 , ω3 }. This is represented in Fig. 2.3.a.
• The quadratic contributions can only fall at frequencies that are the sum
of a combination of the frequency of two excited spectral lines: This
means that the quadratic term will give a contribution on the following
frequency lines, taking the positive frequencies only:
2ω1 , 2ω2 , 2ω3 , ω1 + ω2 , ω1 + ω3 , ω2 + ω3 ,
−ω1 + ω2 , −ω1 + ω3 , −ω2 + ω3 , 0

(2.4)
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(Note that for the chosen excitation signal ω1 + ω3 = 2ω2 and −ω2 + ω3 =
−ω1 + ω2 )
This is represented in Fig. 2.3.b.

• The cubic contributions can only fall at frequencies that are the sum of a

combination of the frequency of three excited spectral lines. This means
that the cubic term will give a contribution on the following frequency
lines, taking the positive frequencies only:
3ω1 , 3ω2 , 3ω3 , 2ω1 + ω2 , 2ω1 + ω3 , 2ω2 + ω3 , ω1 + 2ω2 ,
ω1 + 2ω3 , ω2 + 2ω3 , ω1 + ω2 + ω3 , ω1 , ω2 , ω3 , −ω1 + 2ω2 ,
−ω1 + 2ω3 , −ω2 + 2ω3 , 2ω1 − ω2 , 2ω1 − ω3 , 2ω2 − ω3 ,
−ω1 + ω2 + ω3 , ω1 − ω2 + ω3 , ω1 + ω2 − ω3

(2.5)

This is represented in Fig. 2.3.c.
Note that only contributions taken at the positive frequencies of the spectrum
are considered here. Since the output signal is a real signal these contributions
do also exist in a complex conjugate form in the negative part of the
spectrum. By observing the positive output spectrum (Fig. 2.3.d), the following
conclusions can be made:
• In-band, only odd (in this case third) order nonlinear contributions
appear besides the linear contributions. These contributions fall at the
excited frequency lines. Hence, these contributions will come on top of the
linear contributions and will be taken into account in the linearization.
• Near-band, other odd order contributions will fall on frequency lines
just besides the excited frequencies. This phenomenon is called spectral
regrowth [Kenn 95].
• Out-of-band, some nonlinear contributions also appear.

These are

even (in this case second) and odd (in this case third) order nonlinear
contributions. The even order contributions always fall in a band around
the even harmonics of the excited frequencies of the three-tone. A special
consequence of this property, is that even order contributions can be
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Figure 2.3: The linear (blue), quadratic (green) and cubic contributions of a
static nonlinear system (y(t) = a1 u(t) + a2 u2 (t) + a3 u3 (t)) under a three-tone
excitation.
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found around DC. Odd order contributions fall in a band around the odd
harmonics of the excited frequencies of the three-tone.
Hence, it is clear that the nonlinear distortions do not only affect the in-band
behavior, but also the near-band and out-of-band behavior. Similarly as for
the case of a sinewave excitation, some of the nonlinear contributions fold down
and come on top of the ideal (linear) contributions. When a linearization for
the considered PISPO system is made, all the contributions that fall on the
ideal frequency lines are taken into account and the linearization will differ
from the perfect linear model y(t) = a1 u(t). Hence, some of the effects of
the nonlinearities are taken into account in the linearization. However, this
linearization is not able to explain and predict the creation of extra harmonic
components and spectral regrowth.
Note that in the latter example, a non-baseband signal was applied to the
static nonlinear system. However, for specific applications different from RF
applications (e.g. modal analysis of bridges), baseband multisine signals are
applied. To avoid the overlap of ideal, even order and odd order nonlinear
contributions, special frequency grid multisine signals are used.

2.1.3

A static third order NL system excited by special
frequency grid multisines

A first kind of a special frequency grid multisine is the odd frequency grid
multisine. This is a multisine for which only the odd frequencies of a
commensurate grid are excited. The amplitude spectrum of this special
excitation signal is represented in Fig. 2.4. Furthermore, the latter subsection
learns that odd nonlinearities will only give contributions at frequencies which
are the sum of a combination of an odd number of the excited frequencies.
Hence, it is clear that nonlinearities of an odd degree will only give contributions
at the odd frequencies. Even nonlinearities will only give contributions at
frequencies which are the sum of an even number of the excited frequencies.
Consequently, for the considered odd frequency grid multisine, nonlinearties
of an even degree will only give contributions at the even frequencies. This
illustrates the special property of this excitation signal: the odd frequency grid
multisine allows to separate contributions of even and odd degree (see Fig. 2.4).
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However, Fig. 2.4 shows that the odd frequency grid multisine still does not

u(t)

a1 u + a2 u 2 + a3 u 3

U(ω)

y(t)

Y(ω)

X

X

ω

X

X

...
ω

Figure 2.4: The linear (blue), quadratic (green) and cubic contributions of
a static nonlinear system (y(t) = a1 u(t) + a2 u2 (t) + a3 u3 (t)) under an odd
frequency grid multisine excitation. ×: for the odd frequency grid multisine,
the even frequency lines are not excited.
allow to separate the odd nonlinear contributions from the linear ones. For this
reason, the multisine with a random odd frequency grid is introduced [Vanh 01].
To create this signal, the odd frequency lines of the odd frequency grid multisine
are split into groups of three lines. Then, in each group of three odd frequency
lines, one frequency line is randomly left unexcited. Note that other random
odd frequency grids are possible (e.g. two random frequency lines are left
unexcited in a group of seven frequency lines), but one frequency line out of
three is a practical minimum to keep the multisine grid dense enough. Note
also that this multisine signal is an extension on the odd-odd multisine that
was suggested by [Evan 94] and [McCo 95]. In Fig. 2.5 the amplitude spectrum
of such a random odd frequency grid multisine is represented.
What will the response of the considered static nonlinear system (y(t) =
a1 u(t) + a2 u2 (t) + a3 u3 (t)) look like for this special kind of multisine signal?
To simplify the reasoning, the system is split in a linear subsystem a1 u, a
quadratic subsystem a2 u2 and a cubic subsystem a3 u3 . Then, the response of
each subsystem excited by the random frequency grid multisine can be found.
Finally, the responses for the subsystems are added together and the final
response of the considered static nonlinear system is found. It has already
been demonstrated that the response of an LTI system excited by a multitone
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Figure 2.5: Spectrum of a random odd frequency grid multisine. ×: the even
frequency lines are not excited. •: also, in a group of three odd lines, one
frequency line is not excited.

signal will only contain the same spectral components as the multitone signal
itself (see also Fig. 2.6(a)). Next, it has also been shown that the response
of an even nonlinear perturbation to an odd frequency grid multisine only has
contributions at the even frequencies (see also Fig. 2.6(b)). Furthermore, the
contributions of an odd nonlinear perturbation will appear on all the possible
combinations of the sum of an odd number of excited frequency lines of the
input signal (see also Fig. 2.6(c)). The complete response of the considered
nonlinear system is the sum of the responses of the different subsystems (see
also Fig. 2.6(d)). The odd non-excited frequency lines in the input signal
act as detection lines for the odd nonlinear perturbations. On the excited odd
frequency lines, the sum of the linear and some odd nonlinear contributions are
added. A random odd frequency grid multisine hence allows to separate linear,
even and odd nonlinear contributions. By measuring the output spectrum of a
PISPO system excited by this special excitation signal, it is therefore possible
to describe the nonlinearities present in the system.
In the latter experiment, the considered static nonlinear system was excited by
a baseband multisine with a random odd frequency grid to illustrate that with
this multisine signal nonlinear contributions can be detected. However, in an
RF context, a non baseband signal should be used. For this reason, another
experiment is done as is shown in Fig. 2.7. In this experiment, the considered
static nonlinear system (y(t) = a1 u(t) + a2 u2 (t) + a3 u3 (t)) is excited by a
non-baseband multisine signal with a random odd frequency grid. Similar to the
results shown in Fig. 2.3, the linear contributions will all fall inside the excited
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Figure 2.6: The influence of the linear term a1 u, the even a2 u2 and odd
nonlinear a3 u3 term of a nonlinear perturbation can be detected by a random
odd frequency grid multisine. The even lines are not excited in this multisine
so that they can be utilized to detect the influence of the even nonlinear
distortions. In order to detect the odd nonlinear distortions, a number of
odd frequency lines of this multisine signal are also left unexcited.
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band of the excitation multisine. Furthermore, the even order contributions
will all fall outside the the excited band of the excitation multisine, while the
odd order contributions will fall nearby, inside and outside the the excited band
of the excitation multisine. Since the considered multisine has a random odd
frequency grid, some frequency lines are left unexcited. These frequency lines
can then be used to detect nonlinear contributions of odd order nonlinearities
as is represented in Fig. 2.7

near-band
inband

Y

X X X X X

ω1

0
U

ω

Y

X X X X X

0 ω1

u(t)

ω

0

a1 u + a2 u 2 + a3 u 3
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2ω 1

3ω 1

ω

y( t)

Figure 2.7: In an RF context, the influence of the linear term a1 u, the even
a2 u2 and odd nonlinear a3 u3 term of a nonlinear perturbation can be detected
by a non-baseband random odd frequency grid multisine. The even frequencies
ω1 + 2n∆ω are not excited in this multisine. The linear contributions will all
fall inside the excited band of the excitation multisine. Furthermore, the even
order contributions will all fall outside the the excited band of the excitation
multisine, while the odd order contributions will fall nearby, inside and outside
the the excited band of the excitation multisine. Since the considered multisine
has a random odd frequency grid, some frequency lines are left unexcited. These
frequency lines can then be used to detect nonlinear contributions of odd order
nonlinearities as is represented in the zoom of the inband and near-band.
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2.2

How will nonlinearities affect the ideal
behavior of mixer systems?

In order to investigate the influence of nonlinearities in PISPO systems, it
is important to understand the behavior of the ideal PISPO system, which
is an LTI system. Similarly, for mixers it will be important to know how
such an ideal mixer behaves, before the influence of nonidealities in mixers
can be investigated. In the quest for an ideal mixer model, it is important to
keep in mind that a mixer is a dynamic system. Two very often utilized ideal
models for mixers are the perfect multiplier and the perfect frequency converter,
which are static models. In both models, the input signal is multiplied with
a local oscillator signal. However depending on the application of the mixer,
the LO signal can be saturated or not. This means that the LO port is driven
with either a sinusoidal Continuous Wave (CW) or a square-wave signal (see
also [Mark 09]). For example, when a mixer is utilized in the design of a
parametric amplifier [Kotz 65] the LO signal is not saturated and the mixer is
still operating as a multiplier. However, in telecommunication systems, most
mixers are configured to use a saturated LO signal. As a consequence, the
mixing elements (diodes or transistors) are completely switched on and off with
each cycle of the LO and the mixer becomes mainly a switch. Consequently,
an increase or decrease in LO power will not change the mixer output in a
first order analysis. In this case, the mixer output can be considered to be
independent on the amplitude of the LO. The mixer is then called a frequency
converter. When compared to the perfect frequency converter model, the
perfect multiplier model is hence a more general model since this model also
takes into account the dependency upon the amplitude of the LO. For this
reason, the perfect multiplier model is chosen to be the base of the ideal mixer
model. This model needs to be extended to obtain a dynamic ideal mixer
model. Subsequently, the nonidealities of the mixer can be investigated. These
nonidealities are not only nonlinear, but also linear nonidealities exist. For this
reason, the influence of the linear nonidealities needs to be investigated first.
Finally, the influence of the nonideal nonlinearities on the ideal behavior of the
mixer is investigated.
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The perfect multiplier

The perfect multiplier is a 3-port device with an input port U, an LO signal
L and an output port Y (see Fig. 2.8). Consider that u(t), l(t) and y(t) are
respectively the input, the local oscillator and the output signal of the perfect
multiplier, that is perfectly terminated at all three ports. In the time domain,
the output signal of a perfect multiplier is then given by:
y(t) = l(t) · u(t)

U

Y

perfect
multiplier

ω

U(ω)

U

(2.6)

Y( ω)

ω LO

ω

ω LO

ω

Y

ω

LO ( ω LO )
Figure 2.8: Representation of a perfect multiplier excited by a sinewave signal
and a broadband signal.
Since a multiplication in the time domain corresponds to a convolution in
the frequency domain, the output spectrum Y (ω) is given by the convolution
(denoted by the ∗ symbol) of the input spectrum U (ω) with the spectrum of

the LO signal L(ω):

Y (ω) = U (ω) ∗ L(ω)

(2.7)

First, consider a simple sinewave input signal u(t) = Ak cos(ωk t). In a
telecommunication context the LO signal of a mixer can be considered to be a
sinewave signal l(t) = ALO cos(ωLO t + ϕLO ) too, and it will be assumed to be
the LO signal of a perfect multiplier also from now on. Under these excitations,
the output of the perfect multiplier is given by the multiplication of the input
sinewave signal with the local oscillator sinewave signal:
y(t) = ALO cos(ωLO t + ϕLO ) · Ak cos(ωk t + ϕk )

(2.8)
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The phase of the input signal ϕk or the phase of the LO signal ϕLO can then
be chosen to be the phase reference. Here the ϕLO is chosen to be the phase
reference, and consequently, equation (2.8) is rewritten by:
y(t) = ALO cos(ωLO t) · Ak cos(ωk t + ϕk )


Ak · ALO
=
· cos (ωLO − ωk )t − ϕk +
2
!


cos (ωLO + ωk )t + ϕk
=

Ak · ALO
·
2



cos (−ωLO + ωk )t + ϕk +


cos (−ωLO − ωk )t − ϕk



!

(2.9)

Equation (2.9) learns that the output signal is a two tone signal with a spectral
component located at the difference frequency ωLO − ωk (or ωk − ωLO ) and a
spectral component at the sum frequency ωLO + ωk (or −ωLO − ωk), as can

be seen in Fig. 2.8.
However, in a telecommunication context, the input signal is mostly a

multitone signal or can at least be approximated by a multitone signal.
To understand the action of a perfect multiplier, a multitone input signal
PN
u(t) =
k=1 Ak sin(ωk t + ϕk ) is now considered. Note that the LO signal
is still assumed to be a sinewave signal. Given that fact, the output spectrum
is now described by:
Y (ω)

=

N
X
Ak ALO

k=1

+

N
X
−Ak ALO

k=1

+

4

N
X
−Ak ALO

k=1

+

4


δ ω − (ωk + ωLO ) ejϕk

4

N
X
−Ak ALO

k=1

4


δ ω − (ωk − ωLO ) ejϕk

δ ω − (−ωk + ωLO ) e−jϕk

δ ω − (−ωk − ωLO ) e−jϕk

(2.10)
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This illustrates that a perfect multiplier, when excited by a broadband signal,
will have four bands of excited frequency lines in the output spectrum, two in
the positive part and two in the negative part of the spectrum. These bands
are called the sidebands. In fact, the input spectrum U (ωk ) is mirrored around
the local oscillator frequency (see Fig. 2.8).

2.2.2

The ideal mixer

In order to also take into account the frequency dynamics, the perfect static
multiplier must be extended. A dynamic LTI system needs to be inserted into
the model structure to filter the signals. There exist three possible places where
such a filter can be inserted: in the input path, the local oscillator path or the
output path (see Fig. 2.9). For the filters, bandpass filters are assumed. In real
life all filters have a finite bandwidth, however this assumption is acceptable
since the goal is to obtain an ideal model for mixers that is approximatively
valid.
The question remains whether it is necessary to place a filter in each path.
To answer this question, the influence of every filter is investigated/calculated.
Afterwards, the filters are removed/grouped to simplify the ideal mixer model
without sacrificing flexibility.

V

U
ω

U(ω)

GU ( ω )

X
ω

Y
ω LO

V( ω)

X(ω )

ω

GY ( ω )

ω LO

ω

Y(ω)

W( ω)

W
ω LO ω

GL ( ω )

A LO sin ( ω LO t )

Figure 2.9: Extending the perfect multiplier with filters in the input path, the
local oscillator path and the output path.
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The ideal mixer is then excited by an input and LO signal that resembles the
realistic excitation signals of a mixer used in an RF context. For this reason
PN
a multisine input signal u(t) = k=1 Ak sin(ωk t + ϕk ) is chosen together with
a pure sinewave LO signal l(t) = ALO sin(ωLO t + ϕLO ). The spectra of these
signals are given by:
U (ω) =

N
X

Uk δ(ω − ωk )

(2.11)

1
X

Ll δ(ω − ωl )

(2.12)

k = −N
k 6= 0
L(ω) =

l = −1
l 6= 0
Note that the perfect multiplication of both signals would be given by:
U (ω) ∗ L(ω)

=

N
X

Uk δ(ω − ωk ) ∗

1
X

Ll δ(ω − ωl )

l = −1
k = −N
l 6= 0
k 6= 0
X
=
Uk Ll δ(ω − ωk ) ∗ δ(ω − ωl )
k,l

=

X
k,l

Uk Ll δ(ω − ωk − ωl )

(2.13)
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Note that the symbol ∗ represents the convolution operator.
Filtering the input signal and the local oscillator signal gives:
V (ω) = GU (ω) · U (ω)
N
X

=

GU (ωk )Uk δ(ω − ωk )

k = −N
k 6= 0

= GL (ωL ) · L(ω)

W (ω)

=

1
X

GL (ωl )Ll δ(ω − ωl )

(2.14)

l = −1
l 6= 0
The perfect multiplication of these filtered signals then gives:
X(ω)

= V (ω) ∗ W (ω)
N
 X

=
GU (ωk )Uk δ(ω − ωk )
k = −N
k 6= 0

1
 X

∗
GL (ωl )Ll δ(ω − ωl )

l = −1
l 6= 0
X
=
GU (ωk )GL (ωl )Uk Ll δ(ω − ωk ) ∗ δ(ω − ωl )
k,l

=

X
k,l

=

X
k,l

=

X
k,l

GU (ωk )GL (ωl )Uk Ll δ(ω − ωk − ωl )
GU (ω − ωk )GL (ω − ωl )Uk Ll δ(ω − ωk − ωl )
ζ(ω)Uk Ll δ(ω − ωk − ωl )

(2.15)
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Here, ζ(ω) represents a filter that combines the filter in the input path (GU )
with the filter in the LO path (GL ) in such a way that:
ζ(ωk + ωl ) = GU (ωk )GL (ωl )

(2.16)

Taking into account the filter in the output path, the output spectrum Y (ω)
becomes:
Y (ω) = GY (ω)X(ω)


= GY (ω)ζ(ω) · U (ω) ∗ L(ω)


= G(ω) · U (ω) ∗ L(ω)

(2.17)

Note that the filter G in fact combines the output filter GY with the combined
filter ζ. It is hence sufficient to insert only one filter in the output path to
capture all the dynamics in the mixer (see Fig. 2.10). This model is henceforth
called “the ideal mixer”.
The behavior of a real mixer is even more complex! Two major additional
disturbances are responsible for this: the linear feed-through contributions and
the nonlinear distortions. In the following subsections, the influence of these
nonidealities on the ideal mixer behavior are investigated more in detail.
Y

U

ideal mixer
ω

G(ω)

U(ω)

ω LO

ω

Y( ω)

LO ( ω LO )
Figure 2.10: Representation of an ideal mixer excited by a broadband signal.

2.2.3

Understanding the linear distortions in a mixer

The linear distortions in a mixer are called the linear feed-through
contributions. These contributions result from the nonideal isolation between
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the ports of the mixer. As a consequence, unwanted linear contributions appear
in the output spectrum. Unwanted contributions arise on the same frequency
lines as the excited frequency lines of the input signal. This is represented
in Fig. 2.11 by the dark gray arrow. In the output spectrum, an unwanted
contribution can also arise at the local oscillator frequency, since the isolation
between the local oscillator port and the output port is not infinite either (see
the light gray arrow in Fig. 2.11). These nonidealities are characterized for
commercial mixers in - what are called - the port-to-port isolation parameters
such as RF-to-IF (or IF-to-RF-isolation) and LO-to-IF (or LO-to-RF isolation).
Note that these unwanted linear feed-through contributions almost never arise
Y

U
ω

U

Y

LO ( ω LO )

ω LO

ω

Input/Output feed-through
LO/Output feed-through

Figure 2.11: The different linear feed-through contributions of a mixer.
inside the upper and lower sideband. The reader should also be aware that
feed-through contributions in the opposite direction could exist. Since here a
quasi-SISO model is considered, these feed-through contributions are assumed
to be negligible.

2.2.4

Understanding the nonlinear distortions in a mixer

In section 2.1, the influence of nonlinearities on the ideal behavior of PISPO
systems is investigated. To understand the influence of unwanted nonlinearities
in mixers, a similar method is utilized. Intuitively, the mixer should be replaced
by a perfect multiplier + an LTI system (to allow dynamic behavior of the
mixer). However, extra nonlinear disturbance terms are needed. These can be
created by a static nonlinear system that is placed in the input path. Another
possibility is to place the nonlinear system in the output path. Finally, one
can even question if a combination of a nonlinear system in the input path and
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a nonlinear system in the output path would qualitatively better describe the
behavior of a real distorted mixer.
It is also possible that a nonlinear system needs to be placed in the LO path. A
multitone LO signal would then be applied to the perfect multiplier. However,
since the LO signal of a perfect multiplier is assumed to be a perfect sinewave,
this is not considered here.
To decide whether a nonlinear system should be placed in the input path, in
the output path or in both, the use of a special grid multisine (an odd odd
frequency grid multisine) will also be helpful. With this excitation signal it is
possible to theoretically predict where the nonlinear distortions can be found
in the output spectrum, based on the position of the nonlinearity. As some of
these frequencies are different when the nonlinearity is located before or after
the multiplier, it becomes possible to identify the location of the nonlinear
perturbations. The output spectrum of a real mixer is then measured. The
frequencies at which energy is measured, will then indicate if the real mixer is
disturbed by nonlinearity in the input or in the output path.
Where do unwanted nonlinear contributions theoretically pop up in
the output spectrum?
Consider that a random odd frequency grid multisine is applied to the signal
input of the mixer, viz.:
N
1 X
u(t) = √
Ak cos (2πfk t + ϕk )
N k=1

(2.18)

Here, all fk = (2lk + 1)∆f belong to a random chosen set Fexc of odd
commensurate frequency lines as explained in section 2.1. Hence there exists
also a set of even and odd frequency lines that are left unexcited. These sets are
det
det
respectively noted as Feven
and Fodd
. Note that the superscript ‘det’ indicates
that these frequencies will allow to detect for nonlinear contributions.
A first theoretic experiment investigates the influence of purely nonlinear
distortions in the input path. Therefore, a static nonlinear system (a1 u(t) +
a2 u2 (t) + a3 u3 (t)) is considered before the ideal mixer. In a second theoretic
experiment, this static nonlinear system is placed after the ideal mixer.
Afterwards, the output spectra of these experiments are compared.
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Theoretical setup 1: Only nonlinear distortions in the input path
are present Fig. 2.12 shows the static nonlinear system (with a linear term,
a quadratic term and a cubic term) that is placed in the input path, and an
LTI system that is placed in the output path (to allow to model the dynamic
behavior of the mixer). For this case, the applied baseband multisine signal U
is distorted by the nonlinear perturbation, and hence the input signal V to the
ideal multiplier will have extra contributions (see also section 2.1):
- On the even frequency lines that are not excited in V (ω) (belonging to
det
Feven
), only even nonlinear contributions will be found. This set contains
all the frequencies which are the sum of two excited frequency lines:
f = ±fi ± f j

withfi , fj ∈ Fexc

(2.19)

- On the odd frequency lines that are not excited in V (ω) (belonging to
det
Fodd
), only odd nonlinear contributions will be found. This set contains
frequencies which are the sum of three excited frequency lines:
nf = ±f ± f j ± f
i
k
f∈
/ Fexc

with fi , fj , fk ∈ Fexc

(2.20)

Note that it is possible that a combination of three excited frequency lines
is equal to an excited frequency line. Since only the odd lines that are not
excited are considered here, these combinations need to be eliminated in
equation (2.20)!
- On the excited frequency lines in V (ω), both odd nonlinear and
linear contributions will be found. Equation (2.20) shows that some
combinations of three excited frequency lines are equal to one of the
excited frequencies, so that this type of distortions does indeed appear.
Then, the distorted signal V , and the pure sine wave local oscillator signal W
excite the perfect multiplier. Hence the spectrum of V is mirrored around the
local oscillator frequency (see subsection 2.2.1). Consequently the distortions
are also mirrored around the local oscillator frequency fLO and will now be
visible in the spectrum of the frequency-translated and distorted signal X as
follows:
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- Consider a new set:
̥det
even :

det
(fLO ± f ) ∈ ̥det
even ⇔ f ∈ Feven

(2.21)

This new set ̥det
even only contains the frequency-translated even nonlinear
contributions. This set contains all the frequencies which are the sum of
every possible combination of two excited frequency lines, shifted over
the local oscillator frequency:
f = fLO ± (±fi ± f j)

withfi , fj ∈ Fexc

(2.22)

- Consider a new set of “odd” lines:
̥det
odd :

det
(fLO ± f ) ∈ ̥det
odd ⇔ f ∈ Fodd

(2.23)

This new set ̥det
odd only contains frequency-translated odd nonlinear
contributions. This set contains some frequencies which are the sum
of a possible combination of three excited frequency lines, shifted over
the local oscillator frequency that do not coincide with shifted excited
frequency lines:
nf = f ± (±f ± f j ± f ) with f , f , f ∈ F
LO
i
k
i j k
exc
(±fi ± f j ± fk ) ∈
/ Fexc

(2.24)

- Consider the new set of shifted excited frequency lines:
̥exc :

(fLO ± f ) ∈ ̥exc ⇔ f ∈ Fexc

(2.25)

This new set ̥exc contains some frequency-translated odd nonlinear
contributions as well as the frequency-translated linear contributions.
This set contains some frequencies which are the sum of a possible
combination of three excited frequency lines, shifted over the local
oscillator frequency (see equation (2.24)) and contains all the “ideal”
mixing frequencies:
f = fLO ± fk

withfk ∈ Fexc

(2.26)
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Finally the complete frequency-translated distorted signal X passes through
an LTI system. As a consequence, no extra nonlinear distortions are created,
but the spectrum is shaped by the dynamics of the LTI system. Hence, the
distortions will be visible in the output spectrum spectrum as follows:
- On

the

frequency

lines

belonging

to

set

̥even ,

only

the

frequency-translated even nonlinear contributions will be found.
- On the frequency lines belonging to set ̥odd , only
frequency-translated odd nonlinear contributions will be found.

the

- On the frequency lines belonging to set ̥exc , both the
frequency-translated odd nonlinear and linear contributions will be
found.

U

V
ω

U(ω )

Y

X
ω

near-band
inband

ω LO ω

ω LO ω

X(ω)

Y( ω)

V(ω)
LO ( ω )

Figure 2.12: A third order static nonlinear system followed by a perfect
multiplier and an LTI system. The spectra show how the signal is reshaped in
the complete system. In the output spectrum, there exists a set of frequency
lines on which it is possible to estimate the influence of the nonlinear distortions.

Theoretical setup 2: Only nonlinear distortions in the output path
are present In Fig. 2.13 a static nonlinear system (with a linear term, a
quadratic term and a cubic term) is introduced in the output path and an LTI
system in the input path (to allow to model the dynamic behavior of the mixer).
In this case, the applied baseband multisine signal Ũ will pass through the LTI
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system, and consequently, the spectrum of the input signal Ṽ of the perfect
multiplier contains the same excited frequency lines fk ∈ Fexc as the applied

baseband multisine signal Ũ . Then, the spectrum of the output signal X̃ of
the perfect multiplier can be found by mirroring the spectrum of Ṽ around the

local oscillator frequency fLO . Hence, energy will be found at all the positive
frequencies belonging to the set:
˜ exc :
̥

(fLO ± f ) ∈ ̥exc ⇔ f ∈ Fexc

(2.27)

Subsequently, the signal X̃ is distorted by a static nonlinearity, and
consequently, Ỹ will have extra contributions:
- Even nonlinear contributions will be found on the frequencies which are
˜ exc :
the sum of two frequency lines present in the set ̥
f = ±(fLO ± fi ) ± (fLO ± fj )

withfi , fj ∈ Fexc

(2.28)

These frequency lines are then grouped in the set:
˜ det
̥
even :

±(fLO ± fi ) ± (fLO ± fj ) ∈ ̥exc ⇔ fi , fj ∈ Fexc

(2.29)

- Odd nonlinear contributions will be found on the frequencies which are
˜ exc :
the sum of three frequency lines of the set ̥
f = ±(fLO ± fi ) ± (fLO ± fj ) ± (fLO ± fk )

with fi , fj , fk ∈ Fexc (2.30)

˜ exc , but there are also
Some of these frequency lines belong to the set ̥
some frequencies that do not belong to this set. These latter frequencies
˜ det
are grouped in the set ̥
odd :

˜ det
̥
odd

:

˜ odd
f = ±(fLO ± fi ) ± (fLO ± fj ) ± (fLO ± fk ) ∈ ̥
m
˜ exc
fi , fj , fk ∈ Fexc and f ∈
/̥

(2.31)

- Referring to equation (2.30), there are some odd nonlinear contributions
˜ exc ). On these
that fall on the excited frequency lines (belonging to ̥
frequencies the linear contributions will also be found.
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Ṽ
ω

ω

˜ (ω)
U

Y˜

ω LO ω

V˜ ( ω )

49

ω LO 2ω LO 3ω LO ω

X˜ ( ω )

Y˜ ( ω )

LO ( ω )
out-band

Ỹ
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Figure 2.13: An LTI system followed by a perfect multiplier and a third order
static nonlinear system. The spectra show how the signal is reshaped in the
complete system. In the output spectrum, there exists a set of frequency lines
on which it is possible to estimate the influence of the nonlinear distortions.

Comparison of the theoretical experiments

It is now clear that the

output spectra of both experiments are different. In the final output spectrum
there exist different sets of frequency lines which indicate if nonlinear distortions
are present either in the input path or in the output path. By identifying these
frequency lines in a real mixer, the influence of the nonlinear distortions can
be estimated, and their location determined.
Detecting the nonlinear distortions: a measurement example
The previous paragraphs show that it is theoretically possible to predict
on which frequency lines nonlinear contributions will pop up in the output
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spectrum. The use of a special grid multisine (a random odd frequency grid
multisine) even allows to distinguish between linear, even nonlinear and odd
nonlinear contributions. Furthermore, for mixers, the use of this multisine
shows that contributions generated by nonlinearities in the input path and
in the output path will pop up on different frequency lines in the output
spectrum. Measuring a real mixer under this random odd frequency grid
multisine excitation, and comparing the frequencies of the spectral lines in
measured output spectrum that carry energy with the set of frequencies where
energy is to be present theoretically, will hence allow to decide where the
unwanted nonlinearities are localized.
For the measurement experiment a commercial mixer (STDB-2006 double
balanced mixer of St. Microwave corp. [Micr]) is excited by a random odd
frequency grid multisine. The excitation signal has a grid frequency of 1kHz,
a start frequency of 1GHz and a bandwidth of 320MHz. The power of each
excited tone is -6.5dBm. The local oscillator signal is a pure sinusoid of 3GHz
with a power of 13dBm. The incident and reflected waves at the input and
the transmitted and reflected waves at the output of the mixer are measured
by a Large Signal Network Analyzer (LSNA) [Van 06] [Broe 94]. The LSNA
is an absolute Fast Fourier Transform (FFT) analyzer for microwaves and is
able to measure the output spectrum of a mixer. More information about
this measurement instrument can be found in section 3.7. However, it is also
possible to measure the output spectrum of a mixer with other well-known
measurement equipment (e.g. spectrum analyzers). For this thesis, the use
of the LSNA will be of great importance. For this reason, we decided that
this output spectrum measurement was a good opportunity to get used to
work/measure with the LSNA.
By observing the detection lines in the output spectrum, it is possible to
detect where the nonlinear perturbations are localized. By assuming that
there exist only nonlinear perturbations in the input path of the mixer, it
is possible to predict on which lines in the measured output spectrum the
nonlinear contributions will pop up (see Fig. 2.14). The frequency lines colored
in blue are the upper and lower sideband of the mixer. The frequency lines
colored in green and red respectively represent the frequency lines where even
and odd nonlinear contributions, due to nonlinear perturbations in the input
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path, can be spotted. Remarkably enough there exist still some contributions
?
=

Figure 2.14: The left figure represents the measured output spectrum of the
mixer. The right figure shows the spectrum of a mixer with static nonlinearity
in the input path and an LTI system in the output path. The blue colored
frequency lines are the upper and lower sideband frequencies. The green and
the red colored part of the spectrum respectively represent the frequencies
where even and odd nonlinear contributions, due to nonlinear distortions in
the input path, can be spotted.
in the measured output spectrum that cannot be explained by nonlinear
perturbations in the input path of the mixer. For this reason, a new assumption
is made: there exist only nonlinear contributions in the output path of the
mixer. In that case, it is also possible to predict on which frequency lines
in the output spectrum the unwanted nonlinear contributions will appear.
In Fig. 2.15, the frequency lines colored in blue are the upper and lower
sideband of the mixer. The frequency lines colored in green and red respectively
represent the frequency lines where even and odd nonlinear contributions,
due to nonlinear perturbations in the output path, can be spotted. This
measurement learns that it is also impossible to explain all the contributions by
nonlinear perturbations in the output path. For this reason a last assumption
has been made: the mixer is perturbed by nonlinearities in the input as well
as in the output path. In this case, it is also possible to predict on which
frequency lines in the output spectrum the nonlinear contributions will appear
(see Fig. 2.16). This last measurement experiment shows that the mixer under
test is disturbed by nonlinear distortions that are located in the input as well as
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in the output path of the mixer. These disturbances are responsible for extra
contributions in the output spectrum of the mixer inside as well as outside the
sidebands.
?
=

Figure 2.15: The left figure represents the measured output spectrum of the
mixer. The right figure shows the spectrum of a mixer with a static nonlinearity
in the input path and an LTI system in the output path. The blue colored
frequency lines are the upper and lower sideband frequencies. The green and
the red colored part of the spectrum respectively represent the frequencies
where even and odd nonlinear contributions, due to nonlinear distortions in
the output path, can be spotted.

A qualitative description for the real mixer
The latter measurement experiments show that the mixer under test generates
nonlinear distortions. These distortions are localized in both the input and
output path of the mixer. This indicates that the mixer under test can be
intuitively modeled by a perfect multiplier model extended with a nonlinear
block before and after the perfect multiplier. Furthermore, the mixer under
test shows some dynamic behavior. This is noticeable by looking at the slope
of the upper and lower sideband in the measured output spectrum. For this
reason, at least one filter needs to be inserted in the behavioral model to
qualitatively explain the behavior of the mixer under test. The filter can be
placed before or/and after each nonlinear part. But, at this moment, there
exists no method that is capable to decide where the filter(s) need(s) to be

2.3 Conclusions
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Figure 2.16: The left figure represents the measured output spectrum of the
mixer. The right figure shows the spectrum of a mixer with a static nonlinearity
in the input path and an LTI system in the output path. The blue colored
frequency lines are the upper and lower sideband frequencies. The green and
the red colored part of the spectrum respectively represent the frequencies
where even and odd nonlinear contributions, due to nonlinear distortions in
both the input and output path, can be spotted.

placed. However, by placing the filter after the nonlinearity in the output
path a realistic qualitative description for the mixer under test is found. This
corresponds to the ideal model extended with a nonlinear block in the input
path and the output path. This model, called a behavioral model, is able to
explain the nonlinear distortions and the dynamics of the mixer qualitatively.
Furthermore, the linear feed-through distortions also need to be explained by
the behavioral model. Therefore, the latter model is extended with a linear
block between the different ports of the mixer. The final behavioral model is
represented in Fig. 2.17

2.3

Conclusions

By using a special odd random phase multisine it is possible to detect the
influence of the nonlinear distortions in a mixer. The nonlinear perturbations
are responsible for extra contributions in the output spectrum of the mixer
inside as well as outside the sidebands. With the insight that we gathered
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Figure 2.17: A behavioral model for the mixer contains a static nonlinear block
in the input and output path. Furthermore, the dynamics are represented by an
LTI block in the output path and the feed-through contributions are explained
by the LTI blocks between the ports.
by this detection method, we can conclude that a mixer can be modeled by
the ideal mixer model extended with nonlinear perturbations in the input and
output path of the mixer. Furthermore, a linear block needs to be inserted
between the different ports to explain the feed-through contributions. As
a consequence, a behavioral model is found that qualitatively describes the
different mechanisms noticed in real mixers. With this insight, it is now possible
to find a BLA-like model for PICPO systems, and more in particularly, for
mixers. This is explained in the next chapter.

2.4

Personal contributions

My personal contributions for this chapter are:
• A simplified block structure for explaining the dynamics in ideal mixers
(see subsection 2.2.2).
• Use of a special excitation signal to qualify the nonlinear distortions and
to identify the structure of nonidealities of mixers. The idea is to use
this special excitation signal and to determine the structure based on the
frequencies of the distortion tones (see subsection 2.2.4)
• This latter contribution allows to extend the ideal multiplier/mixer model
towards a model that encompasses linear and nonlinear perturbations of
the ideal behavior (see subsection 2.2.4).

Chapter 3

Extracting a
non-parametric BBLA from
Conversion Function data

3.1

Introduction

Chapter 2 shows how nonlinearities will affect the behavior of PIPSO systems
in-band as well as out-band. For PISPO systems, the behavior can be
approximated by an idealized (linearized) model containing a LTI part and
noise sources. This approach is called the BLA [Pint 01a]. It is clear that
the LTI part can not explain out-of-band nonlinear effects. These nonlinear
effects at unexcited frequencies will pop up in the noise source. However, it is
possible to take into account certain in-band nonlinear effects in the LTI part.
By measuring the FRF of the PISPO system under test under a random phase
multisine excitation, a nonparametric BLA can be calculated. In this chapter,
the goal is to define a BLA-like nonparametric model for mixers (PICPO
systems). This model is called the Best Bilinear Approximation (BBLA).
Similarly to the PISPO case, this model should contain an ‘ideal’ part and
noise sources. The ‘ideal’ part should only be able to explain a part of the
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in-band (or better said inside the sidebands) nonlinear effects. Similarly to the
PISPO case, a method is needed to set up this approximate idealized model
(from now on called the BBLA) based on measurements, more in particular
based on Conversion Function (CF) measurements. It will first be shown
why CF measurements are needed to build up the BBLA. Furthermore, for
such approximate models the chosen class of excitation signals matters (see
chapter 1). A possible and usefull choice is proposed and discussed. CF
measurements of a mixer under the chosen excitation signal will be shown
to allow to build up a ‘best’ - in a least squares sense - approximate model.
Finally, some simulation and measurement experiments confirm the usefulness
of the method. Special attention is devoted to the selection of the appropriate
measurement equipment.

3.2

CF measurements (or simulations) are
needed to extract the BBLA

An LTI system is completely defined by its Transfer Function (TF) in the
frequency domain. To identify the TF of the LTI system under test, Frequency
Response Function (FRF) measurements are needed. Consider that the FRF
G(jωk ) is measured at a discrete set of frequencies ωk , k = 1, 2, . . . , F . This
set of complex values then forms a nonparametric model that characterizes the
behavior of the system under test for the considered frequencies fk . This model
is called nonparametric, as the number of model parameters (i.e. the values of
G(jωk )) increases proportionally to the number of measurements.
Periodic In Same Period Out (PISPO) systems are dominantly linear
time-invariant and hence, they are naturally approximated by an LTI system.
For this reason, FRF measurements still measure the dominant behavior of a
PISPO system and are consequently a measure of the transfer function of the
LTI system that “best” approximates the considered PISPO system. In that
case, the FRF measurements lead to a nonparametric BLA [Pint 01a].
For PICPO systems, more in particular for mixers, the dominant behavior of
the system is a frequency translation behavior. Hence, for this kind of systems,
measuring the FRF does not lead to the extraction of a nonparametric model
that approximates the dominant behavior. It is then to be determined what
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kind of measurements allow to extract a nonparametric model for mixers.
A mixers’ behavior is often expressed by a figure of merit that is called the
conversion gain (or conversion loss, in the case of a passive mixer) [Maas 93].
This figure of merit measures the efficiency of the mixer in providing a frequency
translation between the input signal and the output signal. The conversion
gain/loss that is specified for a mixer is a typical mean value for the efficiency
of the mixer within its operating frequency range. Consequently, the conversion
gain/loss is assumed to be constant over the frequency and dynamic effects are
not considered.
In [Maas 93] and [Will 05] this idea is extended towards a dynamic behavior
by the introduction of conversion scattering parameters. Remember that the
conventional scattering parameters (S-parameters) relate the waves impinging
LTI systems. The conversion S-parameters describe the behavior of a frequency
translating system in an analogue way, but contain an inherent frequency
translation. The local oscillator signal of the mixer is assumed to be an ideal
sinewave signal used to determine the frequency translation. Furthermore,
the conversion S-parameters are defined differently for different kind of mixers
(e.g. the definition of the conversion S-parameters for a downconversion RF
mixer is different from the definition of the conversion S-parameters for an
upconversion image (IM) mixer) [Will 05] . The different definitions for the
conversion S-parameters make their interpretation and their applicability quite
difficult.
Even if the frequency conversion is different for up-/downconverting RF/IM
mixers, the system behavior can still be modeled by the same model function
which is called the Conversion Function (CF) from now on. This CF is an
FRF-like function for mixers. The definition of the conversion function is
derived from the behavior of a perfect multiplier. This idea is not as strange
as it first looks, since mixers are fundamentally multipliers: a mixer multiplies
a low-level input signal and a high-level LO signal. The problem with this
simple model is that in practice and depending on the desired application of the
mixer, this LO signal can be saturated or not. For this reason a second model
exists, the frequency converter. The multiplier and the frequency converter are
different in the sense that the multiplier output will depend on the amplitude
of the LO while the frequency converter will not (see also section 2.2). For this
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reason the CF can be simplified for a frequency converter. In order to define the
CF, the definition of the perfect multiplier and the perfect frequency converter
are first rehearsed. Afterwards, the CF is compared with the conversion
gain/loss and the conversion S-parameters, to illustrate their dependencies and
relations and to show the advantages inherent to the use of the CF.

3.2.1

Definition of the CF for a perfect multiplier

The perfect multiplier is a 3-port with an input signal U applied at the input
port, an LO signal L at the LO port and an output signal Y obtained at the
output port (see Fig. 2.8). The output spectrum of the perfect multiplier Y (ω)
is given by the convolution (denoted by the ∗ symbol) of the input spectrum
U (ω) with the spectrum of the LO signal L(ω):
Y (ω) = U (ω) ∗ L(ω)

(3.1)

Rewriting equation (3.1) now leads to the definition of the conversion function
for the (perfect) multiplier:
CF (ω) =

Y (ω)
U (ω) ∗ L(ω)

(3.2)

More information about the perfect multiplier can be found in subsection 2.2.1.

3.2.2

Definition of the CF for a perfect frequency
converter

The perfect frequency converter differs from the perfect multiplier in the sense
that an increase or decrease in LO amplitude does not change the output signal.
Therefore, a strong NL system H, which is chosen to be a comparator y =
h(x) = sgn(x) here, is added in the LO path (see Fig. 3.1). As a consequence,
in the frequency domain the relationship of the multiplier boils down to:
Y (ω)

= U (ω) ∗

L(ω)
|L(ω|)

= U (ω) ∗ ej∠L(ω)

(3.3)
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Here, the “∠” symbol indicates that the phase of L(ω) is considered.
perfect
frequency
converter

U(ω)

Y( ω)
comparator

LO ( ω LO )
Figure 3.1: Schematic of a perfect frequency converter.
Often, the LO signal of the perfect frequency converter is considered to be a
perfect sinusoid ALO cos(ωLO t + ϕLO ). Since this signal passes the comparator
before hitting the multiplier, the amplitude of the LO signal is no longer
important. In the time domain, the output signal of the perfect frequency
converter is then given by the multiplication of the input signal with the local
oscillator signal (without taking the amplitude into account) .
y(t) = cos(ωLO t + ϕLO ) · u(t)

(3.4)

In the frequency domain, equation (3.4) corresponds with:

Y (ω) = δ(ω − ωLO )ejϕLO + δ(ω + ωLO )e−jϕLO ∗ U (ω)

(3.5)

The definition of the conversion function for the (perfect) frequency converter,
when excited by a perfect LO sinusoid, is then given by:
CF (ω)

=
=

Y (ω)

δ(ω − ωLO )ejϕLO + δ(ω + ωLO )e−jϕLO ∗ U (ω)
Y (ω)

U (ω − ωLO )ejϕLO + U (ω + ωLO )e−jϕLO

(3.6)
(3.7)
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Note that this CF for perfect frequency converters is a special (more simple)
form of the CF for perfect multipliers. In fact, the dependency on the amplitude
of the local oscillator is ruled out.

3.2.3

Conversion loss/gain and conversion function

Definition of the conversion loss/gain
The conversion loss LC of a passive mixer is defined as the power attenuation
between the input signal and the output signal during the frequency conversion
operation. In the classical literature [Maas 93] a saturated mixer is assumed
to be used and the conversion loss is then calculated as the ratio of the output
power PY (on the shifted frequency ω) and the input power PU (on the input
frequency ω ± ωLO ).
PY (ω)
LC =
(3.8)
PU (ω ± ωLO )
This quantity is expressed in dB. The conversion loss is a measure of the
frequency translation efficiency of the mixer.
How to measure the conversion loss/gain?
Conversion loss measurements normally require the mixer to be connected to
a 50 Ohm load impedance and a fixed LO signal power. The LO power level
is set to obtain a maximal efficiency. Practically, this will require that the
power is high enough to saturate the mixer. The conversion loss will be almost
constant over a certain power range. Fig. 3.2 shows the usual dependency
of the conversion loss LC on the LO power PLO . In a certain power range
the conversion loss will almost be independent of PLO . Note also that in the
definition of the conversion loss (see equation (3.8)), the dependency on PLO is
ruled out, and hence saturation is implicitly assumed in this equation. In this
context, the mixer can be considered to act as a frequency converter.
Furthermore, the definition of the conversion gain/loss assumes the absence
of frequency dynamics in the passband of the mixer. The conversion loss is
assumed to be constant within the operation frequency band of the mixer.
For these reasons, the conversion loss of a mixer can be measured using a simple
experiment. Applying a perfect sinusoidal input signal and a perfect sinusoidal
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LO signal the conversion loss is obtained as PY /PU (under the assumption that
the frequency of both sinusoids lays in the operating frequency bands of the
mixer and under the assumption that the LO power is high enough). For a
lossless passive mixer, the minimal conversion loss is equal to 3dB, because the
input power is redistributed equally over the upper and the lower sideband of
the output spectrum. In the case of active mixers, there exists often a power
gain and the denomination of the power ratio is changed to “conversion gain”.

LC

P LO
Figure 3.2: The dependency of the conversion loss LC on the LO power PLO .
In a certain power range of PLO values, the conversion loss will remain almost
constant around its maximal value.

Comparing the conversion loss/gain with the Conversion Function
The conversion loss implicitly assumes that the mixer operates as a frequency
converter that is excited by a pure sinusoidal input and LO signal (in Fig. 3.1
a perfect frequency converter is represented). In order to compare the CF with
the conversion gain/loss, the same excitation signals are applied. The CF of a
frequency converter was shown to obey equation (3.3). For a perfect sinusoidal
input and LO signal, the definition of the CF boils down to:
CF∓ (ω) =

Y (ω)
U (ω ± ωLO )e∓jϕLO

(3.9)

The subindex ∓ indicates that the CF is different when the excitation signal is
downconverted (subindex −) to the lower sideband or upconverted (subindex

+) to the upper sideband. When the mixer is perfectly symmetric, the
contribution obtained for the upper and the lower sideband have the same
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power spectrum. Multiplying the CF with its complex conjugate (indicated by
the superscript ∗) for a perfectly symmetric mixer gives:
∗

CF∓ (ω) · CF∓ (ω)

Y ∗ (ω)
Y (ω)
·
U (ω ± ωLO )e∓jϕLO U ∗ (ω ± ωLO )e±jϕLO
|Y (ω)|2
=
|U (ω ± ωLO )|2
PY (ω)
=
PU (ω ± ωLO )
= LC
(3.10)
=

This indicates the relationship between the CF and the conversion loss for
frequency converters. Since the conversion gain/loss is defined for more
restrictive assumptions on the input and the LO signal, it is clear that the CF
is more generally applicable. The CF not only allows to characterize the mixer
under more general excitation conditions, but also allows to characterize its
dynamic behavior. Since no mixer is ideal, symmetric and static, a frequency
dependent conversion gain/loss will always result, and hence, the CF of the
mixer will increase the information available to the designer.

3.2.4

Conversion S-parameters and conversion function

Conventional scattering parameters (S-parameters ) allow to describe the
behavior of LTI systems. They relate the incident and reflected waves at
the different ports of the LTI system under test. However, conventional
S-parameters are only valid for LTI systems and hence only exist when the
frequency of the signal components that are considered at the different ports
are the same. Mixers are not LTI systems and hence cannot be modeled by
conventional S-parameters. Because mixers behave as bilinear devices, it is
tempting to introduce a special kind of S-parameters that get rid of one input
to “linearize” the behavior of the device. This special kind of S-parameters
needs to take the frequency translation into account. These so called conversion
S-parameters for perfect mixers excited by a perfect LO sinusoid are defined
by [Maas 93]:
#
#"
# "
"
a0
S00 S01
b0
(3.11)
=
a1
S10 S11
b1
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where an and bn are the scattering variables at the mixing frequency ωn . S11
and S00 are the input and output reflection coefficients when the opposite
2

2

port is terminated in the normalizing impedance. |S10 | and |S01 | are the
forward and reverse conversion gains, respectively, under the same conditions.
The interpretation of the conversion S-parameters is somewhat problematic
when the input frequency is negative, e.g. when evaluated at ω−1 (this is the

image frequency of the downconverter image mixer). Then, the conversion
S-parameters are given by:
"

∗

b−1
b0

#

"

S−1,−1
=
S−1,0

S−1,0
S0,0

#"

∗

a−1
a0

#

(3.12)

In this definition, the influence of the LO port is encapsulated in the conversion
S-parameters. In [Will 05] the way how the dependency upon the LO signal
is encapsulated in the conversion S-parameters is studied more in detail.
Therefore, the conversion S-parameters are defined for two different mixer
types: image (IM) mixers and RF mixers.
For a perfect RF mixer, the conversion S-parameters are given by:
"

bIF
bRF

#

=

"

0
aLO

a∗LO
0

#"

aIF
aRF

#

(3.13)

where aLO is the wave coefficient of the LO signal at the ideal mixer, and the
operator .∗ refers to the complex conjugate, which corresponds to reversing the
phase of the coefficient.
For a perfect image mixer, the conversion S-parameters are given by:
"

bIF
b∗IM

#

=

"

0
a∗LO

aLO
0

#"

aIF
a∗IM

#

(3.14)

The latter two definitions are valid for mixers that behave as ideal frequency
converters. However, in practice, all mixers are imperfect. For an imperfect RF
and image mixer the conversion scattering parameters are respectively given
by [Will 05]:
"

bIF
bRF

#

"

S̃11
=
aLO S̃21

a∗LO S̃12
S̃22

#"

aIF
aRF

#

(3.15)

64

3. Extracting a non-parametric BBLA from Conversion Function data
"

bIF
b∗IM

#

=

"

S̃11

aLO S̃12

a∗LO S̃21

S̃22

#"

aIF
a∗IM

#

(3.16)

Here, the nonideality of the mixer that is caused by reflections, imperfect
conversion loss an phase distortion is described by a scattering parameter
matrix that can be placed before or after the ideal mixer block. This is
represented in equation (3.15) and equation (3.16) by extra S-parameters [S̃].
Assuming that the input and output port are perfectly matched, the forward
conversion gain (this means that the mixer is utilized as an upconverter) is
represented by:
RF
RF mixer: S̃21
IM
image mixer: S̃21

2

2

∗
 b
bRF
RF
·
aLO aIF
aLO aIF
 b∗
∗
b∗IM
· ∗ IM
= ∗
aLO aIF
aLO aIF
=

(3.17)
(3.18)

The reverse conversion gain (this means that the mixer is utilized as a
downconverter) is represented by:
RF
RF mixer: S̃12
IM
image mixer: S̃12

2

2

bIF
a∗LO aRF
bIF
=
aLO a∗IM
=

bIF ∗
a∗LO aRF
∗
 b
IF
·
aLO a∗IM
·



(3.19)
(3.20)

These equations show the link between the conversion S-parameters and the
conversion gain (see also subsection 3.2.3). Furthermore, there exists also a
relationship between the CF and the conversion S-parameters. To show this
relationship the four mixer cases, i.e. upconverter/downconverter RF/IM mixer
need to be handled separately.

The upconverter RF mixer

In the case of an upconverter RF mixer, the signal in the IF band is upconverted
towards the RF band as is represented in Fig. 3.3. Assuming that the input
signal has only energy in the IF band, the CF (as defined in equation (2.7))

3.2 CF measurements (or simulations) are needed to extract the BBLA
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simplifies to:
Y (ωRF )
U (ωRF − ωLO )L(ωLO )
Y (ωRF )
=
U (ωIF )L(ωLO )

CF (ωRF ) =

(3.21)

Assuming that there are no reflections at the input, LO and output port, the
relationship between conversion S-parameters for imperfect RF mixers (see
equation (3.15)) and the CF is found:
CF (ωRF ) =

bRF
aIF aLO

RF
= S̃21

(3.22)

The superscript RF denotes that the S21 parameter for RF mixers is meant
(see equation (3.17)).

f IF

f LO fRF

f

Figure 3.3: Frequency translation of an RF mixer.

The downconverter RF mixer
In the case of a downconverter RF mixer, the signal in the RF band is
downconverted towards the IF band as is represented in Fig. 3.3. Assuming
that the input signal has only energy in the RF band, the CF (as defined in
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equation (2.7)) simplifies to:
Y (ωIF )
U (ωIF + ωLO )L(−ωLO )
Y (ωIF )
=
U (ωRF )L∗ (ωLO )

CF (ωIF ) =

(3.23)

Assuming that there are no reflections at the input, LO and output port, the
relationship between conversion S-parameters for imperfect RF mixers (see
equation (3.15)) and the CF is found:
CF (ωIF ) =

bIF
aRF a∗LO

RF
= S̃12

(3.24)

The superscript RF denotes that the S12 parameter for RF mixers is meant
(see equation (3.19)).

The upconverter IM mixer

In the case of an upconverter IM mixer, the signal in the IF band (in fact the
IF band in the negative part of the spectrum) is upconverted towards the IM
band as is represented in Fig. 3.4. Assuming that the input signal has only
energy in the IF band, the CF (as defined in equation (2.7)) simplifies to:
Y (ωIM )
U (ωIM − ωLO )L(ωLO )
Y (ωIM )
=
U (−ωIF )L(ωLO )
Y (ωIM )
= ∗
U (ωIF )L(ωLO )

CF (ωIM ) =

(3.25)
(3.26)

Assuming that there are no reflections at the input, LO and output port,
the relationship between conversion S-parameters for imperfect IM mixers (see

3.2 CF measurements (or simulations) are needed to extract the BBLA
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equation (3.16)) and the CF is found:
CF (ωIM ) =
=

bIM
∗
aIF aLO

IM ∗
S̃21

(3.27)

The superscript IM denotes that the S21 parameter for IM mixers is meant
(see equation (3.18)).

– fIF

f IF

fIM

f LO

f

Figure 3.4: Frequency translation of an IM mixer.

The downconverter IM mixer
In the case of a downconverter IM mixer, the signal in the IM band is
downconverted towards the IF band (in fact the IF band in the negative part
of the spectrum) as is represented in Fig. 3.4. Assuming that the input signal
has only energy in the IM band, the CF (as defined in equation (2.7)) simplifies
to:
CF (ωIF ) = CF ∗ (−ωIF )
∗
Y (−ωIF )
U (−ωIF + ωLO )L(−ωLO )
Y ∗ (−ωIF )
= ∗
U (ωIM )L∗ (−ωLO )
Y (ωIF )
= ∗
U (ωIM )L(ωLO )
=

(3.28)

Assuming that there are no reflections at the input, LO and output port,
the relationship between conversion S-parameters for imperfect IM mixers (see
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equation (3.16)) and the CF is found:
CF (ωIF ) =
=

bIF
∗
aIM aLO
IM
S̃12

(3.29)

The superscript IM denotes that the S12 parameter for IM mixers is meant
(see equation (3.20)). Equation (3.22), (3.24), (3.27) and (3.29) show
the relationship between the CF and the conversion S-parameters. Since
the conversion S-parameters are only valid for a given type of mixer (i.e.
up/downconverter RF/IM mixer), it is clear that the CF is a more general
representation. Note that there exist also an analogy with the CF for frequency
converters (as defined in equation (3.3)), since then |aLO | = 1.

3.2.5

Conclusions

Since, the mixer is considered in an RF context in this thesis, the mixer behavior
will be idealized by an ideal frequency converter model. As a consequence,
the CF for frequency converters will be used as the “ideal” model. For
this reason, this CF will from now on be considered for the extraction of
the BBLA. Furthermore, the relation with the conversion gain/loss and the
conversion S-parameter representation for mixers emphasizes the usefulness of
CF measurements/simulations.

3.3

Which excitation signal to choose?

In order to measure the CF of the Mixer Under Test (MUT), an excitation
signal has to be selected. Since the goal is to find a nonparametric BBLA
via CF measurements, a signal has to be selected that fits within the BBLA
framework. The BBLA requires that the excitation signal belongs to the class
of the Gaussian noise-like signals with a fixed power spectrum. For this reason
the selected excitation signal will be designed to belong to this signal class.
In a measurement context, there is a strong preference to use periodic signals,
since these signals allow to reduce the influence of measurement noise and
to estimate the variance of this noise source. This is done by measuring the
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input and output signals for a number of periods of the input signal. The
measurement noise influence is reduced by averaging the measurements over
the different periods.
In the selected class, a candidate periodic signal is the random phase
multisine [Pint 04]. Since this signal seems an exotic excitation signal as a
member of the class of the Gaussian noise signals, first the definition is given.
Afterwards, the properties of this signal are summarized. These properties will
illustrate that the random phase multisine indeed belongs to the class of the
Gaussian noise-like signals with a fixed (user-defined) power spectrum.

3.3.1

Definition of the random phase multisine

A random phase multisine signal is defined as the sum of N sinewaves that
are commensurate in frequency, have a user selected amplitude Ak , but whose
phases ϕk are drawn from a random process:
N
1 X
√
s(t) =
Ak cos (2πfk t + ϕk )
N k=1

(3.30)

To fix the power spectrum of this signal, the amplitude Ak of the k-th spectral
line in the multisine is chosen to match the spectral mask. All excited
N −f1
frequencies fk belong to a commensurate frequency grid (with ∆f = fN
−1 ),

meaning that fk = l∆f + k∆f with l ∈ N indicating that the random phase
multisine can be chosen to be a non-baseband signal. A typical choice is to
take the phases ϕk to be uniformly distributed over [0, 2π), but for instance

discrete phase distributions can be used as well, as long as E ejϕk = 0 holds.
The factor √1N is necessary for to impose a normalization that ensures that

asymptotically (for N → ∞) the power of the multisine remains finite, and its
Root Mean Square (RMS) value stays constant as N increases. Note that the
random phase multisine is asymptotically normally distributed (N → ∞), but
in practice the use of 20 excited lines approximates the Gaussian distribution
already very closely [Pint 01a].
Note that the definition of the random phase multisine includes that different
phase realizations of one multisine are considered. When taking the expected
value of the power spectrum over the different realizations, the power spectrum
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S

...
f
f1

f2

f3

fN

Figure 3.5: Spectral representation of a random phase multisine. With each
color a different realization of the random phase multisine is defined.
of the multisine is well defined, but the random set of phases {ϕk } is different
for every realization (see Fig. 3.5).

3.3.2

Properties of the random phase multisine

An illustration of the properties of a random phase multisine signal is given
in a short example. Consider therefore a realisation of an RF random phase
multisine with N = 50 spectral lines, a flat power spectrum and f1 = 1.25GHz
and fmax = 2.5GHz. Fig. 3.6(a) shows the histogram of this signal. Also
a theoretic Gaussian PDF with the same variance and expected value is
plotted. This illustrates that the random phase multisine indeed has a Gaussian
character. Next, a time-domain representation of this multisine is given in
Fig. 3.6(b) and shows the noisy behavior of this signal. In the end, Fig. 3.6(c)
gives the frequency domain representation of this multisine. This illustrates
that a user-defined amplitude spectrum is perfectly possible. All these graphs
illustrate that a random phase multisine indeed belongs to class of the Gaussian
noise-like signals with a user-defined power spectrum.
The main advantage of random phase multisines is the fact that their
periodicity can be exploited to distinguish between the measurement noise and
the nonlinear noise contributions. Therefore different realizations of the random
phase multisine need to be utilized and the method to distinguish between the
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Figure 3.6: Some properties of a random phase multisine: (a) Histogram (black)
and theoretic Gaussian pdf (grey); (b) Time domain and (c) Frequency domain
representation.

measurement noise from the nonlinear noise contributions is called the ‘robust’
method [Pint 01a]. In section 3.4, this property is explained more in detail.
Another method to distinguish between measurement noise and nonlinear noise
contributions uses a special frequency grid multisine [Pint 01a]. Furthermore,
there exist also special frequency grid (e.g. an odd frequency grid) multisines
that can be utilized as a detection tool for nonlinearities [Vanh 01]. The use of
these special frequency grid multisines as a detection tool for nonlinearities is
explained in subsection 2.1.3.

3.4

Properties of the CF under random phase
multisine excitation

The nonlinear contributions of a mixer can be partitioned into two disjunct
sets (a detailed derivation is given in appendix B):
1. The coherent contributions have a phase that tracks the phase of the
ideal contribution Y0 (Ωk ) = U (ωk ) ∗ L(ωLO ). When different realizations
of the excitation signals (input random phase multisine and the LO
sinusoid) are applied, the contributions remain phase coherent. Note that
the phase of the ideal contributions is determined by ϕY0 = ϕU ± ϕLO
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and therefore the phase of the coherent contributions is
ϕU ± ϕLO + ∆ϕ

(3.31)

where ∆ϕ does not depend on the realizations of the excitation signals.
The set of coherent contributions is added to the ideal contributions to
form the so called nonlinear bias contributions YB (Ωk ). Remember that
the calculation of the CF divides the output spectral components by
U (ωk ) ∗ L(ωLO ) in the (academic) case of a multiplier or by U (ωk ) ∗
L(ωLO )
|L(ωLO )| in the practical case of a frequency converter. Therefore, ϕCF =

∆ϕ and these contributions act as a bias term on the conversion function:
they will offset the conversion function with a changing input power and
frequency.

2. The incoherent contributions YS (Ωk ) are contributions for which the
phase will vary incoherently with the phase of the ideal contributions
Y0 (Ωk ). For these incoherent contributions, the phase is determined by
ϕYS = ϕU ± ϕLO + δϕ

(3.32)

where δϕ depends on the realizations of the excitation signals. Since
a random phase multisine is applied, the phase of the incoherent
contributions changes with each realization of the random phase multisine
even after division by U (ωk )∗L(ωLO ). As a consequence, these incoherent
contributions act as an additional Gaussian noise source when taken
over the different phase realizations and if the number of realizations
is sufficiently large. As a consequence, YS has a zero mean but a non
zero variance if taken over different phase realizations of the excitation
signals.

In the absence of measurement/simulation noise, the output spectral
component is:
Y (Ωk ) = Y0 (Ωk ) + YB (Ωk ) + YS (Ωk )

(3.33)
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It is now possible to calculate the conversion function for a multiplier setup:
Y (Ωk )
U (ωk ) ∗ L(ωLO )

Y0 (Ωk )
YB (Ωk )
YS (Ωk )
+
+
U (ωk ) ∗ L(ωLO ) U (ωk ) ∗ L(ωLO ) U (ωk ) ∗ L(ωLO )
YS (Ωk )
= G0 (Ωk ) + GB (Ωk ) +
(3.34)
U (ωk ) ∗ L(ωLO )

=

The CF for frequency converters becomes then:
Y (Ωk )
U (ωk ) ∗

L(ωLO )
|L(ωLO )|

=

Y0 (Ωk )
U (ωk ) ∗

L(ωLO )
|L(ωLO )|

+

YB (Ωk )
U (ωk ) ∗

= G0 (Ωk ) + GB (Ωk ) +

L(ωLO )
|L(ωLO )|

+

YS (Ωk )

U (ωk ) ∗

YS (Ωk )
U (ωk ) ∗

L(ωLO )
|L(ωLO )|

L(ωLO )
|L(ωLO )|

(3.35)

Assuming that measurement/simulation noise Yn is also present and that
this source is uncorrelated with the stochastic nonlinear contributions YS , an
additional noise source Yn appears in equation (3.33):
Y (Ωk ) = Y0 (Ωk ) + YB (Ωk ) + YS (Ωk ) + Yn (Ωk )

(3.36)

In that case, the CF for multipliers is given by:
Y (Ωk )
U (ωk ) ∗ L(ωLO )

Y0 (Ωk )
YB (Ωk )
+
U (ωk ) ∗ L(ωLO ) U (ωk ) ∗ L(ωLO )
Yn (Ωk )
YS (Ωk )
+
+
U (ωk ) ∗ L(ωLO ) U (ωk ) ∗ L(ωLO )
= G0 (Ωk ) + GB (Ωk )
YS (Ωk )
Yn (Ωk )
+
+
U (ωk ) ∗ L(ωLO ) U (ωk ) ∗ L(ωLO )
=

(3.37)
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The CF for frequency converters is then given by:
Y (Ωk )
U (ωk ) ∗

L(ωLO )
|L(ωLO )|

=

Y0 (Ωk )
U (ωk ) ∗
+

L(ωLO )
|L(ωLO )|

+

YS (Ωk )

U (ωk ) ∗

L(ωLO )
|L(ωLO )|

YB (Ωk )
U (ωk ) ∗

+

L(ωLO )
|L(ωLO )|

Yn (Ωk )

U (ωk ) ∗

L(ωLO )
|L(ωLO )|

= G0 (Ωk ) + GB (Ωk )
YS (Ωk )
Yn (Ωk )
+
+
L(ωLO )
L(ωLO )
U (ωk ) ∗ |L(ωLO )|
U (ωk ) ∗ |L(ω
LO )|

(3.38)

The stochastic nonlinear contribution (i.e. the term that depends on YS )
only changes with the random-phase realization of the multitone excitation
signal and the LO sinusoid. The stochastic noise contributions are not random
when taken over the different periods measured for the same phase realization,
however. The noise contributions Yn on the contrary change each time a
measurement is taken as they realize with time, and hence are different for
each period of the output signal, whether the phase realization of the multisine
is changed or not. As a consequence, the contributions of the measurement
noise Yn and the nonlinear noise YS can be split if more than one period is
measured for each realization of the input [Dhae 05].
For the measurements/simulations, R different phase realizations of the random
phase multisine MS are used. For each phase realization, the input and
output signals are then measured over P consecutive periods. The variance
of the measured signals is then determined over the consecutive periods (rows),
yielding the measurement noise contributions Yn . The variance of the BBLA is
determined over the different input signals (see Fig. 3.7) and takes the different
realizations of the random phase multisine into account. The variance accounts
for the sum of the nonlinear noise contributions and the measurement noise
contributions YS + Yn .

3.5

The BBLA, “best” in least squares sense

The BBLA is defined as the bilinear model that approximates the behavior
of the PICPO system under test in such a way that the residuals between
model and measurements are minimized in least squares sense. The previous
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NY
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YS + NY

P periods
MS 1 MS 1 MS 1 MS 1 MS 1
MS 2 MS 2 MS 2 MS 2 MS 2
…
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…

…

MS R MS R MS R MS R MS R
Figure 3.7: Measurement strategy to separate the measurement noise
contributions Yn and the nonlinear noise contributions YS .

sections indicate the usefulness of the CF measurements that are obtained
under random phase multisine excitation signals. These CF measurements
allow to obtain a bilinear model for mixers. When no measurement noise
and no nonideal nonlinearities are assumed, the mixer is a perfect multiplier
(or frequency converter in an RF context). Hence measuring the CF leads
to the calculation of the “exact” bilinear model of this perfect multiplier
(or frequency converter). However, a real mixer is always disturbed by
nonideal nonlinearities. Furthermore, noiseless measurements are also wishful
thinking. As a consequence, measuring the CF leads to a bilinear model that
approximates the true behavior of the mixer under test. The goal of this section
is to show that for mixers that are excited by a random phase multisine input
and a sinusoidal LO signal, the CF at every frequency Ωk is asymptotically the
“best” bilinear model in least squares sense, when an infinite number of phase
realizations of the random phase multisine are considered. Although this is a
theoretical consideration (since it is not realistic to measure the CF of a mixer
for an infinite number of realizations), this result indicates that when the CF
is calculated for a finite number of realizations, this result will remain “close”
to the “best” approximate bilinear model for the mixer.
For the mixer, the modeled output at a frequency Ωk for the rth realization of
the excitation signals is given by:
Ŷk (r) = Ĝk (Uk (r) ∗ LLO (r)) = Ĝk Xk (r)

(3.39)

76

3. Extracting a non-parametric BBLA from Conversion Function data

Note that k and LO indicate respectively the kth frequency line of the random
phase multisine and the LO frequency. Gk represents the CF for a mixer that is
considered to be a multiplier (this is the academic point of view). Furthermore,
Xk corresponds to the ideal multiplier output X(Ωk ) = U (ωk ) ∗ L(ωLO ).

The Least Squares (LS) cost function for the BBLA obtained at one frequency
Ωk is then constructed starting from the equation error ek , which is the complex
difference between the “true” output Yk (r) (for a certain realization r) and the
modeled output Ŷk (r):
Kk

=

R
X
r=1

=

R
X
r=1

=

R
X
r=1

=

R
X
r=1

−
=

|Yk (r) − Ŷk (r)|2
(Yk (r) − Ĝk Xk (r))(Yk∗ (r) − Ĝ∗k Xk∗ (r))
Yk (r)Yk∗ (r) −

R
X

R
X

Yk (r)Ĝ∗k Xk∗ (r)

r=1

Yk∗ (r)Ĝk Xk (r) +

r=1

R
X

Ĝk Xk (r)Ĝ∗k Xk∗ (r)

r=1

|Yk (r)|2 + |Gˆk |2

R
X

(3.40)

r=1

r=1

R
X

−

|ek (r)|2

R
X
r=1

Yk (r)Xk∗ (r)Ĝ∗k −

|Xk (r)|2

R
X

Yk∗ (r)Xk (r)Ĝk (r)

r=1

For the BBLA the least squares cost function is then minimized using the
shorthand notation Ĝk for Ĝ(Ωk ):
∂Kk
∂ Ĝk

=0

(3.41)
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Im
Since Ĝk = ĜRe
is a complex value that has a real part GRe
k + j Ĝk
k and an
I
imaginary part Gk equation (3.41) implies that:

∂Kk
∂ ĜRe
k

=

0

=

0 + 2ĜRe
k

R
X
r=1

∂Kk
∂ ĜIm
k

=

0

=

0 + 2ĜIm
k

|Xk (r)|2 −

R
X
r=1

Yk (r)Xk∗ (r) −

R
X

Yk∗ (r)Xk (r)

r=1

(3.42)
R
X
r=1

|Xk (r)|2 +

R
X
r=1

Yk (r)Xk∗ (r) − j

R
X

Yk∗ (r)Xk (r)

r=1

(3.43)

Im
Hence, ĜRe
can be calculated as:
k and j Ĝk

ĜRe
k

=
=

j ĜIm
k

=
=

PR

r=1

PR
Yk (r)Xk (r)∗ + r=1 Yk∗ (r)Xk (r)
PR
2 r=1 |Xk (r)|2

R
X
2Re(Yk X ∗ )
k

r=1
PR
r=1

2|Xk |2

PR
Yk (r)Xk (r)∗ − r=1 Yk∗ (r)Xk (r)
PR
2 r=1 |Xk (r)|2

R
X
2Im(Yk X ∗ )

(3.44)

k

r=1

2|Xk |2

(3.45)

with Re(X) and Im(X) the real and imaginary part of X, respectively.
Consequently,
Ĝk

Im
= ĜRe
k + j Ĝk

=

R
X
Yk (r)X ∗ (r)
k

r=1

|Xk (r)|2

R
X
SY X,k (r)
=
S
(r)
r=1 XX,k

(3.46)
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For periodic excitations, the latter equation boils down to:
G(Ωk ) =

R
R
X
X
YjΩk ,r
Y (Ωk , r)
=
X(Ωk , r) r=1 U (jωk , r) ∗ L(jωLO , r)
r=1

(3.47)

When then number of realizations tends to infinity, this is exactly the
expression:
Y (Ωk )
U (ωk ) ∗ L(ωLO )

= G0 (Ωk ) + GB (Ωk )
+

Yn (Ωk )
YS (Ωk )
+
U (ωk ) ∗ L(ωLO ) U (ωk ) ∗ L(ωLO )

(3.48)

To conclude, the CF is also the “best” bilinear approximation in a least squares
sense of the true behavior of a mixer and this for the class of the Gaussian
noise-like input signals (which contains the random phase multisines) and
sinewave LO signals.
Note that a mixer is here considered to be a multiplier. However, in an RF
context, a mixer is often considered as a frequency converter. In that case the
proof is similar but then Xk corresponds with the ideal frequency converter
LLO
output Xk = Uk ∗ |L
. Hence, the modeled output is given by:
LO |
Ŷk = Ĝk (Uk ∗

3.6

Application:

LLO
) = Ĝk Xk
|LLO |

(3.49)

calculating the BBLA of a

simulation experiment
In this section, the BBLA will be validated by simulations. The simulations
are run in the software package Matlab [Matl]. The aim of the first simulation
experiment is to check how well the BBLA approximates the behavior of a mixer
that has only ideal contributions. In that case the BBLA and the CF (for an
ideal mixer this represents the ideal mixer model) should be exactly equal. In
the second simulation experiment, a more realistic mixer is considered. It is
then investigated how the nonidealities will influence the behavior of the mixer
and consequently the BBLA.

3.6 Application: calculating the BBLA of a simulation experiment

3.6.1
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An ideal mixer

u(t)

ω

y( t)

A LO sin ( ω LO t )
Figure 3.8: Block schematic of the first simulation experiment.

For the first experiment an ideal mixer is considered as described in
PN
Fig. 3.8. A random phase multisine u(t) = √1N k=1 Ak cos (2πfk t + ϕk ) is
then utilized to excite the mixer. A pure sinewave signal ALO cos(ωLO t) is
applied to the internal local oscillator. The random phase multisine signal
has a first excited frequency f1 at 2.01% of the simulation bandwidth. The
N −f1
frequency resolution ∆f = fN
−1 and bandwidth BW = fN − f1 of the
multisine are respectively 0.01% and 1.20% of the simulation bandwidth.

The frequency of the LO signal is chosen at 6f1 so that no overlap will exist
between the upper and lower sideband. Since a real mixer has a limited
bandwidth at all ports, Butterworth filters [Zver 67] are introduced in the
three paths of the mixer. Because the LO signal is a pure sinewave signal, the
filter in the LO path will act as one single constant complex gain factor. In
order to keep the complexity of the simulations low, the filter in the output
path is not used. The cut-off frequency of the filter in the input path is chosen
to be 10% of the simulation bandwidth. Fig. 3.9a shows the amplitude and
the phase of the BBLA (black crosses) and the ideal mixer model (grey line).
Fig. 3.9b shows the magnitude of the complex difference between the ideal
mixer model and the BBLA. As expected, it can be concluded that the BBLA
and the ideal mixer model are exactly equal.
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Figure 3.9: (a) Amplitude and phase of the ideal mixer model (gray line) and
the BBLA (black dots). (b) represents the error magnitude and the phase error
between the ideal mixer model and the BBLA.
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y(t )

ω

A LO sin ( ω LO t )
Figure 3.10: Block schematic of the first simulation experiment.

3.6 Application: calculating the BBLA of a simulation experiment

3.6.2
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Non-ideal NL contributions under a narrow-banded
excitation

A more realistic mixer model is now considered as is shown in Fig. 3.10. On
top of the Butterworth filters static nonlinearities are introduced (after the
Butterworth filters) in the input and output path of the mixer, viz:
x(t) → ax(t) + b2 x(t) + c3 x(t)

with a, b, c ∈ R

(3.50)

Where x(t) is the input of the nonlinear system in the time domain. The
coefficients a, b and c are chosen to have different values for the nonlinear
system in the input and output path. The excitation signals utilized for
this second simulation experiment are the same as in the first simulation
(see subsection 3.6.1). The bandwidth of the input multisine is again chosen
to be much smaller than the frequency of the LO input signal. Note that
this is fulfilled in almost every general mixer application. Fig. 3.11a shows
that by extending the ideal mixer model with static nonlinearities, nonlinear
disturbances appear (plotted by the lower gray line). Also, an extra bias is
created on top of the ideal mixer contribution. Fig. 3.11b shows the magnitude
of the complex difference between the ideal mixer model and the BBLA, which
results in a more or less constant difference in amplitude of approximately
3dB. This clearly indicates the presence of coherent nonlinear contributions.
Also, the phase characteristic of the complex error has a random behavior,
nicely indicating that the nonlinearities here disguises themselves as noise (see
Fig. 3.11b).

3.6.3

Non-ideal NL contributions under a wide-band
excitation

In a last simulation, the bandwidth of the random phase multisine is chosen
to be large when compared to the frequency of the local oscillator signal. The
random phase multisine is still the same as in the first two simulations, but
the frequency of the local oscillator is chosen to be only 2f1 , with f1 the first
excited frequency line of the random phase multisine. When the bandwidth

82

3. Extracting a non-parametric BBLA from Conversion Function data

0
−30
−60
0.143

0.147

0.151

−48

Phase (error)

Phase [Degree]

(b)

−63
−79

Magnitude (error)

Amplitude [dB]

(a)
1

0.5

0

0.147

0.151

4

0

−4

0.143 0.147 0.151
Normalized Frequency

0.143

0.143 0.147 0.151
Normalized Frequency

Figure 3.11: (a) Amplitude and phase of the ideal mixer model (gray line)
and the BBLA (black dots). (b) The magnitude and the phase error present
between the ideal mixer model and the BBLA.

of the random phase multisine is high compared with the LO frequency, the
nonlinear contributions of the upper and lower sideband will overlap (see
Fig. 3.12). This results in the presence of extra nonlinear contributions and
an extra bias term. The lower gray line in Fig. 3.13a, and the black line in
Fig. 3.13b, show respectively that the level of the noise contributions and
the extra bias is higher than before (Fig. 3.11) for the frequencies where the
nonlinear contributions of the upper and lower sideband overlap. Note also
the presence of steps in the nonlinear noise contributions. These appear at the
frequencies where the different bands stop overlapping.
A

nonlinear
contributions

fLO

f

Figure 3.12: Possible overlap (gray area) between the nonlinear contributions
of the upper and lower sideband.
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Figure 3.13: (a) Amplitude and phase of the ideal mixer model (gray line) and
the BBLA (black dots). (b) represents the error magnitude and the phase error
between the ideal mixer model and the BBLA.

3.7

How to measure the BBLA response?

To measure the BBLA of a mixer under test (MUT), the following requirements
for the measurement setup are needed:
• It should be possible to excite the MUT with an input signal u(t) that
belongs to the class of the Gaussian noise-like signals with a fixed Power
Spectral Density (PSD). To do so, often a random phase multisine is used
that can be generated with an Arbitrary Waveform Generator (AWG).
• It should be possible to excite the MUT with an LO signal l(t) that is a
pure sinewave signal.
• It should be possible to measure the Fourier spectrum of the input, LO
and output signal.
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It is now questionable which measurement instrument should be used.
A commonly utilized measurement method to measure mixers uses a Vectorial
U1

MUT

MUT

Y2

LO
(RF-Gen)
Figure 3.14: Classic measuring method for mixers. Out of the FRF of the
coupled-mixers system, the CF can be calculated.
Network Analyzer (VNA) . However, the VNA is most often a two-port
measurement system, while the mixer is a 3-port system and the classical VNA
measures at the same frequency at all ports. To enable the use of a classical
VNA, two mixers are coupled together in a tandem connection sharing the
same LO. Hence, the input signal is up/downconverted by the first mixer and
then down/upconverted by the second mixer (see Fig. 3.14). It is then possible
to measure the FRF (Y2 (ω)/U1 (ω)) of the cascaded mixers and to calculate the
CF based on this single measurement. In order to be able to calculate the CF
from the FRF, some additional assumptions are needed:
• The LO signal of both mixers is perfectly equal and the LO signal and
input signal should be kept phase coherent. To do so a common mother
clock (10MHz reference) can be used. This assumption is needed to ensure
that the conversion of both mixers happens in a similar way, but with an
opposite frequency conversion.
• Both mixers are equal. Furthermore, reciprocity and symmetry are
assumed for the mixers. Hence we can assume that the up- or
downconverted contributions are equal whether they contribute to the
upper or the lower sideband, and the CF can be obtained as the root of
the measurement quantity.
However, no mixer is perfect symmetric and in [Van 07] it is illustrated that
reciprocity may not generally be assumed for mixers. Since these assumptions
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are too restrictive, we need to look for another measurement setup. Luckily,
there exist a 4-port VNA (i.e. the 4-port PNA-X [Agil 10]) that allows to
measure the Fourier spectrum of all the signals of a 3-port system, at different
frequencies.
Another measurement instrument that allows to measure the Fourier spectrum
of all the signals of a mixer is a 3-port Large Signal Network Analyzer (LSNA).
The LSNA is an absolute wave meter that is able to capture the whole
wave spectrum of the signals at the three ports in one take. The LSNA is
hence capable to measure the CF of a mixer without making any hypothesis
about the mixer. The LSNA behaves mainly as an absolute Fast Fourier
Transform (FFT) analyzer for microwaves. The instrument is therefore able
to measure the absolute magnitude of the waves as well as the absolute phase
relations between the spectral components that are present in these waves. In
Fig. 3.15 a simplified block schematic of a 3-port LSNA is represented. The
Mixer Under Test (MUT) can be excited by a different RF generator at the
different ports. To measure the CF of the MUT, an input source and a LO
source will be needed and the output will be terminated in a 50Ω load. The
incident and reflected waves at the three ports of the mixer are then measured
through couplers. The signals are downconverted by harmonic sampling to
the IF spectrum. In order to be sure that the downconverter still works
linear, the measured waves are attenuated to avoid receiver saturation. The
digitalization (and, if necessary, amplification) is realized by six synchronized
analog-to-digital converter (ADC) cards. These ADC cards, together with the
RF generators and the downconverter are all clocked by a common 10MHz
reference clock, so that a fully synchronized and phase coherent measurement
system is obtained.
Since the utilized RF and microwave instruments are far from ideal, systematic
errors are always present. To minimize these errors a performant calibration is
necessary. To calibrate the LSNA, a 3-steps method is used. First, a classical
relative calibration (e.g. Short-Open-Load-Thru (SOLT) , ...) is done. Then,
a power calibration will follow. Finally, a phase calibration must be realized,
so that the phase relationships between the spectral components are obtained
without error. Only then will the LSNA measure undistorted time waves at
its ports.
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Figure 3.15: Block schematic of a 3-port LSNA utilized for mixer
measurements.
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Application: measuring the BBLA of a real
mixers system

In this section, the combined behavior of a real mixer and an amplifier [Agil 08]
is measured using a random phase multisine that contains energy on an odd-odd
frequency grid as the input excitation signal (more info about this type of
random phase multisine can be found in subsection 2.1.3). A sinusoidal local
oscillator signal is used to excite the LO port. The incident and reflected waves
are measured with a 2-port LSNA instead of a 3-port LSNA (see Fig. 3.16).
This type of measurement does not allow to measure the reflected waves that
are present at the LO port and the output port. Measuring the BBLA with a
3-port LSNA is preferable if it is available as this allows for a complete 3-port
characterization of the combined amplifier-mixer system.
The System Under Test (SUT) contains an HP83006A broadband
Syncro CLK

ADC

ADC

ADC

ADC

Sample
CLK

IF-Gen
a1

SUT

b1

b2

A
Input
(RF-Gen)

50Ω
b2

LO
(RF-Gen)

Figure 3.16: Simplified block schematic of the 2-port LSNA measurement setup.
amplifier [Agil 08] and an STDB-2006 double balanced mixer from St.
Microwave corp. [Micr] that is used as an upconverter. The input signal u(t) is
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generated by an Arbitrary Waveform Generator (AWG) [Tekt 04] and consists
of a random phase multisine with an odd-odd random harmonic grid. The first
excited spectral line of this multisine has a frequency of 601MHz. The frequency
spacing between the tones in the multisine is 0.5MHz. The bandwidth of the
signal is 120MHz. The power for each excited spectral line of the input signal
is set to be approximately -25dBm. The AWG signal is then amplified by
the HP83006A broadband amplifier, which has a gain of approximately 20dB
and behaves very linear. The LO signal is drawn from an HP83650B [Agil 01]
sinewave source which generates a single tone carrier at a frequency of 2.88GHz
and a power level of 10dBm. This is the default setting for the level 10 mixer
considered here. The signals are measured during five consecutive periods, and
20 different phase realizations (each time with the same harmonic grid) of the
excitation multisine excite the mixer in successive experiments. Averaging over
a number of periods allows to lower the measurement noise, while averaging
over a number of realizations allows to lower the nonlinear noise. Since we
expect that the nonlinear noise will be higher then the measurement noise, the
number of periods and the number of realization is chosen as such. Note that
in order to allow for a parametrization, proposed in chapter 4, measuring over
at least 8 different experiments are needed to ensure that the properties of the
Maximum Likelihood Estimator (MLE) are valid. The incident and reflected
wave spectrum at the input port U (ω), the incident wave spectrum at the
local oscillator port L(ω) and the transmitted wave spectrum at the output
port Y (ω) are measured through couplers and downconverted by the harmonic
samplers as shown in Fig. 3.16. Remember that for this experiment, we do not
measure the LO port reflection and the output port reflection of the mixer.
Finally, the measured waves are digitized by four synchronized ADC cards.
The whole measurement setup is synchronized by a common 10MHz reference
clock of the RF source to obtain a phase coherent measurement system.
In Fig. 3.17, the results calculated by using equation (3.38) are shown. The
BBLA is represented by the asterisks. The ‘+’ symbols show the nonlinear
noise contributions and the dotted line shows the influence of the measurement
noise on the BBLA. The presence of dominant stochastic nonlinear noise
contributions indicates that one needs to take into account the nonlinear
perturbations present in this mixer. The ratio of the BBLA output power
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over the nonlinear noise contributions is only 20dB, whereas the ratio of the
BBLA output power over the measurement noise contributions is 60dB. The
dips in the BBLA behavior are due to standing waves at the inside of the
amplifier-mixer system. The results show that it is possible to obtain the BBLA
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Figure 3.17: The BBLA is presented by the asterisks, The nonlinear noise
contributions are shown with ‘+’ symbols and the dotted line shows the
influence of the measurement noise on the BBLA.
from CF measurements even if these measurements are obtained with a 2-port
LSNA. From the obtained measurement data the behavior of the mixer under
test can be idealized in an ideal mixer term GBBLA and two noise sources,
a noise source that represents the nonlinear noise contributions and one that
represents the measurement noise. The results shown in Fig. 3.17 illustrate
that the nonlinear noise contributions are reasonably large for the combined
amplifier-mixer system under the chosen excitation signals. Hence they can
not be neglected.
The behavior of the combined amplifier-mixer system under test is hence
better/more complete described by using the BBLA instead of the perfect
multiplier model.

3.9

Conclusions

In this chapter, a number of existing (standard) mixer models is extended
towards a model that idealizes the behavior of a mixer into an ideal mixer term
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GBBLA and two noise sources, a noise source that represents the nonlinear
noise perturbations and one that represents the measurement noise. This
model is also called the Best Bilinear Approximation.
Very often a figure of merit is used as a model for the mixer: the conversion
gain/loss. This figure of merit describes the behavior of a mixer by one
value that measures the efficiency of the mixer in providing the frequency
translation. This value is then assumed to be representative for the complete
operation region of the considered mixer. However, the efficiency of (almost)
every mixer is frequency dependent. For this reason, the behavior of a mixer
is often better expressed by means of the conversion S-parameters. These
parameters allow to describe the efficiency in a frequency dependent way. The
problem is that there does not exist a unique definition for the conversion
S-parameters. Their definition depends on the use of the mixer as an up- or
downconverter RF or IM mixer. The BBLA offers an alternative description
that is uniquely defined. Moreover, the BBLA is able to model the influence of
the unwanted nonlinear perturbations on the converted signal contributions.
For these reasons we suggest to use the BBLA as a new, more complete and
theoretically better founded model to describe mixers.
In this chapter it is shown that the nonparametric BBLA of a mixer under
test can be obtained based on measurements of the conversion function of the
mixer, when it is excited by a random phase multisine input and a sinewave
LO. The use of more than one realization of a random phase multisine allows
to divide the nonlinear contributions into coherent and non-coherent ones.
The coherent nonlinear contributions result in a bias term GB that comes on
top of the ideal mixer contributions G0 . The incoherent contributions act as
a noise source that realizes with the signal. Both terms form together the
approximate idealized BBLA model GBBLA . The variance of this model is
set by the non-coherent nonlinear contributions, which are grouped into a
nonlinear noise source YS , and by the measurement noise Yn . This BBLA
is - in least squares sense - the ‘best’ possible approximation for the true
behavior of the MUT by an ideal mixer model and noise sources, and is hence
an extension on the existing models for mixers.

3.10 Personal contributions
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Personal contributions

A new approximate model for mixers, the Best Bilinear Approximation
(BBLA), is proposed along the lines of the BLA idea. To ease the understanding
of the ideas and to highlight the similarities/dissimilarities with the BLA
approach, we use the overview of the BLA theory given in chapter 1.
Furthermore, also the properties of this BBLA are proven. To position the new
model with the existing metrics, a careful analysis and comparison is performed
between the BBLA and these mainstream models.
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Chapter 4

The parametric BLA and
BBLA
Nonparametric models, like the nonparametric BLA and BBLA, consist of a
large amount of data points (one value for every considered frequency point).
To reduce the number of parameters in the model and further reduce the
influence of measurement noise, parametric models are used. The goal of
this chapter is to show that the parametric BLA and BBLA models can be
estimated. In this chapter the dependency of the BLA and the BBLA on
the frequency is considered (in fact the Laplace variable jω is chosen). For
the parametric model, the number of model parameters does not increase
proportional to the number of measured frequencies, but remains independent
on the number of measurements. To estimate the parameters with a minimal
impact of the measurement noise, one will take prior information into account
about the variance of the measured data. Since the noise information should be
taken into account, it is important to measure the variance of the measurement
noise. The extraction of the parameters is based on a proper treatment of the
noise (what is called the noise framework) and a well defined class of models.
In what follows an output error framework is considered as is explained in
section 4.1.
The model class used for the parametric model that will be estimated can vary.
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Generally, model forms can be subdivided in four groups: there are linear or
nonlinear models that are linear or nonlinear in the parameters. In the case
of PISPO systems, the goal of this thesis is to find an approximate linearized
model. In the case of PICPO systems the goal is to find an approximate
bilinearized model and hence nonlinear models should here be considered.
Fortunately, a bilinear model as is considered here can still be approximated
by an LTI form, if the frequency translation is forgotten:
Y (ω) = G(U (ω) ∗ L(ω))

(4.1)

Or when written for a sinusoidal LO signal L (see equation (2.17)):


Y (ω) = G̃(ω) U (ω) ∗ L(ω)

(4.2)

It is handy to rewrite this as:
Y (Ω) = G̃(Ω)U (ω)L(ωLO )

(4.3)

With Ω = ω ± ωLO . This relation can hence be seen as an LTI system with

frequency translation. These models can still be linear as well as nonlinear in
the parameters and this will consequently influence the estimation algorithm.
For this reason, it is important to make a justified choice for the model class.
In section 4.2, it is explained why a rational transfer function model form will
be chosen. Note that a rational model has a certain order which determines
the number of parameters of the parametric model. This model order should
also be estimated.
In order to estimate the parameters of a rational form, different kind of
estimators can be used. Because the Maximum Likelihood (ML) estimator
is consistent, asymptotically efficient and asymptotically normal, the ML
estimator is chosen. In section 4.3, the properties of the ML estimator are
illustrated in more detail.
A rational transfer function model is a linear model that is nonlinear in the
parameters. For this reason, an iterative numerical method is needed to find
the estimates. This is explained in section 4.4. This section also describes the
implementation of the algorithm, utilized to estimate the parameters.
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Once the parameters are estimated, the model needs to be validated. A model
error analysis is performed based on a comparison with the uncertainty imposed
by the measurement noise. More details about the validation procedure can be
found in section 4.5. Whenever model errors are significant, a user decision will
be needed to further increase the model complexity or not. It will be up to the
user to decide if the model error is acceptable for the target and application.
When the user is not satisfied with the estimated model, the model complexity
can be increased. Increasing the model order can reduce the model errors.
However, at the same time the uncertainty on the model parameters increases.
For this reason, an assessment should be made between the model complexity
and the model variability. The goal is to find a model with an order that is
as low as possible (to keep the model variability low), but that is still able to
follow the dynamics of the system under test adequately (to keep the model
errors low). For this reason, models with different order should be estimated
and compared. This is called model (order) selection. To implement this,
a handy choice is to let the user decide beforehand a set of possible model
orders. For these model orders, the parameters of the models are estimated,
and afterwards, the models are compared. How the models should be compared
is explained in section 4.6 together with an alternative method [Rola 97] that
uses a two-step order selection.
An estimation algorithm should be checked by using a simulation experiment.
For such an experiment, the “true” model is exactly known, and this allows to
check whether the estimated parameters θ̂ converge to the “true” parameter
values θ0 or not. When the true system falls outside the model class, model
errors are unavoidable. There is no parametric model of the considered class
that is able to correctly describe the behavior of the system under test. This
is always the case when nonlinear systems are modeled by (bi)linear model
functions. Since the “true” model is nonlinear and not exactly bilinear, model
errors are made when a linear parametric model (here: a rational transfer
function model) is utilized. When the user can not live with the model errors,
he should choose for a complete nonlinear model. However, the parameter
estimation and the interpretation of the estimated model will become more
complex and the effort is an order of magnitude larger.
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4.1

The noise framework

The noise framework that will be considered needs to be compatible with the
standard measurement/simulation setup that is used for the extraction of the
nonparametric BLA or BBLA. In such a measurement/simulation, a broadband
random periodic signal (e.g. a random phase multisine) is exciting the DUT.
In the case of LSNA measurements, the time domain data is then obtained
by measuring a number of samples of the input u(t), output y(t) and - in the
case of a PICPO system - LO signal l(t). Note that during the measurements,
these signals are contaminated by measurement noise. The frequency domain
representation of the data (also called the spectra) are calculated using a Fast
Fourier Transform (FFT) of the time domain signals. In the case of NVNA
measurements, the frequency domain data is directly obtained. With the input
and output spectra, it is then possible to calculate the nonparametric model
response in the frequency domain.

• In the case of PISPO systems, the measured/simulated input and
output spectra U (ωk ) and Y (ωk ) define the nonparametric model (the
nonparametric BLA) that is then found by the FRF calculation:
Y (ωk )
YS (ωk ) Yn (ωk )
= GBLA (ωk ) +
+
U (ωk )
U (ωk )
U (ωk )

(4.4)

Here, YS and Yn represent respectively the stochastic nonlinear
contributions and - in the case of measurements - the noise contributions
on the output signal. Note that for simulation experiments Yn can be
assumed to be zero as the response calculation is perfectly repeatable
for identical input signals and settings. Furthermore, to simplify the
identification, the noise on the input is assumed to be negligible.

• In the case of PICPO systems like mixers, a third signal, the LO signal,
is to be measured. The considered spectra are then the input spectrum
U (ωk ), the LO spectrum L(ωLO ) and the output spectrum Y (Ωk ). The
nonparametric model (the nonparametric BBLA) is then found by the
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evaluation of the CF:
Y (Ωk )
YS (Ωk )
Yn (Ωk )
= GBBLA (Ωk ) +
+
U (ωk ) ∗ L(ωLO )
U (ωk ) ∗ L(ωLO ) U (ωk ) ∗ L(ωLO )
(4.5)
Here, YS and Yn represent respectively the stochastic nonlinear
contributions and - in the case of measurements - the noise contributions
on the output signal. Note that for simulation experiments Yn is assumed
to be zero. Furthermore, to simplify the identification, no noise on the
input and the LO signal is assumed.
An output error framework will be assumed both for the PISPO case and for
the PICPO case. This is represented schematically in Fig. 4.1. Consequently
the input signal u(t) and - in the case of PICPO systems - also the LO signal l(t)
are assumed to be exactly known. Only the measured/simulated output y(t) is
distorted with measurement noise ny (t) and stochastic nonlinear contributions
ys (t) (having the same periodicity as the excitation u(t)). In the case of
simulations, the measurement noise is again assumed to be zero. From [Scho 98]
and [Pint 01b] it follows that YS has similar properties as the measurement
noise Yn , for example it has zero mean, is asymptotically (N → ∞) uncorrelated
over the frequency k, and is uncorrelated with the input signal.

ys ( t )
u(t )

G ( B )BLA

y0( t )

ny ( t )
y(t)

l(t )
Figure 4.1: Time domain setting: an exactly known broadband excitation u(t)
is applied to the DUT. In the case of a PICPO system, the sine wave LO signal
l(t) is exactly known. The output of the system is distorted by measurement
noise ny (t) and stochastic nonlinear contributions ys (t). If necessary, the
spectral data can be obtained by using an FFT.
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Model function selection for the frequency
dynamics

In this thesis the choice for the parametric model is to use a rational form for the
frequency dynamics. In [Pint 01a] some examples are given to illustrate that
the rational transfer function models of some generalized frequency variable are
appropriate for describing a broad class of (in)finite-dimensional linear time
invariant systems. Since the BLA approximates the true behavior of a PISPO
system by the behavior of an LTI system, the rational form is the natural choice
to model the BLA [Scho 98]. In analogy to the BLA, it seems reasonable to
parametrize the BBLA also by a rational form. Since continuous-time systems
are considered here, the rational form is given in the generalized frequency
variable s = jω by
B(s, θ)
(4.6)
G(s, θ) =
A(s, θ)
Here, θ ∈ Rnθ represents the vector of the model parameters. B(s, θ) and

A(s, θ) represent respectively the numerator and the denominator polynomial
functions. Depending on the different kind of polynomial basis functions that
are used, different kinds of rational form parametrization do exist. In the next
paragraphs, the different forms are introduced together with their properties.

4.2.1

Power polynomial parametrization

For this parametrization, a power polynomial basis in s is assumed in the
numerator as well as in the denominator.
POB
r
B(s, θ)
r=0 br s
= PO
G(s, θ) =
A
r
A(s, θ)
r=0 ar s

(4.7)

The parameter vector is then given by

θT = [a0 a1 . . . aOA b0 b1 . . . bOB ]

(4.8)

Here, OA and OB respectively represent the order of the numerator and the
denominator.
The reason to use this kind of rational form is that it is easy to get good starting
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values for the parameters. However, when high-order systems (typically
OA , OB >30) need to be parametrized, or when the parametrization occurs for a
wide frequency span (more than two decades), this kind of parametrization will
suffer from a poor numerical conditioning of the matrices to be used during the
estimation. This problem ruins both the modeling performance and the order
selection capability. For these reasons, another set of basis functions for the
rational form must be chosen.

4.2.2

Pole/zero parametrization

One of the possible alternative candidates is a pole/zero parametrization. This
kind of parametrization is numerically more stable (except in the case of poles
of multiplicity larger than one) and can hence be preferred above the power
polynomial parametrization in the case of medium high-order systems (typically
OA , OB >30). To do so, the transfer function (as described by equation (4.7))
can be factored in its poles and zeros. Assuming that G(s, θ) has simple poles
and zeros, we get
QOB
B(s, θ)
j=1 s − zj
G(s, θ) =
= K QOA
A(s, θ)
i=1 s − pi

(4.9)

Here, K ∈ C represents a complex gain factor. The poles and zeros are
respectively represented by pi and zj . To ensure stable models, the poles must
lay in the left half plane of the s-plane.
The advantage of a parametrization in poles and zeros is that it simplifies
the interpretation of the system behavior. However, the starting values for
this parametrization should be generated by equation (4.7) and this leads to
problems for higher order systems.

4.2.3

Orthogonal polynomial parametrization

In order to solve the numerically ill-conditioning an orthogonal polynomial basis
can help. To do so, the numerator and denominator polynomials of equation
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(4.7) are expanded in scalar (or vector) orthogonal polynomials:
POq
B(s, θ)
j=0 bj qj (s)
G(s, θ) =
= POp
A(s, θ)
ai pi (s)

(4.10)

i=0

In the case of scalar orthogonal polynomials, nq = nb , np = na and qr (s),
pr (s) are polynomials of order r. When vector orthogonal polynomials are
considered, br = ar , nq = np = na + nb + 1 and qr (s), pr (s) are polynomials of
increasing order with qnq (s), pnp (s) polynomials of order nb , na , respectively.
By using orthogonal polynomials, the poor numerical conditioning issue can
be perfectly solved if the inner product is selected to do so. For all the
frequency domain methods whose cost function can be reduced to a Weighted
Linear Least Squares (WLLS) or a Weighted Generalized Total Least Squares
(WGTLS) such a representation is possible [Bult 05]. The idea is to construct
the orthogonal bases qr (s) and pr (s) based on an inner product that is
data-dependent, so that the orthogonal bases diagonalize the normal equations
of the least squares problem. This is discussed in more detail in subsection 4.4.2.

4.3

What kind of estimator to use?

To estimate the parametric model, a Maximum Likelihood (ML) estimator is
chosen. The reason that this kind of estimator is preferred, lies in the desirable
statistical properties. The reason that the ML estimator has such good statistic
properties, lies in the fact that the ML estimator takes into account the a priori
information about the noise on the measurements/simulations. It can be shown
that the properties of the ML estimator are:
• Consistency
An estimator θ̂(N ) is consistent if it converges to the true value θ0 when
N → ∞. This property is schematically clarified in Fig. 4.2.
• Asymptotic Efficiency
An estimator θ̂(N ) is asymptotically efficient if - asymptotically (for N →

∞) - the MSE of any other estimator ψ̂(N ) is not smaller than that of
θ̂(N ).
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• Asymptotic Normality
Asymptotic normality means that the estimated parameters θ̂(N )
converge in distribution to an asymptotically normal distribution. This
property makes it possible to calculate uncertainty bounds and confidence
levels.

f θ̂ ( θ̂ )

N→∞

θ̂ – θ 0
Figure 4.2: Asymptotic PDF of θ̂ in the case of a consistent estimator for
N → ∞ (the limit PDF is a Dirac function).

4.4

Estimation algorithm

The goal is to estimate the parameters θ of a parametric model G(jω, θ) =
B(jω,θ)
A(jω,θ) given the measured nonparametric BLA (or BBLA) data Gm (ωk ). The
Maximum Likelihood (ML) estimator is here chosen since it has the desirable
statistical properties (see section 4.3). Within the considered output error
framework, the ML estimate can then be derived (see [Pint 01a]) under the
assumptions that the output noise is:
• independent over the Nf frequencies
• independent of the input signal
• zero mean, normal distributed
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Note that these assumptions are indeed valid in the chosen output error
framework and for the chosen measurement setup (see section 4.1).
The ML cost function is then defined as
KM L (θ, Nf ) =

Nf
X
|e(jωk , θ)|2

k=1

σe2 (jωk , θ)

(4.11)

In this definition, e(jωk , θ) and σe2 (jωk , θ) represent respectively the complex
equation error and the variance of the equation error. When the transfer
function (or conversion function) measurement Gm (ωk ) is parametrized by a
rational form

B(jωk ,θ)
A(jωk ,θ) ,

the equation error is given by:

eN L (jωk , θ) = Gm (ωk ) −

B(jωk , θ)
A(jωk , θ)

(4.12)

The subindex N L indicates that the equation error is nonlinear in the
parameters θ. The variance of the equation error is found by replacing the
measurements (here Gm (ωk )) by the noise on the measurements. This is
allowed because the noise is zero mean. In this way the a priori knowledge
about the noise on the measurements is taken into account. Since here an
2
output error framework is considered (σU
= 0 and σY2 U = 0), the variance of
the equation error is given by:
σe2N L (jωk , θ) = σY2 (jωk )

(4.13)

Hence, the maximum likelihood cost function can be rewritten as
KM L (θ, Nf ) =

Nf
X
|Gm (ωk ) −

k=1

B(jωk ,θ) 2
A(jωk ,θ) |

σY2 (jωk )

(4.14)

Since the cost function is nonlinear in the parameters, it is impossible to find
an analytic solution for the minimization of the cost function KM L (θ, Nf ) (for
notational simplicity, the dependency of Nf is dropped in what follows). For
this reason, numerical algorithms are used to calculate the estimates. These
routines are usually iterative procedures that can be subdivided in three steps:
1. selection of a set of starting values
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2. iterative generation of an improved set of parameters

3. selection of a stop criterion that decides if the iterative process has
converged

In order to estimate the ML solution, a Gauss-Newton-like optimization method
will be used [Flet 87, Guil 96]. The goal is to find the real-valued parameters
θ so that the ML cost KM L is minimal. This ML cost is given by equation
(4.14), but can be rewritten as:

KM L (θ, Nf ) =

Nf
X

k=1

|r(jωk , θ)|2

(4.15)

k ,θ)
Here, r(jωk , θ) = σeeN L (jω
(jωk ,θ) represent the weighted residual.
NL
The different steps in the Gauss-Newton algorithm are then:

• Step 1 selection of a set of starting values θ(0) (see subsection 4.4.1), put
i=0

• Step 2 calculate the Jacobian J(θ(i) ) of the equation error with respect
to the parameters
Gauss-Newton-like optimization methods demand the computation of
the first derivative of the complex-valued r(jωk , θ) with respect to the
real-valued θ. The matrix obtained by stacking all these derivatives at
all frequencies is called the Jacobian matrix J:


∂r(jω1 ,θ)
∂θ1
∂r(jω2 ,θ)
∂θ1




J(θ) = 
..


.
 ∂r(jω

Nf

∂θ1

∂r(jω1 ,θ)
∂θ2
∂r(jω2 ,θ)
∂θ2

..
.
,θ)

∂r(jωNf ,θ)
∂θ2

···

···
..
.
···

∂r(jω1 ,θ)
∂θNθ
∂r(jω2 ,θ)
∂θNθ







..


.

∂r(jω ,θ)

(4.16)

Nf

∂θNθ

The vector that stacks all the weighted residuals at all frequencies is called

104

4. The parametric BLA and BBLA
the residual vector R:

r(jω1 , θ)


 r(jω2 , θ) 

R(θ) = 
..




.
r(jωNf , θ)


(4.17)

To ensure that the solution θ will be real, the Jacobian J and the residual
vector R are split up in a real and an imaginary part:
Jri
Rri

#

=

"

Re(J)
Im(J)

=

"

#
Re(R)
Im(R)

(4.18)

• Step 3 calculate an updated parameter vector
δ (i)
θ(i+1)

(i)H

= −(Jri

(i)

(i)H

Jri )−1 Jri

Rri (θ(i) )

= θ(i) + δ (i+1)

(i)

with Jri = Jri (θ(i) )
(4.19)

• Step 4 if the stop condition is not met, go back to Step 2. Different
stop criteria exist. The iteration can be stopped after an a priori decided
number of iterations or when the ML cost increases. Another possibility is
to stop the iteration when the relative variation of the parameters and/or
the cost function is sufficiently small.
In the next subsection, step 1 is discussed in more detail. Note furthermore
that a step of the Gauss-Newton algorithm will always be in a descent direction,
except at saddle points and singularity points. However, convergence is not
assured. Even if a step is in the right direction, the cost function can still
increase if a change in the parameters is too large. Another method therefore
exists which converges in a more robust way at least to a local minimum: the
method of Levenberg-Marquardt [Leve 44, Marq 63]. However, this method is
not taken into account in this thesis because it was not needed.
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Generating a set of starting values

In order to minimize the ML cost function which is nonlinear in the parameters,
a Gauss-Newton-like minimization algorithm is chosen. As with most nonlinear
minimization problems, the problem is that the method may converge to a local
minimum. Therefore, it is important to have starting values of “sufficiently
high” quality to ensure convergence to a “good” solution. In order to find these
starting values, it is not possible to use a ML estimator as this is nonlinear in
the parameters. The problem must therefore be approximated by a problem
that is linear in the parameters. The equation error is therefore approximated
by a linearization:
eL (jωk , θ) = Gm (ωk )A(jωk , θ) − B(jωk , θ)

(4.20)

The subindex L indicates that the error equation is linearized. The parameters
θ of this problem are then found by minimizing the Linear Least Squares Cost
PNf
KLLS (θ, Nf ) = k=1
|eL (jωk , θ)|2 under the constraint ai = 1 or bi = 1. This
is done by solving
H
H
θ̂LS = −(Jri
Jri )−1 Jri
eL,ri

(4.21)

using a QR decomposition or an Singular Value Decomposition (SVD). With
θ̂LS the estimated parameter vector and J the matrix obtained by stacking all
the derivatives of eL with respect to the real-valued θ at all frequencies:


∂eL (jω1 ,θ)
∂θ1
∂eL (jω2 ,θ)
∂θ1

∂eL (jω1 ,θ)
∂θ2
∂eL (jω2 ,θ)
∂θ2

..
.

..
.




J(θ) = 


 ∂e

L (jωNf

∂θ1

,θ)

∂eL (jωNf ,θ)
∂θ2

···

···
..
.
···

∂eL (jω1 ,θ)
∂θNθ
∂eL (jω2 ,θ)
∂θNθ

..
.

∂eL (jωNf
∂θNθ










,θ)

(4.22)

Note that here, an operation similar to equation (4.18) can be used to ensure
that the solution θ is real. The solution of equation (4.21) is then found by using
a Singular Value Decomposition (SVD). However, when the error equation
(4.12) is compared with equation (4.20), it is clear that eL is scaled by A(jωk , θ),
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since
eL (jωk , θ)

= Gm (ωk )A(jωk , θ) − B(jωk , θ)
B(jωk , θ) 
= Gm (ωk ) −
A(jωk , θ)
A(jωk , θ)
= eN L (jωk , θ)A(jωk , θ)

(4.23)

Since A(jωk , θ) is a power polynomial, the scaling weights the high-frequency
measurements more as is also represented in Fig. 4.3.
To conclude, the LLS estimator has the advantage that the cost can be solved
in one single step by solving an overdetermined set of linear equations, but has
the disadvantage that implicitly a frequency-dependent weighting is introduced.
Another drawback is that the overdetermined set is solved under a given
constraint on the parameters: one of the parameters is kept fixed. Furthermore,
the LLS estimate is biased [Pint 01a].
To compensate for the frequency-dependent weighting the error eL can be

A ( jω k, θ )

ω
Figure 4.3: The scaling polynomial A(jωk , θ) in function of the frequency. The
scaling weights the high-frequency measurements more.
divided by ||A(jωk , θ)||2 , where ||A(jωk , θ)||2 is found based on the estimated
parameters of a former iteration step. This idea was first used in [Sana 63].
But, even after the compensation of the weighting, the problem stays that
the estimation in not consistent. To solve this problem a Total Least Squares
(TLS) estimator is used. A TLS approach assumes a nonlinear constraint,
namely that ||θ|| = 1. Fortunately, the solution of the problem can still easily
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be found by using a Generalized Singular Value Decomposition (GSVD), to
solve the set of linear equations:
e(jωk , θ) = eL (jωk , θ) = Gm (ωk )A(jωk , θ) − B(jωk , θ) ≈ 0

(4.24)

They can be rewritten as
Jθ ≈ 0
with Jri

Jri θ ≈ 0

or
"

Re(J)
=
Im(J)

#

(4.25)

Here, J represents the Jacobian of the error vector e(θ) (Note that e(θ) is the
column vector that stacks the values of the equation error e(jωk , θ) evaluated
for each frequency ωk : e[k] (θ) = e(jωk , θ)). The operation (4.25) is needed to
ensure that the solution θ is real.
A TLS estimator is proven to be consistent [Golu 96] when the column
covariance matrix CovJ of the Jacobian J is proportional to the identity matrix
INθ . Fortunately, the column covariance matrix CovJ of the Jacobian matrix J
can be calculated by using the knowledge of the noise variance after measuring:
T
CovJ = E{∆Jri
∆Jri }

(4.26)

Here, ∆Jri = Jri − J0,ri represents the difference between the Jacobian matrix
that is here obtained, and the Jacobian matrix that would be obtained when no
stochastic NL contributions would be present in the measurements (≈ replace
measurements by noise).
To ensure that the column covariance matrix is proportional to INθ , the
Jacobian matrix J is right multiplied with the inverse of a weighting matrix
1/2
C = CovJ , which weighs each row of J, and hence, will not introduce a
frequency-dependent weighting of the residuals. Taking the right weighting
into account, the set of equations (4.25) becomes then:
(JC −1 )(Cθ) ≈ 0

or

(Jri C −1 )(Cθ) ≈ 0
1/2

with C = CovJ

(4.27)
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In that case the column covariance matrix of the weighted Jacobian matrix
JC −1 becomes equal to INθ . When this particular choice of weighting is chosen,
the estimator is called a Generalized Total Least Squares (GTLS) estimator.
However this estimator is not asymptotically efficient. Due to the equal
weighting of the residuals e(jωk , θ) over all frequencies, the GTLS estimate
suffers from the same problem as the LS and TLS estimates: it overemphasizes
the high-frequency errors. To overcome this problem, a diagonal left weighting
matrix W ∈ CNf ×Nf can be added. At the same time, to keep the consistency,
1/2
the right weighting should be adapted: C = CovW J . The set of equations that
has to be solved is then:
(W JC −1 )(Cθ) ≈ 0

with C =

1/2
CovW J

and

(WRI Jri C −1 )(Cθ) ≈ 0

or

WRI =

"

Re(W )
Im(W )

−Im(W )
Re(W )

(4.28)

#

(4.29)

The matrix WRI influences each row of Jri separately and makes it possible
to introduce a frequency-dependent weighting of the residuals e(ωk , θ). Note
that when a left weighting matrix is added, the estimator is often denoted as
a Weighted Generalized Total Least Squares (WGTLS) estimator. The cost
function that has to be minimized is then given by:
(i)

PNf

KW GT LS (jωk , θ ) = Pk=1
Nf

k=1

W 2 (jωk )|e(jωk , θ)|2
W 2 (jωk )σe2 (jωk , θ)

(4.30)

The WGTLS problem (as described by equation (4.28)) can be solved by finding
the eigenvector θ corresponding to the smallest generalized eigenvalue λ of the
generalized eigenvalue problem [Pint 01a]:
1/2 H

(WRI Jri )H (WRI Jri )θ = λ CovW J
1/2

1/2

CovW J θ

(4.31)

Even when CovW J is a singular matrix, this eigenvector can be determined in
a numerically stable way, using the Generalized Singular Value Decomposition
1/2
(GSVD) [Golu 96] of the matrix pair (WRI Jri , CovW J ).
An appropriate choice for the weighting matrix W has to be made. Comparing
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the WGTLS cost function (as described by equation (4.30)) with the ML
cost function (as described by equation (4.14)), suggests that the “optimal”
weighting is W (jωk ) = σe−1 (jωk , θ). Since θ is unknown, an estimate for
the weighting should be chosen. In [Rola 99] an appropriate weighting W is
suggested to ensure that the obtained estimates for θ will lay in the attraction
basin of the ML estimator. Afterwards, the frequency-dependent weighting can
iteratively be improved by:
W (jωk , θ(i−1) ) = σe−r (jωk , θ(i−1) ) with r ∈ [0, 1]

(4.32)

Here r represents the relaxation parameter. r = 0 indicates no weighting,
while r = 1 indicates full weighting. Choosing this latter weighting to be the
weighting in the WGTLS cost function gives the Bootstrapped Total Least
Squares (BTLS) method:

(i)

KBT LS (jωk , θ ) =

|e(jωk ,θ (i) |2
k=1 σe−2r (jωk ,θ (i−1) )
PNf
σe2 (jωk ,θ (i) )
k=1 σe−2r (jωk ,θ (i−1) )

PNf

(4.33)

This iterative method is stopped when the equivalent ML cost increases or when
the relative variation of the parameters and/or the cost function is sufficiently
small. At that moment, good starting values are obtained and experience learns
that this ensures that the ML estimator will start in a good attraction basin.

4.4.2

How do orthogonal polynomials influence the
estimation algorithm?

An efficient way of improving the numerical conditioning aspects of least
squares problems is by making the columns of Jri as orthogonal as
possible [Bult 05]. This can be done by using a basis of polynomials that
are orthogonal with respect to a discrete inner product. One such basis is
associated with the numerator B and another one is used to represent the
denominator A (see also equation (4.10)). In order to find these orthogonal
bases, a Gram-Schmidt orthogonalization method is used [Pint 01a]. Hence
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the recurrence equations are given by:
qr (sk ) =
pr (sk ) =

(sk − α)pr−1 (sk ) − βpr−2 (sk )
qr (sk )
||qr (sk )||2

(4.34)

with α =< spr−1 (s), pr−1 (s) > and β =< spr−1 (s), pr−2 (s) >
Note that the inner product for two complex polynomials (i.e. polynomials
with complex coefficients) is defined by;

< p(s), q(s) >=

Nf
X

k=1

|w̃k |2 p(sk )q̄(sk )

(4.35)

with sk = jωk ∈ C the discrete set of frequency points and w̃k ∈ C the set of

corresponding weights. To ensures that (WRI Jri )H (WRI Jri ) ≈ Id in the case
of a WLLS, WGTLS or BTLS estimation, appropriate choice of the weighting
is then made so that the inner product used in the orthogonalization matches
the weighting of the considered cost function. However, in each iteration of
the BTLS estimation, a new weighting is used. For this reason the orthogonal
bases must also iteratively been adapted. Once, the ML estimation is started,
the orthogonal bases are kept fixed.

4.5

Validation of the parametric model

To validate the estimated model G(jω, θ) one starts to calculate the residuals
rk = G(jωk , θ) − G(ωk ). The norm of the residuals |rk | is taken and compared
with its theoretically obtained 95% uncertainty level. When circular complex
distributed noise is assumed, it can be proven that the 95% uncertainty
√
level corresponds with the 3σ(ωk )-level when no model errors are present,
where σ 2 (ωk ) = σe2 (ωk ) + σn2 (ωk ) is the variance of the kth measurement
of the nonparametric model. This residual analysis measures the quality of
the obtained parametric model compared to a fixed, a priori known value
obtained because E{ek } is known for the ML estimator. This is the major
advantage of this procedure. In Fig. 4.4, an example is given to illustrate
the validation method. The parametric model is represented by the black
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solid line, the nonparametric model by the gray asterisks, the residuals are
√
indicated by black dots and the 3σ(ωk )-level by the dotted line. When 95%
√
of the residuals lay beneath the 3σ(ωk )-level it is proven that the difference
between the estimated parametric model and the measured nonparametric one
can totally be due to the noise effects. This means that the model errors that
are inherent to the estimation of the approximate parametric model, cannot
be observed, because they are still smal compared to the measurement noise
induced variations.
Often, the residuals are larger than this noise related bound, since the model
that is extracted out of the measurements is an approximate model. The user
will then have to be satisfied with a model that approximates the true behavior
of the system up to a certain error level. This level is to be decided by the
user. In this way the user can for example been satisfied when the residuals
are approximately 10 times bigger then the noise induced standard deviation.

|G(ω, θ̂)| [dB]

10

−40

−90
0

0.25

0.5
Frequency [GHz]

0.75

1

Figure 4.4: Comparision of the parametric model |G(ωk , θ̂)| (solid line) and the
nonparametric model |G(ωk )| (gray asterisks). The residuals |rk | between the
parametric
and the nonparametric model (dots) are therefore compared with
√
the 3σ-level (dotted line).
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Selection of the order of the parametric
model

In general, the process of estimating the model order is a compromise between
model complexity and model errors. To determine the best model order out
of two parametric models with a different order, the decision is often based on
the evolution of the value of the cost function as a function of the model order.
When an extra parameter is added (the order is increased), the minimum value
of the cost function will normally decrease. But starting from a given level of
complexity, the additional parameters are no longer used to model the dynamics
of the system, but only the influence of the noise. The additional complexity
is then used to follow the noise on the data. Since the noise on the data differs
from measurement to measurement, this parameter will increase the model
variability. There exist many techniques to decide when this unwanted behavior
occurs. To do so, these techniques extend the cost function with a penalty term
that is related to the increase of the model variability due to overmodeling. Two
popular methods are the Akaike Information Criterion (AIC) and the Minimum
Description Length (MDL) [Pint 01a]. Note that these criteria are only valid
under the condition that the estimation is consistent. This is never the case if
nonlinear systems are modeled by linear approximate parametric models. For
this reason, these methods cannot really be applied here.
In the case of rational transfer function models, an alternative heuristic method
exists [Rola 97]. This method consists of a two-step order selection method
with a coarse and a fine order selection. The coarse selection starts with an
over-estimated model order. This is possible if the estimator is numerically
stable, as is the case here when orthogonal polynomials are used. It uses the
norm of the singular values of a whitened Jacobian matrix to determine a
(slight) over-estimate of the order. Whitening the Jacobian is necessary to
set a fixed a priori known threshold for the selection procedure. The fine
selection is performed through elimination of poles/zeros that have only a
marginal contribution to the model response in the frequency band of interest.
The underlying idea is that as a pole/zero pair cancels if their distance equals
zero in the Laplace plane, it must be possible to define a heuristic norm that
measures the contribution of the poles and zeros to the transfer function. Such
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poles/zeros are then also removed. Every time a set of (potentially many) poles
and zeros is removed, a new estimation is started and the new cost function
is calculated. In the end, it is checked whether the decrease in order does not
increase the cost function significantly above the user supplied level.
Although the system is stable, the model can have poles in the right-half plane.
Especially, poles outside the band of interest can decrease the cost function
if placed in the right-half plane, while not having a significant influence on
the in-band behavior of the system. In this case, the stabilization technique
of [Dhae 06] can be used to obtain a stable model.

4.7

Conclusions

In order to reduce the number of model parameters, a nonparametric
approximated model (like the BLA and BBLA) can be parametrized into
a parametric model. In this chapter a rational function based method is
proposed for the parametrization. The method assumes an output-error noise
framework. The parameters of this model form are then estimated by using
a three-steps estimation method. First a WGTLS step and a BTLS step are
used to generate starting values. Next, the final estimates are obtained using
a full ML estimator. As a consequence, the estimated model parameters are
found. The validation of the estimated parametric model depends on the users
demands. A method is given that allows the user to make an argued decision
whether a more complex model is needed to describe the investigated behavior
or not. Finally, the user will then select his ‘optimal’ parametric approximate
model.
However, this model is still not very flexible. In chapter 1 it has already been
touched that the BLA and the BBLA (parametric or not), are only valid for
one setting of the signal (e.g. input power) and system parameters (e.g. DC
bias points, reflection factors, ...). In the next part, different approaches are
presented that allow to find more flexible approximate models (called high-level
models) for amplifiers, filters and mixers.
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Existing

methods

and

personal

contributions
The maximum likelihood technique to estimate a parametric rational model in
the frequency variable already pre-exists (in scientific literature [Pint 01a]), but
is here rehearsed since it will be used as a basic technique (or as a starting point)
for the estimation of (semi-)parametric metamodels as described in chapter 5.
This allows to clearly define the concepts and to ease the understanding of the
material for RF engineers, who are normally not so well informed about the
identification.

Part II

Approximate idealized
high-level models

Chapter 5

Approximate metamodels
for PISPO and PICPO
systems
In Part I, it is shown that the BLA and the BBLA are based on an idealization
of the (dynamic) behavior of a certain PISPO or PICPO system. Since these
models are approximate models, they are only valid under certain restrictive
assumptions on the considered class of systems and signals. In fact, the BLA
and BBLA are idealizations that are obtained around a given operating point.
This “operating point” is set by different system and signal parameters (e.g.
the signal class, the DC bias point, the reflection factor at the ports, ...). If
the value of one of these parameters is changed, the operating point will be
different and another BLA or BBLA will hence be obtained. An example is
given in chapter 1, where it is shown (see Fig. 1.4) that the linearization of a
static amplifier is different when two similar shaped signals that have a different
power spectrum are considered. However, from a system design point of view,
it would be desirable to know the approximate behavior for different values of
the system and signal parameters. For this reason, a scalable model that glues
the different approximate models together, is needed.
A possible technique to glue the different idealizations together to obtain a
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metamodel that renders a scalable approximation is given in [Klei 05]. Other
names for these multidimensional models are Response Surface Models (RSMs),
surrogate models, auxiliary models, repro-models or emulators [Gori 09]. This
kind of models is often used in design space approximation. The metamodel
is then tuned to mimic the underlying model as closely as needed to cover
the complete design space. This method is quite popular to solve real-world
problems for which a single simulation can take many hours or even days. To
build up these models, computational techniques like Neural Networks (NN),
Support Vector Machines (SVM), etc. are often used. These techniques often
give models that are difficult to interpret physically. For this reason we will
recuperate the idea behind metamodels, but adapt it to meet our needs.
In order to obtain our new kind of metamodels, the following approach is used.
For simplicity, only scalability in one variable (the input power) is considered
here, but the approach is also valid in the multivariable case.
We start from measurements to calculate the nonparametric approximate
model (BLA or BBLA) for all the considered frequencies and input power
values. These frequencies and input power values form the so-called sampling
grid. The obtained set of nonparametric BLA (or BBLA) models then forms
the nonparametric meta-BLA or meta-BBLA. To evaluate this model in the
intermediate frequencies or input power values, an interpolation is required.
However, such a model can contain a huge amount of parameters, since the
number of parameters increases proportionally with the number of considered
measurements that consists of the product of the number of considered
frequencies and the number of considered input power values for example.
When scalability in more variables is desired, the number of parameters will
continue to increase exponentially.
In a second step, a parametrization over the frequency variable alone is carried
out to reduce the number of parameters. To do so an existing parametrization
method is used, as is described in chapter 4. As a result, a parametric rational
model is estimated for every considered input power value. The resulting
metamodel consists of a set of parametric models, and is therefore called a
semi-parametric meta-BLA (or meta-BBLA). When we want to evaluate this
model in the intermediate input power values, one of the possibilities is to
interpolate the coefficients of the different parametric models. However, we
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have chosen for a different approach that interpolates the positions of the poles
and zeros. This allows for an easier physical interpretation of the model. The
outline of the procedure that is followed to extract the pole/zero model is
summarized below:
1. Starting from the different parametric models, obtained for the different
power levels, the poles and zeros are calculated.
2. The migration of the poles and zeros over the different considered input
power values is then tracked by interpolation. This is possible when we
assume that the poles and zeros migrate in a smooth way. Luckily, this is
the case when no bifurcations are present in the pole and zero trajectories,
which is often the case for the considered PISPO and PICPO systems.
3. For every pole and zero, a trajectory can be found that describes how the
pole/zero migrates when the value of the input power changes.
This approach is only valid when the dependence on the input power changes
static or that the power levels are only changed at a quasi-static rate. This
approach was already suggested by [Vand 05, De L 06] where it is shown to
be applicable to the case of a power amplifier (PISPO system). In section 5.2
we will illustrate that this approach can also be applied to the modeling of
the mixer (PICPO system). However, this model is still not a fully parametric
model.
In a third and last step we will therefore build up a model that is parametric
in all the considered variables (here: frequency and input power). This model
is called the parametric meta-BLA (or meta-BBLA). To build up this model,
we assume again that the dependency on the input power changes statically
or that the power levels are changed at a quasi-static rate. The model is
obtained by estimating the coefficients of a 2D rational function in the frequency
and the input power in the considered example (see subsection 5.3.2), or a
multidimensional rational function in the general case. Since this model is
a semi-linear model that is nonlinear in the parameters, a quasi identical
estimation procedure as is described in chapter 4 is used to estimate the
coefficients.
The proposed approach shows a lot of similarities with the approach described
in [Toth 08]. In this work, the idea of gluing several approximate idealized
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models together is utilized to model Linear Parameter Varying (LPV) systems.
The inspiration for this technique has been found in gain-scheduling. Fig. 5.1
illustrates the mechanism of gain-scheduling where several local LTI models are
interpolated to approximate the global behavior on the entire operation region
that is also called the scheduling space. By changing the local LTI models
by local BLA (or BBLA) models the similarity between our approach and the
approach described in [Toth 08] becomes clear.
Scheduling
functions
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LTI
LTI

LTI

LTI
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Figure 5.1: The mechanism of gain-scheduling: several local LTI models are
interpolated to approximate the global behavior on the entire operation region,
i.e. the scheduling space.

5.1

Extracting a nonparametric meta-B(B)LA

To extract a nonparametric approximate model,
simulation or
measurement data are needed. In the case of a PISPO system, FRF
measurements/simulations are performed, while in the case of a PICPO
system, CF measurements/simulations are done.
The FRF or CF
measurements/simulations consist of measurements that are taken at a
discrete set of frequencies fk , k = 1, 2, . . . , NF and a fixed power level Pl .
This set of frequencies is chosen to be representative for the frequency band
for which we want to model the behavior of the system under test. The
approximate idealized behavior is hence known in the considered frequencies
and is represented by GBLA (fk ) or GBBLA (fk ) for a single power level.
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Since the approximate models are approximations around an operating point
that is set by system and signal parameters (here the power of the input
signal Pl is considered), it is not meaningful to give the nonparametric
approximate model without mentioning the value of the input power for
which the model is obtained. For this reason, the approximate idealized
model should be represented by GBLA (fk , Pl ) or GBBLA (fk , Pl ). In order
to know how the approximate behavior changes over the value of the input
power, a measurement should be done for a set of input power values Pl ,
l = 1, 2, . . . , NP . This set of power values is chosen to be representative for
the power range for which we want to model the behavior of the system under
test. During each measurement/simulation of GBLA (fk , Pl ) or GBBLA (fk , Pl )
the value of the input power Pl is fixed. Hence, the input power is considered
to change statically. When the model is used, care has to be taken that the
power vary slowly over time to maintain the validity of this assumption.
As a conclusion, one can state that the nonparametric model GBLA (fk , Pl ) or
GBBLA (fk , Pl ) is estimated starting from data that are obtained by performing
respectively FRF or CF measurements/simulations (see also [Pint 01a] and
chapter 3) on a certain grid of frequency points and input power values
{(fk , Pl )} with k = 1, 2, . . . , NF and l = 1, 2, . . . , NP (see Fig. 5.2). This grid
is called the sample grid. The measurement frequency grid is determined by
the excited frequencies of the applied multisine signal. These frequencies all
lie on a commensurate frequency grid: fk = lk ∆f with lk ∈ N. The power

points are chosen to increase in a certain way, for example they can be chosen
to vary linearly. As a consequence, an equidistant sample grid is obtained.
However, other sample grids can also be used, but since they are not used for
this thesis they are not discussed in any more detail.

5.2

A semi-parametric metamodel for mixers

In this section, the method suggested by [Vand 05, De L 06] to extract a
linearized model that is scalable with respect to an external parameter is
extended to be also applicable for PICPO systems. An important external
parameter that determines the nonlinear behavior of mixers is the power
applied at the RF input port (and the LO port). In order to extract a
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Figure 5.2: The sample grid.
semi-parametric metamodel for mixers, the following steps are taken:
1. Extract a nonparametric meta-BBLA GBBLA (jωk , Pl ) for every
considered input power level.
2. Parametrization over the frequency variable into a set of parametric
BBLA models {GBBLA (ω, P1 , θf ), . . . , GBBLA (ω, PNP , θf )). Note that
the subindex “f ” in θf indicates that the parametrization only occurs in
the frequency variable.

3. Pole/zero extraction of the rational models obtained for each power level.
4. Over the different power levels, the corresponding poles and zeros should
be grouped in such a way that a smooth displacement of every pole/zero
is preserved. This selection is done manually. However, this selection can
quite easily be automated if needed.
5. Gluing the different locations of a pole/zero (for the different values of
the input power) together by interpolation of the pole/zero positions to
obtain a trajectory that tracks the migration of the pole/zero. This is
done for all poles/zeros.
The first and the second step of this method are already described in detail
before in this thesis. In the first step a nonparametric BBLA GBBLA (fk , Pl ) is
extracted for every frequency fk and input power sample Pl as is described in
section 5.1. These nonparametric BBLAs will be different for different values
of the free parameters since GBBLA (fk , Pl ) contains the ‘ideal’ contributions
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but also the nonlinear bias contributions and is hence power and frequency
dependent. Afterwards, in step 2 of the method, these nonparametric BBLAs
are parametrized in the frequency variable jω as is described in chapter 4.
As a consequence, a different parametric BBLA GBBLA (ω, Pl , θf ) is obtained
for every input power value Pl . The third and the last step of the method are
discussed in more detail in the next subsections, respectively in subsection 5.2.1
and subsection 5.2.2. Finally, in subsection 5.2.3 the method is applied to a
simulated mixer to illustrate that this method is indeed applicable to PICPO
systems.

5.2.1

Pole/zero extraction

Very often a rational form is parametrized as a power polynomial in the
numerator and denominator, since it is easy to get good starting values for
this setting. This parametric BBLA GBBLA (ω, Pl , θf ) is factored for every
Pl
Pl
l
input power Pl . Hence, the poles pP
are now used
i , zeros zj and gain K
to represent the rational form. This representation is also called the zpk
representation. Every parametric BBLA GBBLA (ω, Pl , θf ) can be written as :
QOB (Pl )

(s − zj (Pl ))
j=1
A (Pl )
(s − pi (Pl ))
i=1

GBBLA (ω, Pl , θf ) = GBBLA (ω, Pl , θzpk (Pl )) = K(Pl ) QO

(5.1)

Here, OB (Pl ) and OA (Pl ) represent respectively the order of the numerator and
the denominator while s = jω represents the generalized frequency variable.
As a consequence, a set of poles pi (Pl ), zeros zj (Pl ) and a gain factor K(Pl )
can be found for every measured discrete power Pl of the input signal:
n
o
θzpk (Pl ) = z1 (Pl ), z2 (Pl ), . . . , zOB (Pl ) (Pl ), p1 (Pl ), p2 (Pl ), . . . , pOA (Pl ) (Pl ), K(Pl )
Remark that it is possible that the number of poles

Pl
OA

and zeros

Pl
OB

(5.2)
differs for

different power levels Pl . It is also possible that there exist some mathematical
poles (or zeros). These poles (or zeros) should not be used to build up the
semi-parametric metamodel and they should be eliminated. In this thesis
elimination is done manually, but the process can be automated.
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Pole/zero trajectories

To track how the poles/zeros migrate when the input power level changes,
the corresponding poles and zeros need to be selected over the different input
powers Pl . As a consequence, a set of locations for every pole and zero is to be
found, containing one value for each input power level. Afterwards, the location
of the different poles/zeros and the value of the gain are interpolated. To do so,
a special interpolation method will be used, namely a cubic smoothing spline
interpolation [De B 78]. In the end, the trajectories pi (P ), zj (P ) are found that
describe the migration of every pole/zero with changing power for each power
value that falls within the considered power range. A gain function K(P ) is
also found that interpolates the value of the gain as a function of the input
power. The combination of these pole/zero-trajectories and this gain function
allow to define a 2-dimensional semi-parametric metaBBLA:
QOB (P )

(s − zj (P ))
j=1
A (P )
(s − pi (P ))
i=1

GBBLA (ω, P, θzpk (P )) = K(P ) QO

(5.3)

In the next subsection this idea is applied on a simulation example to prove
that the method is applicable to mixers.

5.2.3

Application to a simulated mixer

The simulation experiment
The simulated mixer system consists of a perfect multiplier (see
subsection 2.2.1) that is cascaded with a static nonlinear block in the input
path, the local oscillator path and the output path. A lowpass Butterworth
filter is introduced in the output path to mimic the linear dynamic behavior of
the real mixer (see Fig. 5.3). The nonlinearity that is considered in the static
blocks is given by:
yi (t) = ai xi (t) − bi x3i (t)

1≤i≤3

(5.4)

Here, yi (t) and xi (t) represent respectively the output and the input signal of
the i-th nonlinear block and ai , bi ∈ R.
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In the simulation experiment the nonlinear coefficients are chosen as follows:
a1,2,3 = 1, b1 = 0.005, b2,3 = 0.015

(5.5)

Remark that no second order nonlinearity is considered, since it only
contributes to the nonlinear noise source (see chapter 3) in this case. The filter
in the output path is a fourth order lowpass Butterworth filter with a cut-off
frequency of 0.16fN yquist [Zver 67]. The mixer is then excited by m = 1000
different phase realizations of a random-phase odd random grid multisine that
consists of 541 excited frequency lines. The first excited frequency line lies at
0.0201fN yquist , while the bandwidth of the multisine signal is 0.108fN yquist .
During the different measurements, the amplitude of every excited frequency
line is changed statically. For this, a set of 17 linearly growing powers is
chosen between −13dBm and 8.4dBm, and consequently, the chosen power

range is [−13dBm, 8.4dBm]. The local oscillator signal is a pure sinusoid with
a frequency of 0.1683fN yquist and an amplitude of 10dBm.
Extracting a semi-parametric metamodel
First, the input and output signals for the 1000 different phase realizations
are captured and the nonparametric BBLA GBBLA (fk , Pl , ) is calculated for
each power level Pl by calculating the conversion function as is explained in
chapter 3.
In Fig. 5.4, the amplitude and the phase of GBBLA (fk , Pl , ), the standard
u(t)

a 1, b 1

a 3, b 3

y( t)

a 2, b 2
ny

A LO sin ( ω LO t )

Figure 5.3: The mixer model, used in the simulation experiment.
deviation of the nonlinear stochastic noise GS (fk , Pl , ) and the standard
deviation of the simulation noise NG (fk , Pl , ) are given for some of the
considered power levels (−4.5dBm, 2dBm, 6dBm, 7.4dBm). The black line
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shows the response of the underlying ideal mixer system G0 (ω). When the
power of the input signal increases, the shape of the CF changes over the
frequency. This indicates that the value of the gain, and also the position of
the poles and the zeros will be different for each power level. Note also that
the nonlinear stochastic contributions increase with the power level of the input
signal. The influence of the simulation noise ny decreases when the input signal
becomes larger, because ny is chosen to be independent of the input power and
hence increasing the power level of the input increases the Signal-to-Noise-Ratio
(SNR) of the output.
Next, a parametric model GBBLA (ω, Pl , θf ) is estimated for every input power
level. It should be noted that this parametric model is only usable inside
the considered frequency range and for the considered input power Pl . No
extrapolation in frequency and power is allowed. In Fig. 5.5, the amplitude and
the phase of the parametric models for input power levels −4.5dBm, 2dBm,
6dBm, and 7.4dBm are represented by solid lines (the darker gray values
correspond with an higher input power). The phase and the amplitude of the
nonparametric models are represented by ‘+’ symbols to illustrate how well
the nonparametric models and the parametric models coincide. To quantify
the difference between parametric and nonparametric models, the norm of the
complex error |ǫ| between the parametric and the nonparametric BBLA (in

the considered frequencies) is also given. When the power of the input signal
grows, the residual also increases. This can be expected since the stochastic
nonlinear contributions increase for higher input powers. As a consequence, the
uncertainty on the parametric BBLA increases for higher input powers. In this
way, the SNR of the estimated parametric model decreases. Note that there is
almost no visible bias, as the parametric and the nonparametric model agree
for the amplitude as well as for the phase behavior within their uncertainty
bounds.
Afterwards, these parametric models are factored to obtain the poles, the
zeros and the gain. In Fig. 5.8, the gain value is plotted by a cross (x) for
the considered input powers. In Fig. 5.6, the poles and zeros of the BBLA
are shown for the considered input powers. In Fig. 5.7 a zoom is given on the
locations of one particular zero over the considered input power levels. These
plots show how the different poles and zeros move with the power of the input
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Figure 5.4: Amplitude and phase of the complex gain factor GBBLA (fk , Pl )
for different powers Pl of the input signal. Also the standard deviation of
the simulation noise NG (fk , Pl ) and the nonlinear stochastic contributions
GS (fk , Pl ) are represented. Dark gray symbols indicate higher powers Pl of
the input signal. The amplitude and phase behavior of the underlying ideal
mixer system G0 is represented by the black solid line.
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Figure 5.5: The ‘+’ symbols represent the nonparametric BBLA models,
whereas the full lines represent the parametric BBLA models which are
parameterized by the gain, poles and zeros. The norm of the residual |ǫ|
between the nonparametric and the parametric model is shown by ‘x’ symbols.
Dark gray symbols and lines indicate higher powers of the input signal.
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signal. The different pole and zero locations are indicated respectively with
a cross (x) and a circle (o). Dark gray symbols indicate higher powers of the
input signal. An uncertainty ellipsoid is drawn around every pole/zero location
to indicate the uncertainty. Since the uncertainty ellipsoids of successive input
powers do not overlap completely, the pole/zero movement is significant. This
proves that the poles and zeros indeed move when the power of the input signal
changes. Furthermore, the uncertainty ellipsoids grow with increasing power.
This corresponds to the increasing value of the residual in Fig. 5.5. Note that
these confidence ellipses are not accurate confidence regions for the estimated
poles and zeros as shown in [Vuer 01].
Based on the estimated pole/zero locations, it becomes possible to estimate the
pole/zero trajectories and the gain function. The pole/zero trajectories and the
gain function are calculated using a cubic smoothing spline as explained above,
taking the 17 simulated power levels into account (except some verifying power
levels Pverif y,l . In Fig. 5.8, the gain function is represented by a black solid
line. In Fig. 5.6 and Fig. 5.7 the pole/zero trajectories are given by a black
solid line.
However, sometimes care is to be taken for the calculation of
the pole and zero trajectories. In Fig. 5.9, it is shown that the BBLA of the
simulated mixer has two real poles pa1 and pa2 which can be transformed in two
complex poles when the power level of the input signal grows (the gray scale is
kept to indicate the different powers of the input signal). One can notice that
these real poles are moving in opposite direction and as a consequence, their
trajectory will cross for a given input power level Pcritical . For a little higher
power level P > Pcritical , these poles will be transformed into a conjugate pole
pair. As a consequence of the non-smooth behavior of the trajectories near this
bifurcation point, the pole trajectories have to be estimated in a special way.
To do so, the path of the two poles will be merged in a neighborhood of this
special point by observing that the following function remains smooth in the
neighborhood of the bifurcation:
f (s)

=

(s − pa1 )(s − pa2 )

= s2 − (pa1 + pa2 )s + pa1 pa2

= s2 + c1 s + c0

(5.6)
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Figure 5.6: Over the different powers of the input signal the poles and zeros
move. The different pole/zero trajectories are plotted by a black solid line.
Remark that f (s) corresponds to the contribution of both the poles to the
denominator in equation (5.1). The coefficients c1 and c0 of this function are
then interpolated [De B 78] instead of the pole positions. As a consequence, this
function can be evaluated for all the powers within a given range P ∈ [P1 , PNP ].
Afterwards, the pole trajectories are obtained by calculating the roots of this
second order polynomial.
Validation of the semi-parametric metamodel
To verify whether or not the pole/zero trajectories and the gain function give
a good interpolation of the dependency of GBBLA on the input power, a
set of powers Pverif y,l that are all laying inside the considered power range
[−13dBm, 8.4dBm] but were not used during the model extraction, is used
as a verification set. The set of verification powers is chosen to be {Pverif y }
and consists of {−4.5dBm, 2dBm, 5.5dBm, 7.2dBm}. For these power values,

the nonparametric BBLAs can also be parametrized and factored in the poles,
zeros and the gain. Afterwards, the location of these poles and zeros and
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Figure 5.7: Zoom on one particular zero. Over the different powers of the input
signal this zero moves. Also the uncertainty on the estimation of the pole is
represented by an ellipsoid. This ellipsoid becomes larger with ascending power
of the input signal.
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Figure 5.8: The black “x” give the gain K for different powers of the input
signal. Through these different gain values the gain function is found by a
global cubic interpolation. The asterisks correspond with the gain for the input
powers Pverif y,l . The dark gray symbols indicate higher powers of the input
signal.
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Figure 5.9: Zoom on two real poles that are moving to each other. At a given
power level of the input signal, the two different poles will become a conjugate
pole pair.
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the value of the gain can be compared with the interpolated result that is
obtained by the semi-parametric meta-BBLA G(ω, P, θzpk (P )) evaluated for
the powers Pverif y,l . In Fig. 5.6 and Fig. 5.7 the poles and zeros for Pverif y,l
are respectively represented by an asterisk (*) and a square (). Darker gray
indicates higher input power level. Their corresponding uncertainty ellipsoids
are also represented. In Fig. 5.8 the gain K for these input power levels is given
by an asterisk (higher input power yield darker gray). These figures indicate
that the semi-parametric meta-BBLA predicts the location of the poles and
zeros and the value of the gain for a given power P ∈ [P1 , PNP ] within their
uncertainty.
In Fig. 5.10, the semi-parametric metamodel GBBLA (ω, P, θzpk (P )) is

compared with the nonparametric BBLA GBBLA (fk , Pl ) for a given input
signal power Pverif y,2 = 3.5dBm. The nonparametric model for an input power
level Pverif y,2 is represented by gray plus symbols (+). The semi-parametric
metamodel GBBLA (ω, P, θzpk (P )), evaluated for Pverif y,2 , is plotted by a black
solid line. The norm of the complex error between GBBLA (fk , Pverif y,2 ) and
GBBLA (ω, P, θzpk (P )) (evaluated in the considered frequency points fk and
the power value Pverif y,2 ) is given by black cross symbols (x). The light gray
√
solid line represents the 95% uncertainty bound (or also the 3σ level) for the
variance on GBBLA (fk , Pverif y,2 ). Since only 88% of the model errors lay below
the 95% uncertainty bound, the estimation of GBBLA (ω, P, θzpk (P )) introduces
an extra bias (or uncertainty). However this extra bias is very small and thus
the proposed semi-parametric meta-BBLA is a good quality model.

5.3

Estimating a parametric metamodel

Instead of parameterizing the nonparametric BLA (or BBLA) in one dimension
(e.g. in the frequency variable jω as is shown in chapter 4), it is also possible
to parametrize it in multiple dimensions. In this section, a parametrization
method is given that allows to parametrize simultaneously in two variables,
namely the frequency variable jω and the input power variable P . To do so,
the following steps should be taken:
1. Determine the noise framework.
2. Select an appropriate model function.
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Figure 5.10: Amplitude and phase of the nonparametric model GBBLA
for
an input signal with a power Pverif y,2 (plotted by gray plus symbols ‘+’). The
black curve represents the semi-parametric metamodel GBBLA (ω, P ) evaluated
for an input power Pverif y,2 . This model is found by evaluating the pole/zero
trajectories and the gain for the specific input power Pverif
√ y,2 . The error
between the two models is plotted as black crosses ‘x’. The 3σ level is plotted
as a gray solid line.
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3. Choose an appropriate estimator.
4. Set up the estimation algorithm for the chosen noise framework, model
function form and estimator.
Step 1 and 2 are described in more detail in subsection 5.3.1 and
subsection 5.3.2, respectively. To estimate the 2D-parametric metamodel, a
Maximum Likelihood (ML) estimator is chosen, since this estimator has the
desirable statistical properties (see also section 4.3). The estimation algorithm,
described in section 4.4 is adapted so that it can also be used to estimate the
parameters of the multivariate model form. The new estimation algorithm
(see subsection 5.3.3) then allows to estimate a 2D parametric meta-BLA (or
meta-BBLA). In the end, this model must be validated using statistical tests
to qualify how good the model predicts the behavior of the system under test.
This parametrization method is then applied to a real amplifier measurement,
as is reported in subsection 5.3.4, to illustrate its applicability.

5.3.1

The noise framework

The noise framework that will be considered needs to be compatible with the
standard measurement/simulation setup that is used for the extraction of the
nonparametric meta-BLA or meta-BBLA. In such a measurement/simulation,
a broadband random periodic signal (e.g. a random phase multisine) excites
the DUT. Note that during the measurements, these signals are disturbed by
measurement noise. Afterwards, the frequency domain data U (ω), Y (ω) and (in
the case of a PICPO system) L(ω) are obtained. This is then repeated for all
considered values Pl of the input power. Finally, the input and output spectra
allow to calculate the nonparametric models GBLA (ωk , Pl ) (or GBBLA (ωk , Pl )).
• In the case of PISPO systems, the measured/simulated input and output
spectra are U (ωk , Pl ) and Y (ωk , Pl ), respectively, and the nonparametric
model (the nonparametric BLA) is then given by:
Y (ωk , Pl ) = GBLA (ωk , Pl )U (ωk , Pl ) + YSωk ,Pl + Ynωk ,Pl

(5.7)

Here, YS represents the stochastic nonlinear contributions and - in the
case of measurements - Yn represents the noise contributions on the
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output signal. Note that for simulation experiments Yn is assumed to
be zero. Furthermore, to simplify the identification, an output error
noise framework is considered: i.e. no noise on the input is assumed
to be present. In fact, for most FRF measurements, the input signal is
also disturbed by noise. Hence, an errors-in-variables framework would
correspond more to the real measurement setup, but then bias problems
will pop up and this will make the identification more complex then
needed for solving the approximate modeling problem that we have in
mind. Assuming that the noise on the measurement of the input signal is
very low (what is mostly the case for the considered measurements since
the SNR of the input is often much higher than the SNR of the output),
and since our goal is to find an approximate model, it is anyway sensible
to choose for an output error framework.
• In the case of PICPO systems like mixers, an additional signal, the

LO signal comes into play. The considered spectra are then the input
spectra U (ωk , Pl ) and L(ωLO ) and the output spectrum Y (Ωk , Pl ). The
nonparametric model (the nonparametric BBLA) is then equal to the CF:
Y (Ωk , Pl )


= GBBLA (Ωk , Pl ) U (ωk , Pl ) ∗ L(ωLO )
+YSΩk ,Pl + YnΩk ,Pl

(5.8)

Here, YS represents the stochastic nonlinear contributions and - in the
case of measurements - Yn represents the noise contributions on the
output signal. Note that for simulation experiments Yn is assumed to
be zero. Also in this case, it is sensible to choose for an output error
framework, as we assume again that the noise on the measurement of the
input and LO signal is very low compared to the output noise (what is
mostly the case for the considered measurements) and since our goal is
to find an approximate model.
An output error noise framework will be assumed as well as for the PISPO
case as for the PICPO case. Consequently, it is assumed that the input signal
u(t, Pl ) and - in the case of PICPO systems - also the LO signal l(t) are exactly
known and that the measured/simulated output y(t, Pl ) is contaminated by
measurement noise ny (t, Pl ) and stochastic nonlinear contributions ys (t, Pl )
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(these have the same periodicity as the excitation u(t, Pl )). Note that in
the case of simulations, no measurement noise is assumed. From [Scho 98]
and [Pint 01b] it follows that the spectrum YS acts as a noise source similarly
to the measurement noise Yn . Both noise sources are zero mean, are
asymptotically (N → ∞) uncorrelated over the frequency k, and are also
uncorrelated with the input signal.

5.3.2

Model function selection

The parametric model selected here is again a rational form (see section 4.2).
Since the rational form has to be able to model the dependency of the system
upon the frequency jω as well as upon the input power P , a bivariate rational
model form is chosen.
G(s, P, θ) =

B(s, P, θ)
A(s, P, θ)

(5.9)

Here, s = jω is the frequency variable, P is the input power, θ ∈ Rnθ represents

the vector of the model parameters and B(s, P, θ) and A(s, P, θ) represent the
numerator and the denominator polynomial functions, respectively. Similar to
the 1D case, one can chose for a power polynomial parametrization. For this
parametrization, a power polynomial in s and P is assumed to be used in the
numerator as well as in the denominator.
P(OB[f ] ,OB[P ] )
[f ]
[P ]
b [f ] [P ] sj P j
B(s, P, θ)
(j [f ] ,j [P ] )=(0,0) j ,j
G(s, P, θ) =
= P [f ] [P ]
(OA ,OA )
A(s, P, θ)
a [f ] [P ] si[f ] P i[P ]
(i[f ] ,i[P ] )=(0,0) i ,i

(5.10)
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The parameter vector is then given by
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.
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bO[f ] ,O[P ]
aO[f ] ,O[P ]
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[f ]

B

A

(5.11)

B

[P ]

Here, OA , OA represent the order of the numerator in the frequency
variable (indicated by superscript [f ]) and in the power variable (indicated
[f ]

[P ]

by superscript [P ]), respectively. OB and OB represent the order of the
denominator in the frequency variable and in the power variable, respectively.
The problem that one encounters building an estimator based on this kind
of parametrization is that the estimator will suffer from a poor numerical
conditioning. This problem ruins both the modeling performance and the order
selection capability of the algorithm. The problem is more acute here than in
the univariate case of chapter 4 since the numerical conditioning deteriorates
exponentially with the number of independent variables. For this reason,
another kind of parametrization is chosen for the rational model, namely a
multivariate orthogonal polynomial representation. In that case, the numerator
and denominator polynomials of equation (5.10) are expanded in multivariate
scalar polynomials.
Similar to the 1D case, the poor numerical conditioning issue can be solved by
using orthogonal polynomials for methods whose cost function can be reduced
to a WLLS or a WGTLS. To do so, the numerator and denominator polynomials
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of equation (4.7) are expanded in multivariate scalar orthogonal polynomials
as follows:
P(OB[f ] ,OB[P ] )
b [f ] [P ] qj [f ] ,j [P ] (s, P )
B(s, P, θ)
(j [f ] ,j [P ] )=(0,0) j ,j
= P [f ] [P ]
G(s, P, θ) =
(OA ,OA )
A(s, P, θ)
a [f ] [P ] pi[f ] ,i[P ] (s, P )
(i[f ] ,i[P ] )=(0,0) i ,i

(5.12)

The subindex j [f ] , j [P ] , i[f ] and i[P ] indicate the order of the polynomials
qj [f ] ,j [P ] (s, P ) and pi[f ] ,i[P ] (s, P ), respectively. The superscript [f ] or [P ]
indicates whether the order is considered in the frequency or in the input power
dimension. bj [f ] ,j [P ] and ai[f ] ,i[P ] represent the coefficients of the numerator and
the denominator, respectively. To enable an easy calculation, a matrix t is built
that represents the different points of the 2D sample grid (see Fig. 5.2). The
k-th column of t corresponds to the k-th sample point that is defined by a
frequency value jωl and an input power value Pm :
# " #
[f ]
tk
jωl
tk = [P ] =
tk
Pm
"

nl

with

m

=
=

div(k, NP ) + 1
mod(k, NP )

(5.13)

The idea is to construct the orthogonal bases qj [f ] ,j [P ] (s, P ) and pi[f ] ,i[P ] (s, P )
based on an inner product that is measurement data dependent, so that the
orthogonal bases diagonalize the system of normal equations. To do so, a
[f ]
1D basis of orthogonal polynomials ri is calculated first in the frequency
dimension by using a Gram-Schmidt orthogonalization method such as is
described in subsection 4.2.3. The recurrence equations are then given by:
[f ]

[f ]

[f ]

[f ]

[f ]

[f ]

[f ]

[f ]

[f ]

[f ]

ρi (tk )

ri (tk ) =
[f ]

[f ]

(tk − α)ri−1 (tk ) − βri−2 (tk )

ρi (tk ) =

[f ]

(5.14)

[f ]

||ρi (tk )||2
[f ]

[f ]

[f ]

with α =< t[f ] ri−1 (t[f ] ), ri−1 (t[f ] ) > and β =< t[f ] ri−1 (t[f ] ), ri−2 (t[f ] ) >
[P ]

Afterwards, a 1D basis of orthogonal polynomials ri

is calculated in the input

power dimension by using a Gram-Schmidt orthogonalization method such as
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is described in subsection 4.2.3. The recurrence equations are then given by:
[P ]

[P ]

[P ]

[P ]

ρi (tk ) =

[P ]

[P ]

ri (tk ) =
[P ]

[P ]

[P ]

[P ]

[P ]

(tk − α)ri−1 (tk ) − βri−2 (tk )
[P ]

ρi (tk )
[P ]

(5.15)

[P ]

||ρi (tk )||2

[P ]

[P ]

[P ]

with α =< t[P ] ri−1 (t[P ] ), ri−1 (t[P ] ) > and β =< t[P ] ri−1 (t[P ] ), ri−2 (t[P ] ) >
Note that for the calculation of the inner products a weighting has to be taken
into account. To ensure that (WRI Jri )H (WRI Jri ) becomes block diagonal with
Id blocks on the main diagonal in the case of a WLLS, WGTLS or BTLS
estimation, an appropriate choice of the weighting is made to ensure that
the inner product used in the orthogonalization matches the weighting of the
considered cost function. Since the BTLS estimation uses an iterative algorithm
that uses a new weighting in each iteration step, the orthogonal bases are also
iteratively adapted. Once the ML estimation is started, the orthogonal bases
are kept fixed. The final 2D polynomial bases are then found by multiplying
the two 1D bases:
[f ]

[P ]

pi[f ] ,i[P ] (t) = ri[f ] · ri[P ]

5.3.3

(5.16)

Estimation algorithm

To estimate the parameters of the 2D rational model, the ML cost function
KM L should be minimized. In order to take also the dependency on the input
power into account, the ML cost function is now defined by
KM L (θ, Nf NP ) =

Nf NP
X |e(jωk , Pl , θ)|2
X

k=1 l=1

σe2 (jωk , Pl , θ)

(5.17)

Since an output error framework is considered, this cost function can also be
denoted by
KM L (θ, Nf NP ) =

Nf NP
X |Gm (ωk , Pl ) −
X

k=1 l=1

B(jωk ,Pl ,θ) 2
A(jωk ,Pl ,θ) |

σY2 (jωk , Pl )

(5.18)
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This cost function is nonlinear in the parameters θ. Hence a similar approach
as was suggested in chapter 4 should be utilized: a Gauss-Newton like
optimization method is used to find the real-valued parameters θ, that
minimizes the ML cost KM L . To start the Gauss-Newton optimization method,
starting values of “sufficiently high” quality are needed to ensure convergence
to a “good” solution. In order to find these starting values, similar to the
univariate case of chapter 4, a WGTLS and a BTLS step are used. However, the
algorithm should be adapted to allow an estimation in two (or more) variables.
The WGTLS and BTLS estimation step both demand the computation of the
Jacobian of the approximated linearized equation error:
eL (jωk , Pl , θ) = Gm (ωk , Pl )A(jωk , Pl , θ) − B(jωk , Pl , θ)

(5.19)

The Jacobian matrix is then given by


∂eL (jω1 ,P1 ,θ)
∂θ1
∂eL (jω1 ,P2 ,θ)
∂θ1





..


.
 ∂e (jω ,P ,θ)
 L 1 NP

∂θ1
 ∂eL (jω
2 ,P1 ,θ)

∂θ1

 ∂eL (jω2 ,P2 ,θ)

∂θ1


..

.
J(θ) = 
 ∂eL (jω2 ,PNP ,θ)

∂θ1


..

.

 ∂eL (jωN ,P1 ,θ)
f


1
 ∂eL (jω∂θ
Nf ,P2 ,θ)


∂θ1

..


 ∂e (jω . ,P ,θ)
L

Nf

∂θ1

NP

∂eL (jω1 ,P1 ,θ)
∂θ2
∂eL (jω1 ,P2 ,θ)
∂θ2

..
.
∂eL (jω1 ,PNP ,θ)
∂θ2
∂eL (jω2 ,P1 ,θ)
∂θ2
∂eL (jω2 ,P2 ,θ)
∂θ2

..
.
∂eL (jω2 ,PNP ,θ)
∂θ2

..
.
∂eL (jωNf ,P1 ,θ)
∂θ2
∂eL (jωNf ,P2 ,θ)
∂θ2

..
.
∂eL (jωNf ,PNP ,θ)
∂θ2

···

···
..
.
···
···

···
..
.
···
..
.
···
···
..
.
···

∂eL (jω1 ,P1 ,θ)
∂θNθ
∂eL (jω1 ,P2 ,θ)
∂θNθ







..


.

∂eL (jω1 ,PNP ,θ) 

∂θNθ

∂eL (jω2 ,P1 ,θ) 
∂θNθ

∂eL (jω2 ,P2 ,θ) 

∂θNθ


..

.

∂eL (jω2 ,PNP ,θ) 

∂θNθ


..

.

∂eL (jωNf ,P1 ,θ) 


∂θNθ

∂eL (jω2 ,P2 ,θ) 

∂θNθ

..


.

,θ)
∂e (jω ,P
L

Nf

NP

∂θNθ

(5.20)
Note that the kth row of the Jacobian corresponds to the kth sample point tk
as is defined by equation (5.13). When compared with the Jacobian for the
1D case (see equation (4.16)), the dimensions of the Jacobian are increased
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(from Nf × Nθ in the 1D case towards Nf NP × Nθf NθP in the 2D case).
Hence the weighting matrices W and C should be sized accordingly. The
left weighting matrix W is a diagonal matrix that influences each row of J
separately and allows to introduce a sample-point-dependent weighting of the
residuals. The right weighting matrix C ensures that the column covariance
1/2
matrix is proportional to INθ . Therefore C = CovW J is chosen. This matrix
weighs each row of J, and hence, will not introduce a sample-point dependent
weighting of the residuals. Similar to the 1D case, the Jacobian J and the
residual vector R, but also the weighting matrix W are split up in real and
imaginary parts to ensure that the solution θ is real. This is respectively done
by operation (4.18) and operation(4.29).
Once starting values of “sufficiently high” quality are obtained, a Newton-Gauss
method can be used to estimate the ML solution.

5.3.4

Application: A parametric metamodel for a power
amplifier

The measurement setup
In this particular application, the dynamic nonlinearity of a microwave Power
Amplifier (PA) will be modeled as a function of both the frequency and the
power of the excitation signal. The difference between the full blown BLA
measurement setup [Van 09] and the setup used here and shown in Fig. 5.11
is that the large excitation signal that is used to set the operating point of
the non-linearity is a sinewave rather than a multisine signal. This choice has
been imposed by limitations of the measurement setup that was available at
test time. The measurement of the frequency response of the DUT is obtained
by injecting a small probing sinewave signal through port 1 of the Performance
Network Analyzer (PNA) (see Fig. 5.11). The power level of this signal is to be
selected such that its influence on the operating point of the nonlinear device
is negligible. This hypothesis can easily be verified: the measured frequency
response that is obtained for small, but different probing levels and for the
same large excitation signal should be equal up to the uncertainty of the
measurements. This has been checked and imposed for the power levels that
were applied during the experiments.
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MRFIC2006

HP83650B

PA

1

PNA

2

E8364B

Figure 5.11: Scheme of the measurement setup.

Description of the experiment
The MRFIC2006 Power Amplifier from Motorola [Moto 98] is used as a DUT
for this experiment. The supply voltages of this amplifier are 1V for Vcc1 that
is used to bias the first amplification stage and 4V for Vcc2 that is used to bias
the second amplification stage (see Fig. 5.12). Note that the supply voltages
are chosen different from what is suggested in the application note [Moto 98] in
order to enhance the input power dependency. The amplifier has been excited
by a large sinewave signal, the so called pump signal, with a frequency of 1GHz
to set the operating point of the nonlinearity. The power of this signal has been
swept in order to measure the frequency response of the amplifier over a power
range that extends from −14dBm to 4dBm in steps of 0.6dBm. This sinewave

signal is generated by an HP83650B signal generator and fed to the amplifier
through a power splitter. An E8364B Performance Network Analyzer (PNA)
was used to measure the S21 transfer function of the device under test. The
device injects the small (−20dBm) probing signal in a frequency range from
300M Hz to 1700M Hz with a frequency resolution of 1M Hz. Due to the rather
modest frequency selectivity of the detectors of the PNA, the measured small
signal response cannot be measured accurately for frequencies in the vicinity
of the frequency of the large sinewave signal. For this reason, the behavior of
the amplifier is not measured in a frequency band of 400M Hz centered around
the frequency of the pump signal. One of the advantages of the frequency
domain approach is that this unequally spaced frequency grid poses little or no
problems to the estimation procedure. Of course, if sharp resonances were to
be expected in the unmeasured frequency band, under-modeling may result. In
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order to estimate the sample variance of the noise measurements, 10 repeated
measurements were performed. The sample variance is then plugged in the
MLE instead of the real unknown noise variance.

+Vcc1

+V cc2

IN

OUT

– V cc1

– V cc2

Figure 5.12: Supply voltages of the Motorola MRFIC2006.

Calibration of the experiment
The proposed measurement setup has the disadvantage that the power splitter
and the sine source are located in between the wave reflectometers of the PNA
(see Fig. 5.11) and the DUT. This implies that even a minimal change in the
setup of the source will automatically require a recalibration of the complete
measurement setup. Instead of one single SOLT calibration [Hewl 86], as
much as 31 calibrations were needed to obtain corrected measurements. This
disadvantage can be avoided when measurements are done with a different
Vectorial Network Analyzer (VNA) for which the additional source can be put
outside the wave reflectometers.

Estimating a parametric model starting from the measurement data
By measuring the S21 parameter for every chosen frequency fk and input power
Pl , one gets one complex value of the transfer function for each power/frequency
combination. Since this linearizes the input-output behavior of the RF amplifier
under the considered operation condition (i.e. a large sinewave excitation signal
is used to set the operating point of the nonlinearity), this gives a nonparametric
meta-BLA-like model:
Gm (fk , Pl ) =

Y (fk , Pl )
= S21 (fk , Pl )
U (fk , Pl )

(5.21)

5.3 Estimating a parametric metamodel

145

Although this nonparametric metamodel is not a meta-BLA in the strict sense,
it is also a linearization that is calculated from FRF measurements. The
difference with the nonparametric meta-BLA in the strict sense, is that the
obtained model is found by measuring the FRF of the amplifier when excited by
a sinewave signal instead of with a Gaussian noise-like signal. As a consequence,
the utilized measurement method does not allow to get information about
the nonlinear noise contributions. In this section we will illustrate that it is
possible to obtain a full-parametric metamodel from this type of nonparametric
metamodel by using the method which is explained in the previous subsections.
Since this is possible, it is reasonable to assume that the method can also
be used to obtain a parametric meta-BLA starting from a nonparametric
meta-BLA.
The nonparametric meta-BLA-like model is shown in Fig. 5.13 and represents
the input-output behavior of the amplifier under test for the measured
frequencies and input power range. Starting from this measurement data, a
parametric meta-BLA-like model will be estimated as is explained in section 5.3.
[f ]
[P ]
[P ]
[f ]
The orders (Op ,Op ) and (Oq ,Oq ) of this parametric model are chosen
equal to 8 for the frequency dependency as well as for the input power
dependency. When a lower order is chosen, the model cannot explain all the
measured dynamics. For higher orders, the estimated model will also capture
a part of the noise disturbances in the model. Furthermore, higher orders
result in unstable models over the considered power and frequency range. For
these reasons, a proper selection of the model order is needed. This will be
discussed in the next topic. The estimated parametric metamodel G(jω, P, θ)
is represented in Fig. 5.14.
Model Validation
Since an output error noise framework is assumed, a stochastic based test can
be used to determine if the model is valid or not. The appropriate method to
validate the estimated model is to calculate the residuals ek,l = G(jωk , Pl , θ) −
Gm (jωk , Pl ). Afterwards, the 2-norm of the residuals over the frequencies is
taken (this gives a surface that is represented in Fig. 5.15) and compared to the

95% uncertainty level. When circular complex distributed noise is assumed, it
√
can be proven that the 95% uncertainty level corresponds to the 3σ level,
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Figure 5.13: Amplitude and phase of the (measured) nonparametric metamodel
(fk ,Pl )
Gm = S21 (fk , Pl ) = YU (f
.
k ,Pl )
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Figure 5.14: Amplitude and phase of the parametric metamodel G(jω, P, θ).
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|G−Gm|
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Figure 5.15: The 2-norm of the difference between the parametric and the
nonparametric metamodel G(jωk , Pl , θ) − Gm (ωk , Pl ), also called the residuals
ek,l , evaluated in the sample grid points (fk , Pl ).

where σ 2 (fk , Pl ) is the variance of the measurements for a given frequency
fk and a given input power Pl . Since also the calibration errors have to be
taken into account, this estimate follows the lines of the method explained
that is explained in [Vand 09]. This residual analysis gives an idea about the
quality of the obtained parametric model. This is the major advantage of this
procedure.
Note that over the complete spectrum of power values and frequencies, the
√
3σ level is also a surface. However the validation is here illustrated for a
√
certain power slice to simplify the interpretation, since the 3σ level and the
2-norm of the residuals can then be represented by a line. In Fig. 5.16, the
√
parametric model, the nonparametric model, the residuals and the 3σ level
are represented for a high input power of the considered power range, namely
an input power of 2.2dBm. For the obtained model and the considered power
√
slice, 83% of the residuals lie beneath the 3σ surface. In Fig. 5.17a, the
√
parametric model, the nonparametric model, the residuals and the 3σ level
are represented for a low input power of the considered power range, namely
an input power of -6.2dBm. In this case, only 58% of the residuals lie beneath
√
the 3σ surface. When the model order has been chosen equal to 15 for
the frequency dependency and equal to 8 for the power dependency, 83% of
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Figure 5.16: The represented input power slice is for an input power of 2.2dBm.
[f ]
[P ]
[f ]
[P ]
The chosen model order is np , np = 8 and nq , nq = 8. The gray asterisks
represent the nonparametric metamodel Gm , the thick black solid line shows
the parametric metamodel G(jω, P, θ). The gray crosses represent the residuals
between the nonparametric
and the parametric model, and the black dotted
√
line shows the 3σ level.
√
the residuals will lie beneath the 3σ level (see Fig. 5.17b). However, this
estimated model is no longer stable: some of the poles lay in the right half of
the Laplace plane. Furthermore one can notice that the unstable pole can be
perfectly or almost perfectly cancelled by a zero, indicating that the model order
can be lowered without significant changes in the model behavior. Fig. 5.18
shows that pole/zero cancellation is possible for three conjugated pole/zero
pairs. This explains that the parametric model order can at least be lowered
by 6.

5.4

Model implementation in Verilog-A

To enable the use of the parametric approximate metamodels in commercial
simulators, these models can be described in Verilog-A. This language is often
used to describe behavioral models of analog systems and can be used in many
different simulators such as SpectreRF R or ADS R . These simulators are in
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Figure 5.17: The gray asterisks represent the nonparametric metamodel Gm ,
the thick black solid line shows the parametric metamodel G(jω, P, θ). The gray
crosses represent the residuals between the nonparametric
and the parametric
√
model, and the black dotted line shows the 3σ level. Note that input power
slices of the models are considered for an input power of −6.2dBm.
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Figure 5.18: The parametric metamodel G(jω, P, θ) (for a chosen model order:
[f ]
[P ]
[f ]
[P ]
np , np = 15 and nq , nq = 8), evaluated for an input power of 3.4dBm, has
been parametrized in pole (represented by a cross) and zero (represented by a
circle) locations.

fact algebraic and differential equation solvers. Hence the task is to write our
metamodel in the form of a set of algebraic and differential equations.
In this section we will show that it is indeed possible to rewrite the metamodels
to implement them in these commercial simulators. The metamodels that we
consider are rational forms in two variables: the generalized frequency variable
s = jω and the input power P . Furthermore, these rational forms are expanded
in an orthogonal basis. To show how this kind of a model can be translated
into a Verilog-A description, we will first start from a simple model structure
and gradually increase the complexity of the model structure.
The goal of this section is not to give the complete code for the
Verilog-A description of the estimated parametric metamodel obtained in
subsection 5.3.4, but to show around which lines this Verilog-A description
can be obtained and implemented in the simulators for this and similar similar
parametric metamodels.
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5.4.1

Verilog-A for
representation

a

power

polynomial

model

Assume that the considered parametric model is based on a power polynomial
model:
Y
(5.22)
= a0 + a1 s + a2 s2 + . . .
G(s) =
X
Here, X and Y represents respectively the spectrum of the input and the output
signal. a0 , a1 , a2 , . . . are the estimated parameters of the considered model.
It is now possible to rewrite this equation into its equivalent input/output
description:
Y = (a0 + a1 s + a2 s2 + . . .)X

(5.23)

We can translate this frequency domain representation into a time domain
representation to obtain a differential equation:
y = a0 + a1
Here,

d.
dt

dx
d2 x
+ a2 2 + . . .
dt
dt

(5.24)

represents the first derivative with respect to the time.

This equation can be solved by the considered simulators. To implement
it, the signals x and y are represented as ‘nodes’, since in Verilog-A code
a node represents a (physical) electric quantity [Cade 01]. The estimated
parameters [a0 , a1 , . . .] are represented by ‘numbers’, which have real values.
The simulators that solve these differential equations do not allow the use of
higher orders derivatives directly. Hence, higher order derivatives need to be
implemented by internal nodes. For this reason we have to create extra nodes:
x0 = x, x1 =

dx0
dx1
, x2 =
,...
dt
dt

(5.25)

Equation (5.24) can now be rewritten as a function of these internal nodes:
y = a0 + a1 x1 + a2 x2 + . . .

(5.26)

This is then the equation that will be solved by the simulator. A translation
to Verilog-A syntax is now quite easily performed. Since this is not the aim of
this section it is not discussed here.

5.4 Model implementation in Verilog-A

5.4.2
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Verilog-A for a rational power polynomial model
representation

Assume that the considered parametric model is based on a rational power
polynomial model:
G(s) =

b0 + b1 s + b2 s2 + . . .
Y
=
X
a0 + a1 s + a2 s2 + . . .

(5.27)

It is now possible to rewrite this equation into the input/output description:
(a0 + a1 s + a2 s2 + . . .)Y = (b0 + b1 s + b2 s2 + . . .)X

(5.28)

We can normalize this equation and define new real numbers:
ã1 =

a1
a2
b1
b2
, ã2 = , . . . , b̃0 = , b̃2 = , . . .
a0
a0
a0
a0

(5.29)

and rewrite equation (5.28) as follows:
(1 + ã1 s + ã2 s2 + . . .)Y

=

(b̃0 + b̃1 s + b̃2 s2 + . . .)X

Y

=

(b̃0 + b̃1 s + b̃2 s2 + . . .)X

(5.30)

2

−(ã1 s + ã2 s + . . .)Y
We can translate this frequency domain representation into a time domain
representation to obtain a differential equation:
y = b̃0 + b̃1

d2 x
dy
d2 y
dx
+ b̃2 2 + . . . − ã1
− ã2 2 − . . .
dt
dt
dt
dt

By creating the internal nodes x0 = x, x1 =
dy0
dt , y2

=

dy1
dt , . . .,

dx0
dt , x2

=

dx1
dt , . . .

(5.31)

and y0 = y, y1 =

we can now rewrite equation (5.31) as:

y = b̃0 + b̃1 x1 + b̃2 x2 + . . . − ã1 y1 − ã2 y2 − . . .
This is then the equation that will be solved by the simulators.

(5.32)
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Verilog-A for a 2D rational power polynomial model
representation

Assume now that the considered parametric model is based on a rational power
polynomial model in 2 variables, the frequency variable s = jω and the input
power P :
G(s, P ) =

Y
b00 + b01 P + b10 s + b11 sP + . . .
=
X
a00 + a01 P + a10 s + a11 sP + . . .

(5.33)

It is now possible to rewrite this equation to separate the dependency on the
input power and the dependency on the frequency variable:
Y =

(b00 + b01 P + . . .) + (b10 + b11 P + . . .)s + . . .
X
(a00 + a01 P + . . .) + (a10 + a11 P + . . .)s + . . .

(5.34)

We can define new real numbers:
α0

= a00 + a01 P + . . .

α1

= a10 + a11 P + . . .
..
.

β0

= b00 + b01 P + . . .

β1

= b10 + b11 P + . . .
..
.

(5.35)

and then rewrite equation (5.34) as follows:
Y =

β0 + β1 s + . . .
X
α0 + α0 s + . . .

(5.36)

Hence, we face again in an equation that is similar to equation (5.28) in
subsection 5.4.2.

5.4.4

Verilog-A for a 2D rational orthogonal polynomial
model representation

Assume now that the considered parametric model is based on a rational
orthogonal polynomial model in 2 variables, the frequency variable s = jω
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and the input power P :
b0,0 q0,0 (s, P ) + b0,1 q0,1 (s, P ) + b1,0 q1,0 (s, P ) + b1,1 q1,1 (s, P ) + . . .
Y
=
X
a0,0 p0,0 (s, P ) + a0,1 p0,1 (s, P ) + a1,0 p1,0 (s, P ) + a1,1 p1,1 (s, P ) + . . .
(5.37)
Here, qi,j (s, P ) and pi,j (s, P ) are the orthogonal polynomials of the numerator
and the denominator, respectively. i and j indicate the order of the considered

G(s, P ) =

polynomial in the frequency or the power dimension, respectively.
By rolling out the recurrence equation, a new node for each orthogonal
polynomial of order i, j can be defined, and hence the model can again be
rewritten under the form of equation (5.28).

5.5

Conclusions

Approximate models like the BLA and the BBLA are only valid for one certain
value of system and/or signal parameters that set the “operating point” around
which the approximation is made. When we want to approximate the behavior
of a system for a pallet of system and signal parameter values, we will need
to measure/estimate a new approximate model for each new combination of
system and signal parameters.
The set of all these approximate models is called a (nonparametric) metamodel.
Such models can contain a huge number of data points (model parameters),
that grows exponentially with the number of considered system and signal
parameters. For this reason, different methods that allow to decrease the
amount of model parameters were discussed in this chapter. These methods
result in a semi-parametric or a full-parametric metamodel. These models
are easy to interpret by considering their poles and zeros and are also easy
and cheap to evaluate. Remember however that these models need a lot of
measurement and calculation time.
The estimation methods that are used to obtain these models were illustrated
for a system for which we want to extract a model that is capable to track
the frequency dynamics as well as the dynamics caused by an input power
that changes at a quasi-static rate. The method to obtain a semi-parametric
metamodel was already suggested in [Vand 05, De L 06], and is here explained
for a simulated mixer example to illustrate that this method is also applicable
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for PICPO systems. A (novel) method to estimate a full-parametric metamodel
is illustrated for a commercial amplifier example. In both cases the models are
capable to predict/explain the behavior of the considered system up to a certain
chosen uncertainty level.
In the future, this method can be extended to model dynamics that are caused
by multiple system and signal parameters such as the input impedance, output
impedance, ... The proposed method assumes that the input power dependency
is static, or that the input power changes at a quasi-static rate. Future
research should explain how this assumption can be circumvented. Important
improvement for the proposed methods can be obtained by designing a
well-considered experiment design strategy. At this moment we have chosen for
an equidistant sampling grid in the 2D feature space. However, measurements
in certain regions of the measurement range will give more information than
measurements in other regions, since they reduce the uncertainty on the
estimate. By carefully choosing the measurement points, it is possible to lower
the measurement count and hence the calculation time.

5.6

Existing

methods

and

personal

contributions
My major personal contributions for this chapter are:
• The extension of metamodels for measurements.
• The extension of an existing technique to obtain high-level models, so that
this technique can also be used to obtain semi-parametric metamodels for
mixers.

• Obtaining interpretable metamodels. To do so, first, the concept of 2D

(or multidimensional) rational models is given. Then, the MLE technique
is extended to a 2D identification method. In the end, a 2D parametric
BLA (or BBLA) metamodel is obtained.

• A method to obtain orthogonality in 2 dimensions for the calculations
of the identification procedure, what allows to obtain a better numerical
conditioning of the identification problem.

Chapter 6

Conclusions and further
research

Lets return to the original problem that was stated in chapter 1. Consider that
a telecommunication system designer wants to design a performant transceiver.
His dream tool is a simulator that contains simple, accurate and widely
applicable models for the different RF components that compose the transceiver
chain. Up to now, most pre-existing models are either not accurate enough or
too complicated or too restricted in application range. With this work, we
have shown that it is possible to obtain idealized models for filters, amplifiers
and mixers that are easy to interpret and lift many of these restrictions.
Furthermore, all the obtained models come together with an uncertainty level,
that allows to assess how good the model describes the system’s behavior. This
offers the kind of models our telecommunication system designer was asking
for. However, this is only the beginning of the story, as the proposed models are
mainly a proof of concept rather than a ready to use set of tools, and the path
to be walked to obtain the dream tool is still long. In the next subsections, the
conclusions and contributions of this work are discussed, put into perspective
and a path for their extension is proposed.
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Conclusions and contributions of this work

In this work, we succeeded in developing methods to extract approximate
(black-box) models for linear and nonlinear systems that have the following
properties:
1. The models can be estimated starting from measurement data or
simulation data.
Hence, no a priori information is needed about the internal structure of
the system under test.
2. The models are widely applicable.
To obtain this, we start from “best” linear models and relaxed the
assumptions for these models. Several different constraints are considered
here:
• Widening the class of systems.

BLA models are only valid for PISPO systems. In this work, we
propose a model that is similar to the BLA in the way that it is
an idealized model, but that is valid for PICPO systems. Hence,
the idea of “best” idealized models can be used for a wider class of
systems, i.e. for PISPO systems and for PICPO systems.

• Making the signal- and system conditions less restrictive.

Approximate “idealized” models are only valid for the ‘operating’
point around which the idealization is made. This ‘operating’ point
is set by a combination of different signal and system parameters
(e.g. input power, impedance, bias, etc.). Each time the value of
one of these parameters changes, the “idealized” model is different.
Hence, the applicability of each separate model is limited. In this
work, we show that the proposed metamodels not only approximate
the behavior of a system for 1 value of the input power, but for a
range of input powers. These “idealized” models are hence valid for
a whole range of operating points.

3. The models are easy to interpret.
Since the engineers that extract the models and the system designers that
use the models are all raised in the linear framework, we have chosen very
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consciously for approximate “idealized” models instead of full nonlinear
models, as they remain closer to the users’ intuition.
Furthermore, we made the link between the approximate “idealized”
models and the existing generally used system properties. For PISPO
systems, the link was already made between the BLA and the FRF.
For PICPO systems, we illustrated the connection between the BBLA,
the Conversion Loss (or Gain), the Conversion S-parameters and the
Conversion Function.
For the parametrized models we have chosen for a rational model. These
parametric models are then easy to interpret in terms of poles and zeros.
4. Obtaining more accurate and more complete models.
The proposed approximate “idealized” models are more accurate and
complete then the existing classical models, since they take into account
the nonlinear distortions of the system under test (SUT). Furthermore,
the proposed models approximate the ‘true’ behavior of the SUT in least
squares sense.
5. The models can be validated.
All the proposed approximate idealized models are obtained together
with the uncertainty on the model. The validation can then be made
by comparing the uncertainty on the model with the wishes of the user.

6.2

Further research

In this research, it has been shown that idealized approximate models can
indeed provide good models over a range of operating conditions for a class of
systems that are excited by random signals. Of course, the idea of modeling
a system by an ideal behavior and a nonlinear perturbation has not yet been
worked out fully. However, these models are and always will be limited by
their fundamental description of the nonlinearities: a bias term for coherent
contributions and a noise source for the incoherent ones. Sometimes, the
applications demand for more. If inverse nonlinearities are to be obtained,
or the behavior of the coherent nonlinear contributions is to be modeled for a
single realization of the signal, these models will always be inadequate. Since
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approximate models are restricted by either the model class or the excitation
signal class, further research is needed to allow for less restrictive assumptions
for the approximate models. If more general models are needed, fully nonlinear
models can help. A lot of additional research is still needed to make these
models accessible to the model user. Underneath I share my personal thoughts
about future research directions that can be pursued in this context.

6.2.1

Extension of the approximate models towards other
types of systems

This thesis shows that the idea of a “best” approximate modeling provides a
lot of opportunities for the modeling of different kinds of system. In this thesis,
the existing “best” linear approximate model (the BLA) is extended towards
the frequency translating Single Input Single Output (SISO) PICPO systems.
Some other classes of systems can also be modeled by some “best” approximate
model (that is neither a BLA nor a BBLA). A non-exhaustive list of different
types of systems that could be modeled using a similar approach is given below.
1. MIMO systems:
In this thesis, the considered systems are assumed to be SISO systems.
However, one needs to use the Multiple Input Multiple Output (MIMO)
approach if the systems are not unilateral and are cascaded or the loading
of one system by the next one needs to be considered. For PISPO systems,
the expansion towards MIMO systems is reported earlier in [Dobr 04]. For
PICPO systems a similar extension is possible and opens a new range of
applications that require integration of the models in simulators.
2. Differential systems:
The systems that are considered in this text, are a special kind of MIMO
systems that are single-ended systems. In practice, more and more
differential systems are used at RF frequencies for on chip implementation
of transceiver systems. Differential PISPO systems can be modeled by
the MIMO best linear approximation [Rola 03] but there is still room for
optimization and need for the study of the limits of the applicability
of the differential/common mode formalism. In reality, a differential
amplifier is never excited with a perfect differential neither with a perfect
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common mode signal. The input signal to extract the best linear behavior
should be chosen such that it covers the mixed differential-common
mode excitation signals to describe the system’s behavior. To allow
for such measurements a 2-channel coherent RF source is needed. For
differential PICPO systems, the extension towards a MIMO BBLA is
still left untouched.
3. (Semi-)autonomous systems:
Beside PISPO and PICPO systems, RF transceiver systems also contain
(semi)-autonomous systems like Voltage Controlled Oscillators (VCOs)
or oscillators. In order to be able to model a complete RF transceiver
chain, it is important to be able to obtain a “best” approximate model
for these devices too. For the “best” approximate model of VCOs, the
idea behind the BLA and BBLA can be extended. A VCO mainly
behaves as an oscillator for which the frequency is set by the applied
voltage. One of the main characteristics is the voltage-to-frequency
transfer that can be described by the idea behind the BLA and the BBLA.
A “best” approximate model can be obtained starting from the ideal VCO
characteristic. In [Rola 07], a method is already proposed that allows
for a direct measurement of the dynamic voltage-to-frequency transfer
characteristic and even the actual waveform of a Voltage Controlled
Oscillator (VCO). Furthermore, in [Rola 08], a fast estimation method
is proposed to estimate the dynamic frequency response of a VCO (when
excited with a sinusoidal perturbation signal). However, a lot of work
has still to be done to obtain a “best” approximate model for VCOs.
All these research topics extend the class of systems for which a “best”
approximate model can be obtained.

6.2.2

Extension of the approximate metamodels so that a
dependency upon multiple (more than 2) variables
is possible

Besides the fact that the class of systems that support a “best” model can
still be extended, “best” approximate models can be further extended to cope
with a wider set of boundary conditions on the operation. This boils down
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in an extension of the set of signals and system parameters. In this thesis
it has already been shown that a 2D meta- “best” approximation allows to
describe the behavior of the system under test as a function of the frequency
variable, and as a function of the input power (a signal variable). Besides the
input power, the “best” idealization can also depend upon other system/signal
parameters. For example, the nonlinear behavior of a system depends upon the
load and source impedance that are presented to the system. As a consequence,
the “best” idealization will depend upon the input impedance Zin and output
impedance Zout of the system. To take this into account, the 2D metamodel
proposed in this thesis is no longer sufficient. To allow this extension, additional
research is needed on different topics.
1. Measuring the FRF/CF given different values of Zin or Zout :
To do so, load pull measurements can be used.
2. Extension towards multidimensional metamodels:
The estimation method used to obtain a parametric model (as is explained
in chapter 5), should be extended towards multiple independent variables.
Extra attention will also be needed for the creation of orthogonal bases
that will be used in the rational model. This is very important since the
number of variables will increase a lot, and the numerical complexity will
also increase accordingly.
3. Extension towards optimal experiment design:
In this thesis, we have chosen for an equidistant sampling grid in
the 2D feature space to obtain the measurements needed to estimate
a 2D metamodel. However, measurements in certain regions of the
measurement range will contain more information than measurements
in other regions, and therefore they reduce the uncertainty on the
estimate more. By carefully choosing the measurement points, it is
possible to lower the measurement count and hence the calculation
time without increasing the model uncertainty significantly. When
the number of considered independent signal and system parameters
increases, “optimized” experiment design will become more important.
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Nonlinear block models based on “best”
approximate models to describe nonlinear systems

When nonlinear systems are modeled by (bi)linear model functions, it can
happen that the ‘true’ system falls outside the model class (see chapter 4).
Hence model errors are unavoidable. A nonlinear block model can be an
attentive evolution. In Fig. 6.1 an example is given of such a block oriented
model, created by a parallel connection of Hammerstein (nonlinear) systems.
To obtain the model parameters, one can start from the BLA (or BBLA) to
initialize the parameters of the linear dynamic part. Afterwards the parameters

u(t)

...

of the static nonlinear part can be calculated. The work performed here can
hence serve as a starting value generator for the identification of these more
complex models.

y( t)

Figure 6.1: An example of a nonlinear block model that is created by a parallel
circuit of Hammerstein (i.e. a static nonlinear part followed by a linear dynamic
part) systems.
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Appendix A

Coherent and incoherent
contributions in the case of
PISPO systems
The goal of this appendix is to give the reader an intuitive comprehension
of coherent and incoherent contributions in the case of PISPO systems. To
do so, the behavior of these different contributions is detailed for an example
of a PISPO system. Afterwards, the obtained insights will help to construct
a similar sorting process for the nonideal nonlinear contributions of PICPO
systems (see appendix B).
Consider now the straightforward dynamic nonlinear system described
by y(t) = g(t) ∗ u3 (t). Consider that this system is excited by a random phase
P5
multisine signal u(t) = k=1 Ak sin (2πk∆f t + ϕk ), containing 5 spectral lines
to keep the number of possible combinations low. Note that all the reasoning
below can be easily extended to higher orders of the nonlinearity and for more
spectral lines in the input signal.
The only contributions that can be created by the considered system are third
order contributions:
Y (ω1 + ω2 + ω3 ) = G(ω1 + ω2 + ω3 )U (ω1 )U (ω2 )U (ω3 )

(A.1)
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In [Pint 01a], it is proven that the output contributions of a PISPO system
can be subdivided into two disjunct sets: the coherent and the incoherent
contributions. To clarify the concept of coherent and incoherent contributions,
we will concentrate on a particular frequency (e.g. k∆f with k = 2) in the
output spectrum. A first classification of the nonlinear distortion components
is hereby made, as one now considers only the products of spectral lines
that contribute to the output at k∆f . After sorting the spectral products,
12 different contributions G(ω1 + ω2 + ω3 )U (ω1 )U (ω2 )U (ω3 ) remain such
that f1 + f2 + f3 = k∆f . The possible contributions that fall on this
frequency in the output spectrum can then further be subdivided depending
on their phase behavior. Consider for example G(2)U (2)U (1)U (−1) and
G(2)U (1)U (5)U (−4). Both factors contribute to Y (2), but the phases of these
spectral terms are behaving very differently: as the first one is equal to ϕ2 and
the second one is equal to ϕ1 + ϕ5 − ϕ4 . The spectral factors whose phase
is equal to the phase of U (ω2 ) behave as if they were a linear contribution as
far as the phase is concerned. As their contribution will always be obtained
at a constant phase offset of ϕ2 , whatever the phase of the input spectral line
is, we will call them coherent contributions. The phase of the second spectral
product will behave very differently. If one considers the presence of a random
signal U , the phase will become a random variable when compared to ϕ2 alone,
and its nature is very different from the linear term. We call this contribution
incoherent, as its phase is unrelated to ϕ2 . The contributions can now be
grouped into two disjunct sets:
1. Coherent contributions YB (2):
G(2)U (2)U (1)U (−1), G(2)U (1)U (2)U (−2), G(2)U (2)U (3)U (−3),
G(2)U (2)U (4)U (−4), G(2)U (2)U (5)U (−5).
2. Incoherent contributions YS (2):
G(2)U (1)U (5)U (−4), G(2)U (1)U (4)U (−3), G(2)U (1)U (3)U (−2),
G(2)U (3)U (4)U (−5), G(2)U (3)U (3)U (−4), G(2)U (4)U (−1)U (−1),
G(2)U (5)U (−1)U (−2).
Since the input signal is a random phase multisine, the phase of each
spectral line U (k) will change randomly and independently over the different
realizations. Coherent contributions such as YB (2) will follow the change in
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phase of U (2) whatever the phases of the other spectral components in the
input signal do. In fact the phase of any coherent contribution YB (2) is equal
to the phase of U (2) when the phase shift due to the filter G is left out, since
∠U (2) + ∠U (k) − ∠U (k) = ∠U (2)

∀k = 1, 2, . . . , 5

(A.2)

Remember that the phases are randomly selected over the different realizations.
This is also illustrated in Fig. A.1. For every realization of the random phase
multisine (represented with a different color: red, orange and yellow) the phase
of U (2) changes randomly, but the phase of any coherent contribution YB (2)
follows this phase change.
At the other side, the phase of the incoherent contributions YS (2) does not
follow the change in phase of U (2), since here
±∠U (k) ± ∠U (l) ± ∠U (m) 6= ∠U (2)

(A.3)

This is also illustrated in Fig. A.2. For every realization of the random phase
multisine (represented with a different color: red, orange and yellow) the phase
of U (2) changes randomly, but the phase of any incoherent contribution YS (2)
does not follow this phase change.
We will now show that these coherent contributions behave similarly to
linear contributions. Consider an LTI system (e.g. y(t) = g(t)u(t)) excited
P5
by the same random multisine signal u(t) =
k=1 Ak sin (2πkt + ϕk ). The
linear contribution that falls on the second frequency in the output spectrum
is then given by Y (2) = G(2)U (2). Although the phase of U (2) changes
randomly over the different realizations of the random phase multisine, Y (2)
is a contribution that follows the change in phase of U (2) and is hence also a
coherent contribution. For PISPO systems, nonlinear contributions are called
coherent when they behave similarly as linear contributions.
For PICPO systems, more in particular for mixers, we illustrate that the
nonlinear contributions in the output are denominated ‘coherent’ if they
are coherent with the ideal contributions, i.e. if they are coherent with the
convolution of the input spectrum and the LO spectrum (see appendix B).
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U ( ωk )

YS ( ωk )

ω2

ω2

ω

(a) Input signal

ω

(b) Nonlinear coherent output

Figure A.1: For every realization of the random phase multisine (represented
with a different color: red, orange and yellow) the phase of U (2) changes
randomly, but the phase of any incoherent contribution YS (2) will not follow
this phase change.

U ( ωk )

YS ( ωk )

ω2

(a) Input signal

ω

ω2

ω

(b) Nonlinear incoherent output

Figure A.2: For every realization of the random phase multisine (represented
with a different color: red, orange and yellow) the phase of U (2) changes
randomly, but the phase of any coherent contribution YB (2) follows this phase
change.

Appendix B

Coherent and incoherent
contributions in the case of
PICPO systems
The goal of this appendix is to extend the concept of coherent and incoherent
contributions to the case of PICPO systems. In appendix A, it is shown that
for PISPO systems a nonlinear contribution is called coherent when it behaves
similarly as the ‘ideal’ (i.e. linear) contribution. In the case of PICPO systems,
the ‘ideal’ contributions are no longer the linear ones, but the contributions
that result from the perfect multiplication of the input signal and the LO
signal (see also subsection 2.2.1). Hence, a nonlinear contribution at the kth
frequency in the output of a PICPO system is denominated ‘coherent’ if it
is coherent with the ideal contribution at this kth frequency, i.e. if it is
coherent with the kth spectral contribution of the perfect multiplier, given
by Y (Ωk ) = U (ωk ) ∗ L(ωLO ).
In this appendix we will prove that the contributions of a mixer can be
subdivided into two disjunct sets: coherent and in coherent contributions. For
PICPO systems, contributions YB (Ωk ) are called coherent when their phase
follows the change in phase of U (ωk ) ∗ L(ωLO ). The contributions YS (Ωk ) are
called incoherent when this is not the case.
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Consider now a PICPO system y(t) = g(u(t), l(t)) together with the following
assumptions:
• The input signal is a random phase multisine signal u(t) =
PN
√1
A cos (2πfk t + ϕk ) (more info about random phase multisines
k=1 k
N
can be found in section 3.3).
• The LO signal is a sinewave signal l(t) = ALO cos (2πfLO t + ϕLO ).

U

– N –1

U ( ωk )

G ( Ωk )

Y ( Ωk )

1 N k

L ( ωl )
L

–L O

LO

l

Figure B.1: The considered nonideal mixer and its excitation signals.
The input signal U and the LO signal L are represented by a 2N vector and a
2 vector of its spectral components, respectively:
U = [U−N , . . . , U−1 , U1 , . . . , UN ]
L = [L−kLO , LkLO ]

(B.1)

with N the highest positive frequency component of the input signal and kLO
the positive frequency component of the LO sinusoid signal (see Fig. B.1).
Note, that the negative as well as the positive part of the spectrum of these
signals has to be taken into account, to ensure that the considered signals are
real signals. It is then possible to form a 2N + 2 vector W of the spectral
components of both the signals:
W = [U−N , . . . , U−1 , U1 , . . . , UN , L−kLO , LkLO ]

(B.2)
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The spectral component at frequency Ψk + Ψl of the output signal Y is given
by:
∞
X
Y [α] (Ψk + Ψl )
(B.3)
Y (Ψk + Ψl ) =
α=1

Here, Y [α] (Ψk + Ψl ) represents the sum of all contributions of degree α on the
(k + l)th frequency in the output spectrum. Such a contribution is obtained
by the product of α spectral components that are selected in the spectra of
the input and LO signal in such a way that the sum of the frequencies of these
spectral components equals Ψk + Ψl . For the completeness, this product is
multiplied with the associated symmetrized frequency domain representation
of the Volterra kernel of degree α, G[α] [Sche 80].
Hence, we consider for each contribution of degree α on the (k + l)th frequency
a set F of α frequencies and the corresponding product Π of the spectra:
= {fi1 , . . . , fiα }
Π = G[α] Wi1 · · · Wiα

nF

(B.4)

In this set F we can split off two frequencies Q, R so that
=
{fi1 , . . . , fiα−2 , Q, R}
[α]
Π = G Wi1 · · · Wiα W (Q)W (R)

nF

(B.5)

In order to know if a contribution of degree α is coherent or not, we must
compare the behavior of this contribution with that of an ideal contribution of
a mixer. We now know that the ideal behavior of a mixer is described by UY∗L .

Translated to the considered frequency in the output spectrum, we can state
that an ideal contribution on the (k + l)th frequency is given by:

Y0 (Ψk + Ψl ) = G0 (Ψk + Ψl ) U (Ψk ) ∗ L(Ψl )

(B.6)

Assuming that the mixer is used either as an upconverter or as a downconverter,
one cane say that:
upconverter:

Y0 (Ψk + Ψl ) = G0 (Ψk + Ψl )U (Ψk )L(Ψl )

downconverter:

Y0 (Ψk − Ψl ) = G0 (Ψk + Ψl )U (Ψk )L(Ψl )

(B.7)

172

B. Coherent and incoherent contributions in the case of PICPO systems

This latter assumption is not really restrictive, since in almost every practical
application, a mixer is used either as an upconverter or as a downconverter. In
general, equation (B.7) can be written as
Y0 (Ψk + Ψl ) = G0 (Ψk + Ψl )U (Ψk )L(Ψl )

(B.8)

In order an output contribution of degree α on the (k + l)th frequency should
be coherent with Y0 (Ψk + Ψl ), the product Π should contain the factors U (Ψk )
and L(Ψl ) and the product of the other factors (Wi1 · · · Wiα −2 ) should be real
for every realization of the random phase multisine. It is now possible to form
two different groups of output contributions of degree α:
1. Contributions for which
nF

=

{fi1 , . . . , fiα−2 , Ψk , Ψl }

[α]

Π = G

Wi1 · · · Wiα −2 U (Ψk )L(Ψl )

(B.9)

is valid. Differently said, in equation (B.5) W (Q) = U (Ψk ), W (R) =
L(Ψl ), Q = Ψ(k) and R = Ψl .
2. Contributions for which
=
{fi1 , . . . , fiα−2 , Q, R}
[α]
Π = G Wi1 · · · Wiα −2 W (Q)W (R)
nW (Q) 6= U (Ψ )
nQ 6= Ψ
k
k
and/or
with
W (R) 6= L(Ψl )
R 6= Ψl
nF

(B.10)

is valid.
The first group of contributions possibly contains coherent contributions of
degree α. The second one only contains incoherent contributions of degree α,
sine here
Π
G[α] Wi1 · · · Wiα −2 W (Q)W (R)
=
(B.11)
U (Ψk )L(Ψl )
U (Ψ + k)L(Ψl )
behaves randomly over the different realizations of U and L.
We will now concentrate on the first group. Assuming that α is an even degree,
we can subdivide this group into two subgroups:
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1. Contributions for which
α−4
2

[α]

Π=G

U (Ψk )L(Ψl )

Y

W (f2t+1 )W (f2t+2 )

t=0

with f2t+1 = −f2t+2 and W (f2t+1 ) = W (f2t+2 )∗

(B.12)

is valid.
2. Contributions for which equation (B.12) is not valid.
The first subgroup contains all the coherent contributions, since for these
contributions all the pairs (W (f2t+1 ), W (f2t+2 )) are complex conjugate and
hence

α−4
2

Wi1 · · · Wiα −2 =

Y

t=0

W (f2t+1 )W (f2t+2 ) ∈ R

(B.13)

for each phase realization of U and L. The other subgroup contains all the
incoherent contributions, since for these contributions not all the remaining
factors can be grouped into pairs (W (f2t+1 ), W (f2t+2 )) that are complex
conjugate and hence
/R
(B.14)
Wi1 · · · Wiα −2 ∈
for each phase realization of U and L.
In the case that α is an odd degree, we are no longer capable to split up the
remaining factors in Π (beside U (Ψk ) and L(Ψl )) into complex conjugate pairs,
since the number of remaining factors is odd. Hence,
/R
Wi1 · · · Wiα −2 ∈

(B.15)

for each phase realization of U and L. All the contributions of this group are
consequently incoherent contributions.
To conclude, we can state that for all the output contributions of an even
degree αeven at the (k + l)th frequency, the contributions can be split up into
contributions that are either coherent with the ideal contribution Y0 (Ψk +Ψl ) or
incoherent. All the output contributions of an odd degree αodd at the (k + l)th
frequency are incoherent with the ideal contribution Y0 (Ψk + Ψl ).
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