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Notation
Symbols
u, u
y, y
ŷ
f
IN
a, b, . . .
a, b, . . .
A, B, . . .
A, B, . . .
m, n
vec A , vec A
kak
kAkF
JA,B,CK
a·b
(A)†

Input of a system
Output of a system
Modeled output of a system
Coupled nonlinear function
The identity matrix of dimensions N ⇥ N
Real numbers, elements of R
Vectors
Matrices
N-way tensors
Natural numbers, elements of N
Vectorized version of the matrix A, or the tensor A
Outer product
Euclidian norm of the vector a
Frobenius norm of the matrix A
The third order tensor which factors are
the matrices A, B and C
Khatri-Rao product
The scalar product of the vectors a and b
Pseudo-inverse of the matrix A
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Acronyms
ALS
BLA
CP
DC
DUT
i.i.d.
IIR
LTI
MIMO
NL
NARMAX
NARX
OLS
PNLSS
SISO
SLRA
SNL
SVD
RMS

Alternating Least Squares
Best Linear Approximation
Canonical Polyadic
Direct Current
Device Under Test
independent identically distributed
Infinite Input Response
Linear Time Invariant
Multi-Input-Multi-Output
NonLinear
Nonlinear AutoRegressive Moving Average
model with eXogenous inputs
Nonlinear AutoRegressive model
with eXogenous inputs
Orthogonal Least Squares
Polynomial NonLinear State-Space
Single-Input-Single-Output
Structural Low-Rank Approximation
Static Nonlinear
Singular Value Decomposition
Root Mean Square
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1.1

General context of this thesis

The general context of this thesis is the field of nonlinear dynamical system identification. First, the vast field of dynamical system identification
is outlined. Then, the subfield of nonlinear system identification is introduced.
Dynamical system identification is the art to create appropriate
models, starting from the measurements of the inputs and outputs of
a physical but unknown dynamical system. Based on these measured
signals, a mathematical model of this system is searched for, which aims to
predict the system’s output as a function of its input, and which may o↵er
physical interpretation of the studied system. Mathematically, the model
can be represented as a di↵erential or di↵erence equation, respectively in
continuous or discrete time. As measured signals are usually digitized, we
focused our attention to discrete time models.
Furthermore, models can be categorized into the two following categories:
1. A model can be non-parametric, whenever the model structure is not
specified a priori, but it is determined from the data. For example,
the impulse response of a linear model (see further) can be used as
a non-parametric model.
2. A model can be parametric, if its model structure and the number of
parameters is defined before the modeling stage. During this modeling stage, these parameters are then tuned based on the measured
data. As the parametric models generally o↵er better intuitive insights on the studied system, we focused our attention on the study
of parametric models.
In this thesis, we focus our attention to the subfield of nonlinear dynamical system identification that considers mathematical models, in
which the underlying equations are nonlinear in the inputs. These nonlinear models can, in theory, better capture the nonlinear e↵ects of the world
surrounding us, as opposed to their countersides, the linear models, which
underlying equations are linear. However, nonlinear models can generally
be far more complex than linear models, and in some cases, even result in
difficult or impossible computations. Furthermore, large nonlinear models
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may become difficult to intuitively or physically understand, compared to
the simpler linear models.

1.2

Central research questions

The current research belongs to this general framework of nonlinear system identification and its complex discrete-time parametric nonlinear dynamical models. In detail, we have considered the following research question throughout this thesis:
Q1 : How is it possible to construct a simpler nonlinear model
than the currently available nonlinear models, which approximates a given complex nonlinear model well?
Two portions of this research question are detailed below:
1. Referring to a simpler nonlinear model : instead of considering linear
approximations of a given nonlinear model, we focused our attention
to create nonlinear approximated models. These nonlinear approximations combine the modeling power of nonlinear models and reduce
the complexity in the approximation.
2. Referring to approximates a given complex nonlinear model well :
in the context of dynamical models, several possible approximation
criteria can be formulated, by defining di↵erent cost functions. The
cost functions can vary depending on the case and may have a big
impact on the modeling process. In this thesis, these cost functions
are generally defined in terms of the modeled output, and are stated
for the considered models.
The research question Q1 stated above is very general and points the
general research direction of this thesis. However, because nonlinear modeling is a vast field, we have focused our attention to the following three
types of nonlinear models:
1. the block-oriented models,
2. the nonlinear autoregressive models with exogenous inputs (NARX
models),
3. the nonlinear state-space models.
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Each of these model types can be modeled with the state-of-the-art techniques, and their models contain a so-called static coupled nonlinear
function. Such a coupled nonlinear function can be simplified (research
question Q1 ) by replacing the coupled function by a so-called structured
decoupled function. A few state-of-the-art techniques have been proposed [25, 89, 90], and they inherently use (multi-) linear algebra techniques at their core. However, even though the available decoupling techniques look very promising, they were developed in a mathematical context, and a generalization to measurements and applications is the next
step forward. For the reasons detailed in Chapter 2, we have focused our
attention to the promising tensor-based decoupling approach, which considers the first-order derivatives of the coupled nonlinear function [25, 26].
Therefore, the general research question Q1 can be reformulated in
more detail, as follows:
Q2 : For the three nonlinear model types described above, how
is it possible to generalize the existing tensor-based decoupling
method in application contexts with real-life measured data?
Every chapter of this thesis tries to answer to both the general research
question Q1 and the detailed research question Q2 .

1.3

Overview and outline of this thesis

This thesis gives an in-depth overview of proposed solutions for the approximated decoupling problem for coupled nonlinear functions. With the
mathematical multidimensional arrays of scalars at its heart, this thesis
tries to bridge mathematical solutions to practical engineering applications in the context of nonlinear system identification.
For the static nonlinearities, we focus our attention in this thesis to
(coupled multivariate) polynomials of degree three as nonlinearities, for
the following three reasons:
1. polynomials are popular building blocks of models, as they can approximate smooth functions arbitrarily well,
2. estimating polynomial models is a problem which is linear in the
parameters,
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3. polynomials of degree three contain all the building blocks to approximate even and odd nonlinear behavior.
Apart from Introduction (Chapter 1) and Preliminaries (Chapter 2),
this thesis is organized into two general parts, as follows (Figure 1.1):
1. Part I discusses the decoupling technique on the block-oriented models, which is a type of gray-box models. Chapter 3 generalizes the
decoupling method [25] by incorporating a weight matrix during
the tensor decomposition process. Further, Chapter 4 applies our
proposed weighted decoupling method on several numerical examples. Finally, Chapter 5 shows a full identification process, from
measurements to decoupled model.
2. Part II surveys decoupling methods for black-box models. First,
Chapter 6 proposes a technique for reducing the number of parameters of structured nonlinear models. Then, Chapter 7 discusses
approaches to decouple NARX models. Finally, Chapter 8 gives an
overview of decoupled nonlinear state-space models, identified with
real-life measurements.
In Chapter 9, general conclusions of this thesis are summarized, and possible future work paths are proposed.

1.4

Contributions in this thesis

In this PhD thesis, the state-of-the-art techniques for decoupling multivariate polynomials have gone forward with our contributions. These
contributions can be summerized as follows:
• Construction of the weighted Canonical Polyadic Decomposition,
with a rank-deficient weight matrix (Chapter 3).
• Analysis of the limitations in the noisy case of the former state-ofthe-art decoupling method [25] (Chapter 4).
• Decoupling noisy multivariate polynomials in the context of blockoriented system identification, with several possible weight matrices
(Chapters 4 and 5).
• Approximation and reduction of decoupled nonlinear models by simpler decoupled models (Chapter 6).

6

1. Introduction
2. Preliminaries
Part I: Gray box modeling

Part II: Black box modeling

3.

Decoupling noisy polynomials

6.

Parameter reduction

4.

Numerical examples

7.

Decoupling NARX models

5.

Identification of parallel WH

8.

Decoupling NL state-space models

9. Conclusions and future work
Contributions in this thesis

Figure 1.1: This thesis consists of two general parts, each considering di↵erent nonlinear model types. Block-oriented
models are examples of the more general framework of gray-box models and their decoupled identification process will be
covered in Part I. NARX models and nonlinear state-space models are examples of black-box models and will be identified
and decoupled in Part II.
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• Reducing the number of parameters of NARX models, by comparing
two matrix decomposition methods (Chapter 7).
• Adding a polynomial constraint during the tensor decomposition,
imposing a polynomial structure (Chapters 7 and 8)
• Decoupling multivariate polynomials in the context of nonlinear
state-space identification (Chapter 8).
• Addition of a smoothness constraint for decoupled representation
with a large number of decoupled branches (Chapter 8).
• Application of our proposed decoupled methods on real-life measurements (Chapters 7 and 8).
In conclusion, this thesis gives a broad overview of our analysis and contributions for the decoupling problem of multivariate polynomials, in the
context of noisy simulations and measurements.

8
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The general introduction of Chapter 1 surveyed the general context and research questions of this thesis. However, as the work in this di↵erent is
mathematical in essence, a more detailed and technical overview is needed.
This chapter presents the mathematical details used extensively, and it is organized as follows: Section 2.1 presents the world of tensors, which lies at
the core of almost every algorithm of this thesis. Further, Section 2.2 gives a
detailed overview of the field of nonlinear system identification and focuses on
the three nonlinear model types considered in this thesis. Finally, Section 2.3
relates the decoupling problem of coupled nonlinearities to existing literature
and earlier work.

2.1

Tensors and tensor decompositions

In many scientific and engineering fields, multilinear algebra is becoming
increasingly important. General overviews of this field can be found in
the excellent works [16, 17, 31, 41, 44, 61, 62, 83, 85].
Multilinear algebra studies properties of so-called tensors, which are
multidimensional arrays of numbers. For example, the tensor in three
dimensions
A = [A(i, j, k)]
i=1,...,I

j=1,...,J ,
k=1,...,K

with I, J, K 2 N, consists of an array of two-dimensional matrices stacked
together (Figure 2.1). As it is customary, tensors of at least three dimen-

A=

Figure 2.1: In this thesis, a tensor specifies a multidimensional array
of numbers. Three-dimensional tensors can be represented by a box
and will be used throughout this work.
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sions (order three or larger) are noted with a scripted letter, for example A, B, C, . . . Matrices, which can be viewed as tensors of order two, are
written as boldface capital letters A, B, C, . . ., while boldface lowercase
letters represent vectors, such as a, b, c, . . . Lowercase non-bold letters
stand for scalars, for example a, b, c, . . .
In this thesis, the properties of the normed vector space of tensors are
used, with the element-wise sum of tensors of equal dimensions, and the
scalar product of a scalar and a tensor. The norm of a tensor is usually
defined as the so-called Frobenius norm
v
u I J K
uX X X
kAkF = t
a2ijk ,
i=1 j=1 k=1

for a three-way tensor A of dimensions I ⇥ J ⇥ K consisting of the element aijk at the position (i, j, k). Accordingly, the Frobenius norm is
equivalent the Euclidean norm of the vectorized tensor,
kAkF = vec A

,

where vec A is created by stacking the vertical fibers of A on top of
each other. These fibers are the higher-order analogue of matrix rows and
columns, and are defined by fixing every index except one [41]. Although
the specific order of the vertical stacked fibers is unimportant as long as
it is chosen consistently throughout the thesis, we have chosen the same
order as the one given with MATLAB’s command A(:).
A core concept used throughout this work is the decomposition of a
tensor into a sum of rank-one tensors. Although this concept can be
defined for tensors of arbitrary dimensions, we will restrict the following
definitions for the third-order case, as only tensors up to order three are
used throughout this thesis. However, many general recent overviews
about tensors and their decompositions are available in the literature [16,
17, 31, 41, 44, 61, 62, 83, 85].
A third-order tensor A 2 RI⇥J⇥K is said to be of rank one, if it can
be written as the outer product of three vectors ( indicates the outer
product):
A = a b c.
On the level of the tensor elements, every element of a rank-one tensor
can be written as the product of the corresponding vector elements (Fig-
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ure 2.2):
A(i, j, k) = ai bj ck .

Inherently, a tensor of rank one consists of less degrees of freedom than a
general tensor: the former is dependent on I+J +K 2 parameters (scaling
invariances should be taken into account), while the latter on IJK.
c

=

A=

b

a
Figure 2.2: A tensor A is said to be of rank one, if it can be written as
the outer product of three vectors a, b and c. In this case, the element
of A on position (i, j, k) is the product of the corresponding elements
of the vectors ai bj ck .

Hence, rank-one tensors are seen as the basic building blocks of all
tensors. In this view, every tensor can be written as a sum of rank-one
tensors (Figure 2.3), maximally consisting of min{IJ, IK, JK} terms [43].
However, the smallest number R of rank-one tensors that generate the

A=

=

+

+ ... +

Figure 2.3: Any tensor can be written as the sum of rank one tensors.
The smallest number R of terms for which equality holds is called the
rank of the tensor.

original tensor, is called the rank of the tensor:
A=

R
X
r=1

ar

br

cr

(2.1)
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The process (2.1) of writing a higher ranked tensor as a sum of rankone tensors goes with several names in the literature: the Canonical
Polyadic Decomposition (CPD), or Parallel Factors (PARAFAC), or the
Canonical Decomposition (CANDECOMP), among others. The decomposition (2.1) is also noted as JA,B,CK, where the matrix A consists of
the vectors a1 , . . . , aR column-wise stacked together, and equivalently for
the matrices B and C.
Unfortunately, no straightforward algorithm exists to determine the
rank of a given tensor, except for a few special cases [41]. Therefore, in
practice, the rank is often chosen by the user, and (possibly) low-rank
approximations are considered, i.e. the tensor A is written approximately
as a sum of rank-one tensors:
A⇡

R
X

ar

br

cr .

r=1

The error of this approximated CP decomposition heavily depends on each
specific application scenario. For example, when decoupling polynomials
with the technique [25], the rank R corresponds to the number of branches
in the decoupled representation.
Computing the CPD is mathematically defined as optimizing the following nonlinear problem
minimize kA
A,B,C

2

JA,B,CKkF .

(2.2)

This optimization problem is nonconvex and thus prone to local minima
when using a gradient-descent approach. Furthermore, this optimization
is also ill-posed [18], as the set of rank-r tensors is generally not closed,
unless r = 1 or r is maximal. However, as numerical problems would arise
in practice during iterative methods, this property of the optimization
problem 2.2 is not discussed in this thesis.
In practice, the workhorse algorithm for computing the CPD is the
so-called Alternating Least Squares (ALS) iterative algorithm, which is
described as follows. This algorithm works by considering three matricizations of A, one for each dimension:
A(1) = A(C
A(2) = B(C

A(3) = C(B

B)T ,
A)T ,
T

A) .

(2.3)

Tensors and tensor decompositions

14

In these matricizations,
stands for the Khatri-Rao product and it is
defined as follows [41]: if A 2 RI⇥K and B 2 RJ⇥K are two matrices
with the same number of columns, then A B is defined as
2
3
a11 b1 · · · a1J bJ
6 .
.. 7
..
A B = 4 ..
.
. 5,
aI1 b1 · · · aIJ bJ
where aij is the element on position (i, j) of A and bi is the i-th column
of B.
The matricizations (2.3) render the three-dimensional tensor A into
three di↵erent matrices, depending on the stacking order of its columns
or rows. Even though the exact matricization orders is unimportant, as
long as it is constant during a computation, we have followed the order
used in MATLAB throughout this thesis. The following example [41]
shows these matricizations on the tensor A 2 R4⇥4⇥2 :
2
3
2
13 16 319 22
7
1 64 7 10
6 414 17 720 235
A = 42 5 8 115
.
15 18 21 24
3 6 9 12
In Matlab the tensor A can be created using the command
A = reshape(1:24, [3 4 2]).
For this tensor,
2
1
6
A(1) = 42
3

the three matricizations are defined as follows:
3
4 7 10 13 16 19 22
7
5 8 11 14 17 20 235
6 9 12 15 18 21 24

reshape(A, [3 8]),

stacking columns of A next to each other,

A(2)

2

1
64
6
=6
47
10

2
5
8
11

3
6
9
12

3
13 14 15
16 17 187
7
7
19 20 215
22 23 24

reshape(permute(A, [2 1 3]), [4 6]),
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stacking the transpositions of the rows of A next to each other,
A(3)

"

1
=
13

2
14

3
15

4
16

5
17

6
18

7
19

8
20

9
21

10 11 12
22 23 24

#

reshape(permute(A, [3 1 2]), [2 12]),
stacking the so-called fibers in the third dimension of A next to each other.
With these matricizations, the ALS scheme (2.3) updates iteratively
the matrices A, B and C, while keeping the two other constant. As
every matricizized equation (2.3) is linear in its parameters, the ALS
scheme successfully changes the nonlinear and nonconvex optimization
problem (2.2) into three consecutive linear optimization problems (2.3).
A summary of the ALS scheme is given in Algorithm 1.
Algorithm 1. Alternating Least Squares scheme for computing the CPD
Consider the three-dimensional tensor A, for which a representation as
a sum of rank-one tensors is searched for. The Alternating Least Squares
scheme for computing the CPD JA,B,CK of the tensor A is given as follows:
1. Start with initial estimates for the factors A, B and C. These can
be chosen randomly, except if better estimates are available.

2. Solve the equation A(1) = A(C B)T for the factor A, by keeping
the two other factors B and C constant.
3. Solve the equation A(2) = B(C A)T for the factor B, by keeping
the two other factors A and C constant.
4. Solve the equation A(3) = C(B A)T for the factor C, keeping the
two other factors A and B constant.
5. Repeat steps 2–4 until a stopping criterion is satisfied, for example: the relative change of the successive factors lies under a given
threshold, or a given maximum number of iterations is reached.
Even with its attractiveness and high use in the tensor community,
the ALS scheme for computing the CPD still holds many questions regarding its convergence [55]. For example, even if the ALS cost function
decreases monotonically, some theoretical cases could be thought of where
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the algorithm does not converge. However, for this thesis, ALS and its
weighted derivatives (Chapter 3) yielded good results for the applications
considered.
Another open question in the field of tensor decompositions, is related
to the uniqueness of tensor decompositions. Due to the algebraic properties of (2.1), every decomposition can be transformed by scaling factors of
product 1 and permuting the factor columns. These types of transformations do not alter the tensor A and are considered as equal decompositions.
However, certain conditions can guarantee unique decompositions in general (except for the earlier mentioned transformations), where the most
classic result is Kruskal’s condition [42]:
kA + kB + kC

2R + 2,

(2.4)

where kA represents the so-called Kruskal rank of the matrix A. This
notion is defined as the maximum value of kA such that any kA columns
of the matrix A are linearly independent (likewise for the other matrices B and C) [41]. However, care should be taken, as Equation (2.4)
gives a sufficient condition for a unique tensor decomposition, but it is
not necessary. Even though other sufficient conditions for uniqueness are
known [22], to our knowledge, no sufficiant and necessary conditions for
unique tensor decompositions are known today.
Noteworthy, unlike multi-dimensional tensors, matrices do not contain uniqueness properties, without any additional constraint. For example, when computing the singular value decomposition of a matrix,
the decomposition is unique if the left and right matrices are assumed
orthogonal and if the middle diagonal matrix gives an order to the singular values it contains. However, these additional constraints may not be
wished when working with applications, where these constraints may not
be present. Therefore, considering multi-dimensional tensors and their
decompositions has received much attention in several application disciplines, among which nonlinear system identification.
The world of tensors and their decompositions has been rapidly growing in the last decades, with many open questions remaining, on a fundamental mathematical level, as well as on several application levels. During
this research, we have used tensors mainly as a tool—the tool at the core
of the proposed algorithms—for the decoupling problem of multivariate
polynomials.
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Overview of system identification and
three nonlinear model types

This section starts by surveying the field of system identification (Section 2.2.1). Afterwards, three nonlinear model types and their state-ofthe-art identification methods are discussed:
1. Block-oriented models (Section 2.2.2),
2. Nonlinear autoregressive exogenous models (NARX) (Section 2.2.3),
3. Nonlinear state-space models (Section 2.2.4).
In this thesis, we will consider these three model types to apply di↵erent
decoupling methods.

2.2.1

Overview of system identification

The field of system identification aims to make mathematical models of
dynamical systems, based on its measured inputs and its outputs (Figure 2.4). These dynamical systems relate input signals u to output sig-

input

output

?

Figure 2.4: In the field of system identification, one tries to answer
to following question: given the measured inputs and outputs of an
unknown system, find a model which miminizes the di↵erence between
the modeled output ŷ and the measured output y.

nals y, and their models G, which map the inputs signals to the output
signals, can be categorized into two types:
1. The model of the system is linear [39, 49, 60, 69]. In this case, their
underlying di↵erential equations are linear in u and y. Accordingly,
the linear model satisfies the superposition property:
G(↵u1 + u2 ) = ↵G(u1 ) + G(u2 ),
for all inputs u1 , u2 and scalars ↵,

2 R.
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2. The model of the system is nonlinear. In this case, the underlying
di↵erential equations are not linear, and the superposition property
of the model G does not hold.
In this thesis, we focus our attention to nonlinear models and study nonlinear system identification. General overviews and state-of-the-art techniques of various subfields have been gathered throughout the years [49,
84].
Because the class of nonlinear models is so large, we limit our attention
to three special nonlinear model types: the block-oriented models, the
nonlinear autoregressive exogenous models and the nonlinear state-space
models (Figure 2.5). The state-of-the-art techniques for identifying these
three model types deliver coupled multivariate polynomials, which may
contain a large number of parameters, and thus become intuitively and
physically hard to interpret.

2.2.2

Block-oriented models

The class of block-oriented models is a general nonlinear model class consisting of a set of interconnected blocks [29]. Two types of blocks form the
basic building blocks for block-oriented models:
1. Linear time invariant (LTI) blocks are linear blocks G which also
satisfy the time invariance property: if the output at time t for the
input u(t) is given by y(t), then a delayed input u(t T ) is also
mapped to the same delayed output y(t T ):
G u(t

T ) = y(t

T ),

for all delays T 2 R. The major characteristic of LTI systems, is
that they can be uniquely defined by the so-called transfer function
(for single-input single-output systems) and transfer function matrix
(for multiple-inputs multiple-outputs systems), which is the Laplace
transform of the impulse response of the system [60].
2. Static nonlinear (SNL) blocks f : R ! R map solely current time
values u(t) to outputs y(t) at the same time instant t.
Combining these two types of blocks is possible in many di↵erent ways [79]
and deliver block-oriented models, with varying degrees of complexity.
One specific interconnection of LTI and SNL deserves special attention,
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nonlinear models

linear models

blockoriented
models

NARX
models
nonlinear
state-space
models

coupled multivariate polynomials
tensors and tensor
decompositions
decoupled polynomials
Figure 2.5: Because a nonlinear model is defined “negatively”, as a
non linear model, many di↵erent nonlinear model types can be considered and studied. In this thesis, we focused our attention on three
special model types (block-oriented models, NARX models and nonlinear state-space models), for which all state-of-the-art identification
techniques yield coupled multivariate polynomials. We propose several ways of decoupling these coupled polynomials, by using tensor
decompositions as the main tool. Noteworthy, the representation of
the di↵erent nonlinear models in this figure should not be interpreted
as disjunct Venn diagrams, as, for example, any NARX model could
be rewritten as a nonlinear state-space model.
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as they are universal approximators for fading memory systems [68, 73]:
the so-called parallel Wiener-Hammerstein models (Figure 2.6). This type

Figure 2.6: A parallel Wiener-Hammerstein consists of several parallel branches of so-called Wiener-Hammerstein structures. Every
branch surrounds a SNL block by two LTI blocks. Parallel WienerHammerstein models deserve special attention, as they are universal
approximators for fading memory systems [68, 73].

of model consists of several branches of Wiener-Hammerstein models, connected in parallel. Any branch consists of a SNL block surrounded by two
LTI blocks, connected in series.
Unfortunately, the state-of-the-art technique for identifying a parallel
Wiener-Hammerstein model could not retrieve and identify its separate
branches in one step [80]. Instead, a coupled static nonlinear function
is modeled, together with LTI blocks surrounding it (Figure 2.7). Even

Figure 2.7: The state-of-the-art identification method of parallel
Wiener-Hammerstein models yields a coupled SNL function, surrounded by modeled LTI blocks. In this thesis, we studied decoupled representations of this coupled nonlinearity, to find a decoupled
parallel Wiener-Hammerstein model.

though the resulted coupled models yielded small model errors, these models are hard to interpret, and have combinatorially many parameters. In
this thesis, we seek to find a decoupled representation of this coupled static
nonlinearity, in order to retrieve a decoupled parallel Wiener-Hammerstein
model.
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NARX models

The second nonlinear model type considered in this thesis are the so-called
nonlinear autoregressive models with exogenous inputs (NARX models) [6].
The NARX models are a special case of the more general class of nonlinear
autoregressive moving average models with exogenous inputs (NARMAX)
and they are defined in discrete time, so where the time t depends on the
time instant k and on fixed sample time: t = kTs . Accordingly, the output yk on time instant k of a NARMAX model is given by a nonlinear
function f of the following expressions:
• past outputs yk

1 , . . . , y k ny

(ny is the number of output lags),

• the current and past inputs uk nk , . . . , uk nk nu
ber of input lags and these are lagged by nk ),
• and the noise sequence ek
lags).

1 , . . . , e k ne

1

(nu is the num-

(ne is the number of noise

In short, the output yk is given by
yk = f (yk

1 , . . . , y k ny ,

uk

n k , . . . , u k n k nu 1 ,

ek

1 , . . . , e k ne )

(2.5)

+ ek .

In practice, several choices of the lag numbers ny , ny , and nk are tested to
find a good model candidate. Furthermore, if we assume the noise in (2.5)
to be i.i.d. and purely additive to the model, then NARMAX models boil
down to NARX models (Figure 2.8),
yk = f y k

1 , . . . , y k n y , u k n k , . . . , u k nk n u 1

+ ek ,

which we consider in this thesis.
The current state-of-the-art method of identifying a NARX (and NARMAX) model, starting from input and output measurements, uses an Orthogonal Least Squares (OLS) algorithm to choose which nonlinear terms
should be added in the model [6, 7, 8]. Choosing some terms to add in the
models, while leaving others out, is important to keep the NARX model
manageable: if the nonlinearity is a multivariate polynomial of degree d,
then the number of model terms (monomials) is given by
✓
◆
n+d
`=
,
n
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ek
q
uk

q

0

..
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nk

q

nu +1

q

1
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+

ŷk

..
.
ŷk

Figure 2.8: Nonlinear autoregressive model with exogenous inputs contain a feedback loop, as the current output yk depends on preceding
inputs and outputs. In this model’s name, this feedback loop ŷk , is
reflected in the “exogenous” part.

where n = ny +nu is the total number of input and output lags. Therefore,
the number of model terms grows combinatorially fast, and OLS is used
to deliver usable (and often sparser) models.
The OLS algorithm works as follows, once the number of lags ny , nu
and nk are chosen:
1. Create a set of orthogonal basis functions w1 , . . . , w` , using a GramSchmidt or Householder procedure [15];
2. Choose the orthogonal monomial wi which maximizes the so-called
Error Reduction Ratio:
ERRi =

(y · wi )2
,
(y · y)2 (wi · wi )2

where y is the measured output of the system.
3. Continue this process by choosing the next orthogonal monomial,
over all remaining orthogonal monomials, which maximizes the Error Reduction Ratio, until a small enough model error is achieved.
4. By linearly transforming the obtained model, the original (not orthogonal) model can be retrieved.
To ensure that the order of the basis functions is independent during the
OLS stage, all the unselected model terms thus far are searched for at
each consecutive step. This general search is called Forward Regression,
and is the state-of-the-art NARX modeling technique known as Forward
Regression Orthogonal Least Squares (FROLS) [6, 7, 8].
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The FROLS identification scheme yields usable NARX models, which
often are sparse. However, they can still contain a large number of parameters, and we studied a decoupling algorithm to represent a NARX
model as linearly transformed single-input single-output functions.
Noteworthy, care should be taken when validating a model with exogenous inputs, like a NARX model, as two following model errors might be
used. When modeling the next output ŷk+1 , one needs to use preceding
outputs yk , . . . , yk ny in one of the following two ways:
1. If one replaces the past outputs by the measured outputs
yk , . . . , y k

ny ,

then the output error is called a prediction error. However, in this
case, the model only predicts the output one time step at a time,
which is called one-step-ahead prediction. This type of error is often
smaller than the next one.
2. If one replaces the past outputs by the simulated outputs
ŷk , . . . , ŷk

ny ,

then the output error is called a simulation error. This type of error
is often more difficult to minimize, as the errors propagate in the
simulated output signal.
When using NARX models in this thesis, we will make the distinction
between both types of modeling errors.

2.2.4

Nonlinear state-space models

The third and last model type studied and identified in this thesis is
the so-called nonlinear state-space model. This model type is a nonlinear
generalization of the state-space model: instead of considering solely linear
transformations between inputs u, states x and outputs y [39]
(
x(t + 1) = Ax(t) + bu(t)
ŷ(t) = cT x(t) + du(t),

the nonlinear state-space model also considers nonlinear functions fx in
the state equations, and fy in the output equations,
(
x(t + 1) = Ax(t) + bu(t) + fx x(t), u(t)
(2.6)
ŷ(t) = cT x(t) + du(t) + fy x(t), u(t) .
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Although more general formulations are possible, the equations (2.6) consider solely single-input single-output nonlinear state-space models, so the
matrix b 2 Rnx ⇥1 is a column vector, the matrix cT 2 R1⇥nx is a row
vector, and the feedforward parameter d 2 R is a scalar. The number of
states is denoted by nx .
Several options for the basis functions of the nonlinear functions fx
and fy are possible, for example:
• splines, piecewise linear functions, or sigmoids [52],
• sinus functions [86],
• polynomials [65].
In this thesis, we will focus the attention to polynomial basis functions,
for which the state-of-the-art identification [65, 66] technique is outlined
below, and for which a MATLAB toolbox is implemented [88, 87].
Identifying a polynomial state-space model makes use of the so-called
Best Linear Approximation [69] (BLA), which is also the basis step of the
parallel Wiener-Hammerstein identification [77, 80, 81] (Section 2.2.2).
The best Linear Approximation of a nonlinear model is the linear model
which best approximates the measured output, in least-squares sense, for
a given class of input signals. With a subspace-based method [54], a parametric linear state-space model is estimated from this BLA model [64].
Finally, this linear state-space model becomes the starting point of a nonlinear optimization problem, which minimizes the nonlinear state-space
model’s output error, relative to the measured output. In this last step,
the degree of the polynomials are chosen by the user before the optimization process.
Even though the polynomial state-space models created with this identification method yield good results, a major drawback is the coupled
nonlinear function contained therein. As for block-oriented models (Section 2.2.2) and NARX models (Section 2.2.3), the goal is to create a
decoupled representation of state-space models.
A general formulation of the decoupling problem, as well as its links to
other scientific and mathematical work, is the subject of the next section.
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Decoupling problem and related work

Central in the state-of-the-art nonlinear identification algorithms for the
model types of this thesis, is a coupled multivariate polynomial as current
end product. Unfortunately, working with coupled nonlinear functions
can su↵er from the following two disadvantages:
1. When the number of nonlinear parameters increases, any physical or
intuitive understanding of the model can be lost. Even though one
may be interested in black-box models for certain applications, understanding the considered physical system is an important feature
of models.
2. When the number of nonlinear parameters increases, computational
difficulties may arise. Even though computer speed increases with
time, some applications need short computation times, and thus
simpler models, yet keeping the modeling power as much as possible.
Finding a decoupled representation of a coupled multivariate polynomial
in the context of nonlinear system identification is the proposed approach
to solve these disadvantages, and is the central subject of this thesis.
The decoupling problem for polynomials is defined as follows (Figure 2.9): consider a multivariate polynomial f : Rm ! Rn of m inputs
and consisting of n outputs: f (u) = f1 (u), . . . , fn (u) . For this coupled
function f , find two transformation matrices V 2 Rm⇥r and W 2 Rn⇥r
and a set of single-input single-output functions g = (g1 , . . . , gr ), such
that
f (u) = Wg(VT u),

(2.7)

for all inputs u. Equation (2.7) defines a decoupled representation of f
as linear transformations of univariate polynomials in linear forms of the
input variables (Figure 2.9). Furthermore, the number r of so-called decoupled branches is in practice chosen by the user.
The most simple decoupling problem for nonlinear polynomials can
be illustrated with the following example, a homogeneous polynomial of
degree two:
f (u1 , u2 ) = a1 u21 + 2a2 u1 u2 + a3 u22 .
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u1
..
.
um

f (u)

f1 (u)
..
!
.
fn (u)

u1
..
.
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x1
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g1 (x1 )

..
.
xr

..
.

W

gr (xr )

f1 (u)
..
.
fn (u)

Figure 2.9: The decoupling process: given f , find the matrices V
and W, and the univariate functions g1 , . . . , gr , such that f (u) =
Wg(VT u).

This homogeneous polynomial f can be rewritten in matrix form as
"
#" #
h
i a a
u1
1
2
f (u1 , u2 ) = u1 u2
,
a 2 a 3 u2
| {z }
A

and the matrix A can be factorized with the Cholesky decomposition into
A = LT L. Therefore, the output of f can be rewritten as
f (u1 , u2 ) = (Lu)T (Lu),

(2.8)

with u = (u1 , u2 ), and Equation (2.8) is precisely the decoupled representation of f , with the following values for the decoupling parameters:
• V = LT ,
• g(x1 , x2 ) = (x21 , x22 ),
" #
1
• W=
.
1
Generalizing this simple decoupling problem to higher-degree (non-homogeneous)
polynomials with possibly more outputs require a di↵erent set of techniques.
To our knowledge, several solutions to the decoupling problem have
been proposed in the literature, but only under additional assumptions,
discussed in this paragraph. The interconnections between these latest
existing tensorization methods in the context of decoupling multivariate
polynomials have been summarized in [91]. For example, one single homogeneous polynomial can be decoupled with a symmetric tensor or its
unfoldings [12, 19]. Also, in the non-homogeneous case, it is possible to
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decompose one single polynomial in the exact case [5, 74, 90], while decoupling multiple non-homogeneous polynomials has been proposed by
considering tensors filled with the polynomial coefficients [80, 89]. Unfortunately, the last technique has the following two disadvantages:
1. Because the coefficients of the polynomials are directly converted
to a high-order tensor, only polynomials can be considered for the
decoupling process.
2. The order of the tensor is directly related the degree of the multivariate polynomials. With this method, tensors can easily have
a very high order, which makes them difficult to compute and to
represent.
The state-of-the-art decoupling method, which solves these two disadvantages, makes use of the first-order derivative information of the coupled
function, which is stacked together in a third-order tensor [25]. If it is
assumed that an exact decomposition exists, and under some constraints
on the number of decoupled branches, this method is able to retrieve a
decoupled representation of multivariate polynomials. Furthermore, this
promising method can theoretically be extended to non-polynomial nonlinearities as sinusoids, piecewise linear and saturating functions, and will
be used as the starting point for this thesis’ research (Figure 2.10).
In the field of algebraic geometry, the task of decoupling a multivariate
polynomial is related to the so-called Waring problem [12, 20, 37, 59]:
given a homogeneous multivariate polynomial f of degree d in m variables,
find its decomposition as a linear combination of powers of multivariate
polynomials:
r
m
⇣X
⌘d
X
f (u1 , . . . , um ) =
wi
v j uj .
i=1

j=1

In this decomposition, the minimal number of terms r is called the Waring
rank, and is equal to the tensor rank of the corresponding symmetric
coefficient tensor [12].
Also, in the field of machine and deep learning, the structure of decoupled representations is closely related to neural networks with one hidden
layer [72, 10]. However, even though neural networks exist in practice
with several types of activation functions, polynomials are rarely used.
Instead, neural networks tend to use sinusoids or arctan-like saturating
functions as activation functions, with little to no parameters inside the
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Figure 2.10: Central in this thesis’ research, is the interplay between
three levels of complexities, and their associated cost functions. The
outermost level lies at level of nonlinear system identification, and its
cost function V1 is defined considering measured inputs and outputs of
an unknown system to be identified. In an intermediary level, the coupled nonlinear function should be decoupled, and its cost function V2
is defined in terms of the unknown internal variables V, g and W. Finally, the innermost level is defined on the level of the Jacobian and
their elements. This level corresponds with a third cost function V3
which can be optimized using tensor decomposition methods. The interplay between the levels is created by consecutively use the optimized
parameters of an inner level as the initialization of the next outer level.

hidden layer. In the decoupling problem of multivariate polynomials,
each decoupled branch contains sums of monomials, with corresponding
parameters to be tuned.
Finally, variations of the decomposition have been investigated in the
context of approximation theory [50, 63], machine learning [2, 82, 71], and
signal processing [23, 28, 24].
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Nonlinear system identification tries to understand and predict the world surrounding us by creating and studying nonlinear models. Some of these nonlinear models tend to become overly complex to o↵er an intuitive or physical
understanding of the dynamical system being studied, due to their quickly
growing number of parameters. For this reason, we have searched for a
parsimonious and decoupled representation of a special type of polynomial
nonlinear models. Such a decoupled representation decreases the number of
parameters and o↵ers a better understanding of the nonlinear model.
This chapter gives a mathematical overview of the proposed decoupling algorithm and is organized as follows. Section 3.1 states the shortcomings of the
state-of-the-art decoupling method, and Section 3.2 gives the mathematical
problem known as noisy decoupling. Section 3.3 creates the expanded covariance matrix needed for Section 3.4, which generalizes an existing tensor
decomposition method by incorporating a weight matrix based on this covariance matrix. Finally, Section 3.5 concludes this chapter and opens possible
future work paths.

3.1

Shortcomings in the noiseless case

This section introduces the polynomial decoupling problem in the noiseless
case, and the shortcomings of the state-of-the-art technique for decoupling
polynomials [25]. Section 3.1.1 illustrates the decoupling problem with a
preliminary example and Section 3.1.2 summarizes the current algorithm.
Finally, Section 3.1.3 discusses the shortcomings of the noiseless technique
and how it can be generalized to the noisy/approximate case.

3.1.1

Preliminary decoupling example

Let f be the vector function with two variables and two outputs defined
by
f (u1 , u2 ) =

(

f1 (u1 , u2 ) =
f2 (u1 , u2 ) =

16u21
6u21

72u1 u2

20u1

+ 28u1 u2 + 7u1 +

84u22

34u22

42u2 + 9

+ 15u2

4

.

This function is coupled as each element of the vector function depends
both on u1 and u2 and it can be exactly decoupled, with the state-of-the-
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art algorithm [25]. One decoupled representation is given by
"
#"
#
2 3
2x21 + x1 3
f (u1 , u2 ) =
,
1
1
x22 3x2 + 1
| {z } |
{z
}
W

where,

"

g(x1 ,x2 )

# "
#" #
x1
1 2 u1
=
.
x2
3 4 u2
| {z }
VT

This decoupled representation reveals the internal variables x1 and x2 , as
well as the linear transformation matrices V and W at the input and output. It changes the representation of f from a multi-input-multi-output
(MIMO) function to a linear transformed set of single-input-single-output
(SISO) functions, also called branches. These nonlinear branches are easier to represent (Figure 3.1), which may help the intuitive or physical
understanding of the original coupled function in system identification
applications.
However, this decoupled representation is not unique, as others can be
found with one of the two following methods:
1. by permuting the order of the internal variables. In this case, the
rows/columns of the transformation matrices should be swapped
accordingly.
2. by multiplying the internal branches with a non-zero factor. In this
case, the corresponding rows/columns in the transformation matrices should be multiplied accordingly by the inverse of this factor.
Of course, although di↵erent representations of the decoupled function are
possible, all outputs defined by these decoupled representations remain
unchanged.
In some cases (Section 3.1.3), one could find even other decoupled
representations than those created by the points 1 and 2 above. However,
for the identification purposes of this thesis, we will focus our attention
to the creation and existence of decoupled models. The question if such
a decoupled model is unique lies outisde the scope of this thesis.
The state-of-the-art decoupling algorithm [25] was created for the
noiseless case, that is, under the assumption that an exact decoupling
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Figure 3.1: The decoupled representation of f (bottom two plots) is
intuitively easier to understand than the original coupled representation (top two plots). For MIMO systems with more than two inputs,
this di↵erence is even larger, as no visual representation exists of the
coupled function.
We note that the axis bounds between the top and bottom representations do not need to remain equal. This is due to the transformation
matrix V, which is first applied to the inputs u1 and u2 (top plots),
before revealing the internal variables x1 and x2 (bottom plots).

of f exists. In this case, the algorithm can recover this decoupled representation exactly, and does so by looking at the first-order derivative information of f and decomposing a three-way tensor of Jacobian elements.
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Section 3.1.2 gives an overview of this method.

3.1.2

Overview of the unweighted decoupling algorithm

This section overviews the exact-case decoupling algorithm [25], for general m-dimensional vector functions with at least two outputs. Although
this algorithm is described for multivariate polynomials, it has also been
tested on other nonlinearities [26].
Given a coupled function f : Rm ! Rn of m inputs and n outputs and
assuming an exact decoupled representation with r branches
f = W0 g0 (V0T u)
exists (for some matrices W0 2 Rn⇥r , V0 2 Rm⇥r and a function g0
(1)
(r)
consisting of r SISO functions g0 , . . . , g0 : R ! R), then the following
algorithm can recover this decoupled representation.
That is, Algorithm 2 finds two transformation matrices W and V and
SISO functions g, satisfying the exact decoupling equation
f = Wg(VT u).

(3.1)

The parameters W, V and g are not unique but are defined up to a permutation and scaling factor (Section 3.1.1), under two (mild) conditions
(Section 3.1.3).
Algorithm 2. Decoupling f admitting an exact decomposition with r
branches [25].
1. Evaluate the Jacobian matrix of f
2
@f1
(u) · · ·
6 @u1.
..
J(u) = 6
.
4 ..
@fn
(u)
·
·
·
@u1

@f1
@um (u)

..
.

@fn
@um (u)

3
7
7
5

(3.2)

at N randomly chosen points u(1) , . . . , u(N ) , where the number N
is chosen “large enough” (Section 9.2). The equality (3.1) implies
for the Jacobians that
2 0 T
3
g1 (v1 u)
0
6
7 T
..
J(u) = W 4
5V ,
.
0
T
0
gr (vr u)
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where the matrix of derivatives is nonzero on the diagonal, v1 , . . . , vr
denote the columns of V, and gi0 denotes the derivative of the i-th
component of g to its input. The internal variables are noted as
x1 = v1T u

···

xr = vrT u.

2. Stack the Jacobians into a three-way tensor J of dimensions n⇥m⇥
N . Here, the k-th frontal slice of J consists of the first-order information of f evaluated in the sampling point u(k) , see Equation (3.2).
3. Compute the Canonical Polyadic Decomposition (CPD) of J ,
J =

r
X

wi v i h i .

(3.3)

i=1

Here, is used as the notation for the outer product (Section 2.1)
and the vectors wi constitute the columns of the matrix W of
the decoupled representation. Furthermore, the vectors h1 , . . . , hr
contain the first-order information of the internal univariate functions g1 (x1 ), . . . , gr (xr ) evaluated in the N sampling points, after
transformation by VT , i.e., in the appropriate component of the
points x(k) = VT u(k) . Hence, we have hj (i) = gj0 (vjT u(i) ), where
hj (i) denotes the i-th element of hj . The cost function for the
(unweighted) CPD is given by
min

V,W,H

vec J

vec JW,V,HK

2

.

(3.4)

4. Starting from the vectors h1 , . . . , hr , reconstructing the internal univariate functions g1 (v1T u), . . . , gr (vrT u) amounts to solving a linear
system in the exact case (Section 2.4 of [25]). However, when generalizing to the noisy case (Section 3.1.3), we prefer to use all available information, and propose the fitting and integration procedure
explained in Section II.C of [26]. This procedure consists of the
following two parts: in the first part, the vectors h1 , . . . , hr are fitted with polynomials using Vandermonde matrices (Figure 3.3), as
we have hj (i) = gj0 (vjT u(i) ). Hence, these fitted polynomials represent the derivatives g10 , . . . , gr0 of the internal functions g1 , . . . , gr .
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In the second part, a symbolic integration of each derivative function g10 , . . . , gr0 yield the internal functions g1 , . . . , gr . Furthermore,
the correct integration constants are recovered by evaluating the
internal functions g1 , . . . , gr in the operating points.
In Algorithm 2, the core optimization (3.4) happens on the Jacobian
level, while the original decoupling problem happens on the level of the
function f . Considering this di↵erent cost function is crucial for this decoupling method, and it o↵ers many benefits (Section 2.3) over decoupling f directly on its functional level.
Although this decoupling algorithm is promising, it is only proved
to yield good results in the exact/noiseless case and if the number r of
decoupled branches is not too large [25]. Inherently, the latter assumption
is due to the uniqueness property of the decomposition of the Jacobian
tensor J , in step 3, the core part of the algorithm (Figure 3.2). For system
identification purposes though, this assumption is too narrow for real-life
noisy measurements, and therefore, we wish to relax it, and generalize the
method of Algorithm 2 in a more general setting (Section 3.2 and further).

V

W

=

J
h1

hr

=
v1
w1

+

...

+
vr
wr

Figure 3.2: Representing a multidimensional tensor J as a sum of
rank-one tensors w1 v1 h1 + + wr vr hr lies at the core of
Algorithm 1 and is known as the Canonical Polyadic Decomposition.

3.1.3

Shortcomings of the current method

The method described in Algorithm 2 is not guaranteed to work in one
or both of the following two cases:
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Figure 3.3: In the noiseless case, when assuming an exact decomposition exists, the third factor H of the CPD of J yields exactly the
derivatives of g1 , . . . , gr , when plotting the columns of H with respect
to the internal variables v1T u, . . . , vrT u. The third factor H of the CP
decomposition behaves di↵erently under the influence of noise or with
too large values of r (Figures 3.4 and 3.5).
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1. If an exact decomposition of f with a given number of branches is
not assumed to exist (Figure 3.4). This can be due to the interaction
with noisy measurements in system identification framework and it
represents a much larger class of coupled functions. Solving this
case will be done starting in Section 3.2.
2. If the tensor decomposition is not unique, for other operations than
multiplications and/or permutations of the factor columns (Figure 3.5). Unfortunately, no sufficient and necessary condition for
a unique tensor decomposition is known in the multilinear algebra community today, and the only well-known results are sufficient
conditions with increasing precision on the bounds for r [42, 45, 22].
Although unique tensor decomposition cases might exist, a good
direction to study a decoupling problem in this category, is to decouple f with too many branches (Figure 3.5). For example, one
possible bound is derived from the Kruskal-conditions for unique
tensor decompositions: if the following condition is held,
(m

1)m(n

1)n

2(r

1)r,

then the tensor decomposition is unique. Decoupling multivariate
polynomials in the case of non-unique tensor decompositions will be
done in Chapter 8.
Due to these shortcomings, generalizations of Algorithm 2 are needed.
Starting with the next section, the problem is stated for the decoupling
problem assuming no exact decompositions exist, i.e., in the noisy decoupling case. Instead, a good approximate decoupled function is searched
for.

3.2

Problem statement in the noisy case

The decomposition task for noisy polynomials can be stated as follows.
We assume that an underlying multivariate polynomial vector function f0 :
Rm ! Rn exists, having a decoupled representation f0 (u) = W0 g0 (V0T u),
with certain transformation matrices V0 2 Rm⇥r , W0 2 Rn⇥r and with a
set of r univariate scalar functions g0 (x) = [g01 (x1 ), . . . , g0r (xr )]T in the
components xi of x = V0T u.
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110

8
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viT u
Figure 3.4: In case an exact decomposition does not exist, the third
factor H of the CPD of J yield “noisy” clouds of points, when plotting
the columns of H with respect to the internal variables v1T u, . . . , vrT u.
These clouds of points should represent the derivatives of the internal
functions g1 , . . . , gr , and can be interpolated before integrating (step 4
of Algorithm 2).

3

h3

hi

h2

h1

0
1.5

4

0
viT u

Figure 3.5: When trying to decouple a function f of two inputs and two
outputs with three decoupled branches, the Kruskal-condition is unsatisfied [42]. Although no noise is added for this decoupling problem,
the result of the tensor decomposition in step 3 does not necessarily
represent the derivatives of the branches g1 , g2 , g3 , as the decomposition is not necessarily unique. When plotting the columns of H with
respect to the internal variables v1T u, v2T u, vrT u, clouds of points arise,
as in the noisy case (Figure 3.4), even though the error on the tensor
level is close to machine precision level.
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The decoupling problem entails finding, from the given function description, its decoupled representation, i.e., we wish to find the matrices V0 , W0 and the r univariate scalar functions g0i .
In the current chapter, we consider the decoupling problem in an approximate and noisy setting. In particular, we study the case where the
coefficients c of the function f are given in function of the coefficients c0
of the function f0 :
c = c0 + Ne,
(3.5)
where e is normally distributed i.i.d. noise with zero mean and unit variance, and NNT = ⌃c is a given covariance matrix associated with the
noisy coefficients c. In this thesis, the term “noisy polynomial” is understood as a coupled multivariate polynomial f with coefficients c, which
does not have an exact decoupled representation. In Section 3.2, we assumed the noise is correlated with a known covariance matrix (⌃c =
NNT ) and is added on the level of the polynomial coefficients, to the coefficients c0 of an underlying (and inaccessible) multivariate polynomial f0
in decoupled form. Note that the assumption of having access to ⌃c is
reasonable, for example, system identification procedures typically return
both a parameter vector as well as its covariance matrix [49].
From the given ‘noisy’ parameters c and the covariance matrix ⌃c , one
would ideally desire to retrieve the original decoupled representation f0 =
W0 g0 (V0T u). Due to the noisy nature of the given coefficients, this is
however, not possible in general. It is meaningful to consider a weighted
least-squares cost function in the outputs of the function as
minimize
V,W,g

N
X

k=1

f (u(k) )

Wg(VT u(k) )

2
⌃f (u(k) )

1

.

(3.6)

where the inverse covariance matrix of the outputs is used as a weighting
matrix. Note that this covariance matrix can be related to the covariance
matrix ⌃c . Observe that the function evaluation f (u) is linear in the
coefficients c: the function evaluation can be expressed as f (u) = B(u)c,
where B(u) is a block-Vandermonde matrix containing monomials in the
components of u. Then the covariance matrix ⌃c (u) is related to ⌃c
through ⌃f (u) = B(u)⌃c B(u)T .
In this chapter, we develop an extension of the first-order method [25],
which tackles the decoupling task by performing a tensor-based decomposition method on the evaluations of the Jacobian of the function f instead
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of the function values. This can be represented in terms of a cost function

minimize
V,W,g

N
X

k=1

J(u(k) )

W diag(g0 (VT u(k) ))VT

2
⌃J (u(k) )

1

,

(3.7)

where a covariance matrix ⌃J (u(k) ) on the Jacobian evaluation is considered. In this way, the task reduces to solving a tensor canonical polyadic
decomposition, and can be solved using an alternating least squares (ALS)
approach. In our approximate setting, this allows for incorporation of the
inverse covariance weighting in the ALS iterations.
The choice of developing the first-order approach is three-fold. Firstly,
in the exact case, the first-order approach is equivalent to a cost function involving the function evaluations, or a cost function involving the
exact coefficients. Secondly, the cost function in terms of the function
evaluations (3.6) can only be solved using gradient descent-like nonlinear optimization, and is prone to local minima. Thirdly, the first-order
approach provides adequate solutions (or initialization points for further
optimization) in extensive numerical simulations.

3.3

Constructing the covariance matrix of
the Jacobian tensor and its sparse approximations

To create a weighted CP decomposition, the starting point is the covariance matrix ⌃c associated with the nonconstant coefficients of the
coupled noisy multivariate polynomial f = (f1 , . . . , fn ). Assuming f is of
degree d > 0, each component fi (u) contains at most ` = m+d
monomim
als, with their associated coefficients ci1 , . . . , ci` . Hence, considering only
the nonconstant coefficients, the covariance matrix ⌃c has dimensions
(` 1)n ⇥ (` 1)n .

Section 3.3.1 defines the extended covariance created from ⌃c in the
general form, for f consisting of m inputs and n outputs. Further, Section 3.3.2 shows how two sparse approximations can be considered for
practical use.
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Constructing the dense covariance matrix

In this section, the covariance matrix of f is transformed into the covariance matrix ⌃J associated with the elements of the Jacobian tensor J
(step 2 of Algorithm 2). Because the Jacobian slices are evaluated at
a randomly chosen set of operating points u(1) , . . . , u(N ) (with N large
enough), the tensor J contains mnN elements, and therefore the matrix ⌃J has dimensions (mnN ) ⇥ (mnN ).
Hence, the covariance matrix ⌃J is created as
⌃J

2

3
A(u(1) )
h
i
6
7
..
=4
5 ⌃f A(u(1) )T · · · A(u(N ) )T ,
.

(3.8)

A(u(N ) )

with A(u(k) ) the linear transformation relating the vectorized Jacobian
matrix J(u(k) ) evaluated in the k-th operating point (the k-th frontal slice
of J ) with all the nonconstant coefficients cik . For example, in the special
case of m = n = d = 2 (and thus ` = 6), we can write the components
of f as
"
# "
#
f1 (u1 , u2 )
c11 + c12 u1 + c13 u2 + c14 u21 + c15 u1 u2 + c16 u22
=
.
f2 (u1 , u2 )
c21 + c22 u1 + c23 u2 + c24 u21 + c25 u1 u2 + c26 u22
In this special case, the vectorized Jacobian matrix of the k-th operating point u(k) can be written as a linear transformation of the coefficients c12 , . . . , c16 , c22 , . . . , c26 as follows:
3
2 @f
1
2
3
(u)
(k)
@u
J11 (u )
6 1
7
6J (u(k) )7 6 @f2 (u)7
6 21
7 6 @u1
7
(k)
vec J(u ) = 6
7 = 6 @f1
7
7
4J12 (u(k) )5 6 @u
(u)
2
4
5
J22 (u(k) )
@f2
(u)
@u2

2

6
6
=6
4
|

1
0
0
0

0
0
1
0

(k)

2u1
0
0
0

(k)

u2
0
(k)
u1
0

0
0
(k)
2u2
0

{z

0
1
0
0

A(u(k) )

0
0
0
1

0
(k)
2u1
0
0

0
(k)
u2

0
(k)
u1

0
0
0
(k)
2u2

2

3
c12
3 6 .. 7
6 . 7
6 7
7 6c 7
7 6 16 7
76 7.
5 6c22 7
6 7
6 .. 7
4 5
} .
c26
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As a convention, any vectorization of a matrix (or higher-order tensor) is
always done columnwise, as is the usual practice in Matlab. Furthermore, for higher dimensions (m, n, d > 2), the matrix A(u(k) ) is defined
accordingly, and in general, it has the dimensions (mn) ⇥ ((` 1)n).
Although the covariance matrix (Equation (3.8)) is dense and contains
all the interrelations between coefficients of f , it is of low rank whenever
N>

`

1
m

.

In this case, which always happens for practical purposes, its rank is
bounded by (` 1)n, while its dimensions keep increasing depending on
the number N of operating points. Intuitively, a rank-deficient covariance
matrix contains the information of a few correlated parameters and a few
uncorrelated (Figure 3.6). Furthermore, full-rank sparse approximations
of this rank-deficient covariance matrix are discussed in the next section,
and they may be useful alternatives in some applications (Chapters 4
and 5).

3.3.2

Constructing sparse approximations of the covariance matrix

This section proposes two sparse approximations of the dense covariance
matrix defined in Equation (3.8), by considering only portions of all the
(co-)variances between the Jacobian tensor elements, and setting the other
matrix elements to zero.
The first sparse approximation only considers the variances and covariances between Jacobian tensor elements originated from the same operating point. Because these tensor elements lie in the same frontal slice,
we call this matrix the slice-wise approximation of the covariance matrix
and note it by ⌃sJ . For this matrix, Equation (3.8) boils down to the
block-matrix

⌃sJ

2

6
6
=6
6
4

3

A(u(1) )⌃f A(u(1) )T
A(u(2) )⌃f A(u(2) )T
..

.

where all the empty spaces represent blocks of zeros.

A(u(N ) )⌃f A(u(N ) )T

7
7
7,
7
5

Decoupling noisy multivariate polynomials

Figure 3.6: In a rank-deficient covariance matrix, some parameters are
uncorrelated and some others are correlated. Graphically, the uncorrelated parameters look like a “round” cloud of points (top) and this
corresponds to a covariance matrix with a small condition number. If
two parameters are almost linearly correlated, then then the cloud of
points almost lie on a line (middle) and this corresponds to a very
large condition number. Theoretically, if two parameters are totally
linearly correlated, then the cloud of points lie precisely on a line and
the condition number is infinity (bottom).
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⌃eJ

Computing the weighted Canonical Polyadic Decomposition

The second sparse approximation considers even less nonzero matrix
elements, by keeping only the variances of the Jacobian tensor elements
and setting the rest of the matrix to zero. Because no covariance information is kept, this diagonal matrix only contains the variances of the
Jacobian tensor elements and hence, we call it the element-wise approximation of the covariance matrix. In this case, Equation (3.8) can be
rewritten as
2
3
var J11 (u(1) )
6
7
var J21 (u(1) )
6
7
6
7
..
7.
=6
.
6
7
6
7
(N )
4
5
var J12 (u )
(N )
var J22 (u )
where all empty spaces represent zeros.
These two approximations are, due to their structure, generally of
full rank. Although computing a weighted CPD with a full-rank weight
matrix has already been applied and described in the past [13, 70], and
implementations are readily available [4] for diagonal weight matrices, we
propose a methodology to consider the low-rank covariance matrix ⌃J
as well. Computing the low-rank weighted CPD forms the object of Section 3.4, and is a generalization of the usual way of computing the full-rank
weighted CPD.

3.4

Computing the weighted Canonical
Polyadic Decomposition

As is generally done in the framework of weighted least squares problems, the considered weight is defined as the matrix inverse of the noise
covariance matrix. Moreover, in the case of a rank-deficient covariance
matrix, one could consider the pseudo-inverse of the covariance matrix,
but only in the case of overdetermined systems [67]. Unfortunately, for
the low-rank covariance matrix ⌃J (Section 3.3.1), existing techniques do
not help to create a weighted CP decomposition.
Hence, in this section, we propose a new weighted cost function on
the Jacobian tensor level, using two sets of equations (Section 3.4.1), and
generalizing the usual CPD cost function (3.4). Once the desired cost
function is set, we can implement an iterative algorithm to optimize it
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(Section 3.4.2). Both sets of equations are equally important for the
discussed problem, and must be considered together to create a low-rank
weighted CPD (Section 3.4.3). Finally, we discuss a few theoretical results
on the proposed algorithm (Section 3.4.4).
Noteworthy, the software described in this section is available at
https://gitlab.com/gabriel_hollander/decoupling-website.

3.4.1

Defining the cost function for weighted CPD

The cost function proposed for the weighted CPD is based on the usual
CPD cost function (3.4), but it includes a left-multiplication by the matrix L:
vec JW,V,HK

minimize L vec J
V,W,H

2

,

(3.9)

which is equivalent to the weighted least squares minimization problem
with weight matrix LT L given by
minimize vec J
V,W,H

T

vec JW,V,HK

LT L vec J

vec JW,V,HK .

This matrix L is defined based on two matrix parts of the singular value
decomposition (SVD) of the low-rank covariance matrix ⌃J :
⌃J = U⌃ D⌃ UT⌃

r⇥r

mnN ⇥r

h z}|{
(1)
=
U⌃

(2)
U⌃

|{z}

"z}|{
i D(1)
⌃

mnN ⇥(mnN

(1)

(1)

0

r)

#
0 h
0

(1)

U⌃

(2)

U⌃

iT

(3.10)

(1)

= U⌃ D⌃ (U⌃ )T .
How both matrix parts of ⌃J contribute in the definition of L, and why
this two-part definition of L is necessary, is analyzed in Section 3.4.3.
(1)
In the formula (3.10), we call U⌃ the submatrix of U⌃ containing the
(1)
first r = rank(⌃J ) columns of U⌃ , and D⌃ the submatrix of D⌃ containing the non-zero singular values. Noteworthy, r  rank(⌃c ) (Equation 3.8). For the weighted cost function (3.9), we define the matrix L as
(1)
(2)
the following combination of the two submatrices U⌃ and U⌃ of ⌃J ,
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and introduce the hyperparameter in the second part of the definition
of the matrix L:
"p
#
(1)
(D1⌃ ) 1 (U⌃ )T
L=
.
(3.11)
(2)
(U⌃ )T
The hyperparameter should be chosen by the user on a case by case
scenario (Sections 4.3 and 4.4).
In short, combining the definition for L (3.11) in the cost function (3.9),
the latter is defined as:
"p
#
2
(1)
(D1⌃ ) 1 (U⌃ )T
minimize
vec J
vec JW,V,HK
. (3.12)
(2)
V,W,H
(U⌃ )T
|
{z
}
L

In the next section, we propose an iterative algorithm to optimize the cost
function (3.12) using a weighted version of the Alternating Least Squares
(ALS) for computing the CPD.

3.4.2

Computing the weighted CPD with weighted
ALS

To solve the optimization problem (3.12), we propose to generalize the
workhorse method for computing the unweighted CPD: the so-called Alternating Least Squares technique [14, 32, 41]. This technique iteratively
optimizes only one of the factors V, W and H at a time, while keeping the two others fixed. This way, three consecutive linear optimization
problems are defined, and closed-form expressions of the solutions can be
generated. In the rest of this section, we focus the technical computations
for the update of the factor W, as the equations are similar for the other
two factors V and H. We shall finish this section by stating a general
formulation for any updating factor.
Let us consider the cost function (3.12) in the case of optimization the
factor W. We assume both of the factors V and W to remain constant
in the next paragraphs. Hence, we can rewrite the cost function (3.12)
as a permuted weighted least squares problem, generalizing the usual ALS
approach [41]:
⇣
T
minimize vec J(1)
W

(H

V)WT

⌘T

⇣
T
(LT L)(1) vec J(1)

(H

V)WT

⌘

(3.13)

.
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In this equsation, denotes the Khatri-Rao product [48], and J(1) denotes
the matricization of the tensor J with respect to the first mode [41]
(Figure 3.7). For the purposes of this generalized ALS algorithm, we
follow a popular matricization order [41], although the specific order is not
important, as long as it is held constant in the calculations [40]. Moreover,
(LT L)(1) is a carefully well-chosen permuted version of LT L, which will
be discussed below in detail.
Equation (3.13) searches for the optimal matrix W, and hence consists of multiple right-hand sides in the optimizing parameter. By vectorizing the product (H V)WT and using properties of the Kronecker
T
product [41], the expression J(1)
(H V)WT can be rewritten as in
vectorized form:
T
vec J(1)

vec (H

T
V)WT = vec J(1)

In ⌦ (H

V) vec WT

In this equation, In 2 Rn⇥n denotes the identity matrix and we define
B1 = In ⌦ (H V) as the block-diagonal matrix
2

H

3

V

6
B1 = 4

..

|

.

{z

H

V

n blocks

7
5.
}

With the newly introduced notations, the minimization problem (3.13)
can be rewritten as
⇣
T
min vec J(1)
W

B1 vec WT

⌘T

⇣
T
(LT L)(1) vec J(1)

B1 vec WT

⌘

which has the closed-form solution for vec WT :
⇣
⌘
vec WT = BT1 (LT L)(1) B1

1

T
BT1 (LT L)(1) vec J(1)
,

(3.14)

as is well-known in the general framework of weighted least squares estimation.
To further simplify expression (3.14), we consider the permutation
T
(L L)(1) of weight matrix LT L. This permutation is needed as we considered a special matricization of J(1) in (3.13). Precisely the same perT
mutation that permutes vec J to vec J(1)
should be applied to LT L
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to obtain its permuted version (LT L)(1) . Letting P1 denote this specific
permutation, we can write
T
P1 vec J = vec J(1)

and

(LT L)(1) = P1 LT LPT1 .

In Matlab, the permutation matrix P1 can be encoded with instructions
T = reshape(1:m*n*N, [n,m,N]); I = eye(m*n*N);
P_1 = I(vec(reshape(T, [n, m*N])’), :);
In this code, vec(X) is the shorthand notation for X(:). In the ALS
steps of updating V and H, the permutation matrix should be defined
accordingly (Figure 3.7) with similar Matlab commands.
We conclude this section by restating and simplifying the closed-form
expression for the updating factor W. With the definition of the permutation matrix P1 , Equation (3.14) can be rewritten as
⇣

LPT1 B1

⌘† ⇣

T
LPT1 vec J(1)

⌘

,

with (·)† representing the pseudo-inverse operation. By substituing (3.11)
for the matrix L, the general update formula for factor i in vectorized form
is given by
"
#
"
#
⇣ p(D1 ) 1 (U(1) )T
⌘† ⇣ p(D1 ) 1 (U(1) )T
⌘
T
T
⌃
⌃
⌃
⌃
P i Bi
PTi vec J(i)
,
(2) T
(2) T
(U⌃ )
(U⌃ )
(3.15)
where
factor 1 is W
factor 2 is V

and

factor 3 is H.
Care should be taken, as the solution of (3.15) is in vectorized form.
Hence, this vector should be reshaped to the appropriate dimensions of
the current updating factor during ALS.

3.4.3

Importance of the two sets of equations

As defined in Section 3.4.1, the weight matrix (3.11) consists of the two
following parts:
q
(1)
(2)
(D1⌃ ) 1 (U⌃ )T
and
(U⌃ )T .

2
9
10
11
12
13
14
15

3
10
16
17
18
19
20
21

4
11
17
22
23
24
25
26

5
12
18
23
27
28
29
30

6
13
19
24
28
31
32
33

7
14
20
25
29
32
34
35

4

7

8
15
21
26
30
33
35
36

LT L

1
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8

1

2

8

1

2
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2

9 12 13 10 11 14 15

2

9 10 11 12 13 14 15

5 18 27 29 12 23 28 30

5 12 27 28 18 23 29 30

3 10 16 17 18 19 20 21

7 20 29 34 14 25 32 35

6 13 28 31 19 24 32 33

4 11 17 22 23 24 25 26

2 10 12 14 9 11 13 15

3 10 18 19 16 17 20 21

5 12 18 23 27 28 29 30

4 17 23 25 11 22 24 26

4 11 23 24 17 22 25 26

6 13 19 24 28 31 32 33

6 19 28 32 13 24 31 33

7 14 29 32 20 25 34 35

7 14 20 25 29 32 34 35

8 21 30 35 15 26 33 36

8 15 30 33 21 26 35 36

8 15 21 26 30 33 35 36

T

2

(L L)(1)
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5

6

T

3
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Figure 3.7: When updating the weight matrix LT L, care should be taken depending on the matricizations of J (here, in
the case m = n = N = 2). The chosen matricization order is mathematically not important, as long as they are chosen
consistenly throughout the calculations. Remarkably, with the current choice of matricization, the permutation matrix P3
is, in fact, the identity matrix. Hence, we have (LT L)(3) = (LT L).
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Both parts are necessary and are discussed in this section.
The first part, contributing to a first set of equations, contains the
information of the column space of ⌃J . It is the part used by the pseudoinverse of ⌃J but, unfortunately, using solely this part can lead to an
underdetermined system if the number N of sampling points is larger
than r/r. This underdetermined system, in turn, yields non-unique solutions when updating the factor H during the weighted ALS (Table 3.1)
and should be extended with a new set of equations.
In the second part of contributing equations for the matrix L, we
(2)
consider the U⌃ -part of the U⌃ -matrix. This can intuitively be thought
(1)
of as the orthogonal complement of the U⌃ -part and its equations are
discussed in Table 3.1.
The optimization problem (3.13) can be written in a more general form
as
y = Ax + e,
(3.16)
with the following notational correspondences:
y

corresponds to

T
vec J(1)

A

corresponds to

In ⌦ (H

x

corresponds to

vec W

T

V)
.

Moreover, the noise e is assumed to be correlated, so it can be written as
e = T euncorr ,
which corresponds to the definition of ⌃J in Equation (3.8). Finally, we
assume that the uncorrelated noise euncorr has variance var(vuncorr ) = 2
and the matrix T 2 RN ⇥M , with N > M , creates correlations between
all M elements of e. Noteworthy, we ignored the permutation matrix P1
in this discussion, as it does not change the results for the second part of
equations of L.
With these notations, the covariance matrix ⌃ of e is given by
⌃ = cov(e) = E[e eT ] =

2

T TT .

Because the rank of ⌃ is at most M , ⌃ is rank-deficient, which corresponds to the known rank-deficiency of ⌃J . Considering the SVD of ⌃
and the same notations as in (3.10), it follows that
(U(2) )T e = (U(2) )T T euncor = 0.

(3.17)

1

2

3

Updating
factor

W

V

H

Matrix Bi
2

H

2

H

..

2
6
4

.
H

..

V

.
H

V

W

W
..

mnN ⇥ rn

r ⇥ rn

3

mnN ⇥ rm

r ⇥ rm

3

mnN ⇥ rN

r ⇥ rN
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V

6
4

Dimensions
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7
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i

q
(1)
Table 3.1: In the case of the update of the third factor H, the system with coefficient matrix (D1⌃ ) 1 (U⌃ )T PT
3 B3 is
underdetermined whenever the number N of sampling points is larger than r/r. However, for the updates of factors W
or V, this issue does not arrise, as long as r > max{rn, rm}.
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Computing the weighted Canonical Polyadic Decomposition

This follows from the fact that U(2) ? U(1) and thus that U(2) ? T.
Finally, substituting y Ax of Equation (3.16) for e in Equation (3.17)
yields
(U(2) )T y (U(2) )T Ax = 0,
which yields the exact solution for x:
x = (U(2) )T A

†

(U(2) )T y .

(3.18)

In conclusion, considering the orthogonal complement of U(1) yields more
information and equations, which can be added as the second set in the
definition of L. The hyperparameter is then used to control the relative
weight between the two sets of equations, and should be chosen dependent
on the application.
Moreover, in the case of the full-rank approximations ⌃sJ and ⌃dJ ,
(1)
the U(2) -part in Equation (3.10) is empty, and the U⌃ -part is squared.
In this case, there is thus no need for the second set of equations in
the weighted ALS iterations, and the results boil down to considering
the inverses of these full-weight approximations of ⌃J . In the literature,
general full-rank weighted tensor decompositions are possible to compute,
but with a so-called majorizing function [13], as opposed to the proposed
weighted ALS scheme. However, to our knowledge, no implementation is
available for such a decomposition with majorizing function. Instead, the
only Matlab weighted tensor decomposition toolbox considers a diagonal
element-wise weight matrix [1] and is thus a special case of the proposed
weighted ALS decomposition technique of this section.

3.4.4

General remarks on the weighted ALS

This section discusses three remarks on the proposed weighted ALS technique (Section 3.4.2). Moreover, it also incorporates the proposed technique in the more general decoupling problem of this thesis.
First, we note that the solution (3.18) for x, using the second part of
the matrix L, should, in fact, be considered as an approximation when
considering the optimization problem (3.13). Indeed, although we have
assumed the matrix ⌃J to be entirely known in the calculations in Section 3.4.2, its elements are noisy in a real-life noisy application. In any
application setting, the covariance matrix is approximated as well, hence,
the matrix A in Equation (3.16) should be replaced by an unknown noisy
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matrix Ã and hence, the solution (3.18) is in fact, an approximated solution for x. Furthermore, due to definition (3.8), the covariance matrix ⌃J
is ill-conditioned, so the two sets of equations in definition (3.11) are always needed to overcome underdetermined systems of equations. In conclusion, the second set of equations in the weight matrix (3.11) is obtained
by changing the equality by an approximation in the solution (3.18).
Second, we note that the solution (3.15) reduces the cost function (3.12)
at every iteration step. Even though it is in theory possible to have nonconvergence with the monotonous decrease of the cost function [55, 83],
this difficulty could be solved under certain conditions by choosing the parameter update such that the cost function decreases the most, and this
is called the Maximum Block Improvement (MBI) method [97]. However,
MBI has some drawbacks too, as the computation time doubles in the
case of third-order CPD and is multiplied by N 1 for order N , while in
general, there is very little di↵erence between ALS and MBI. Hence, for
the proposed method, we have chosen to generalize the ALS method, to
keep the calculation speed. Moreover, for all numerical and practical examples, the proposed weighted ALS technique yields satisfactory results
(Chapters 4 and 5).
Third, we note that any iterative method should stop once a certain
criterion is met. By iterating the proposed technique, a sequence of updated factors is obtained
W(1) , V(1) , H(1) , W(2) , V(2) , H(2) , W(3) , V(3) , H(3) , . . .
which we stopped if one of the two following stopping criteria is satisfied:
1. When the relative step size between two iterations is below a given
tolerance, then the algorithm is stopped. The relative step size at
iteration step j 2 is given as
W(j)

W(j
W(j)

F

1)
F

+

V(j)

V(j
V(j)

F

1)
F

+

H(j)

H(j
H(j)

1)
F

.

F

In fact, care should be taken in order to match possible rescalings
and permutations between consecutive factors, for example by using
the cpderr function of the Tensorlab package [94].
2. When an upper bound on the number of iterations is reached, then
the algorithm is stopped.
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Finally, the weighted ALS technique can be incorporated in the general weighted decoupling problem (Section 3.2) as follows. Let f , ⌃c and r
be defined as in Section 3.2. Then an approximate decoupled representation with r branches of f can be found, by considering the covariance
matrix ⌃J and applying Algorithm 3.
Algorithm 3. Decomposition of the noisy multivariate polynomial f ,
given ⌃f .
1. Evaluate the Jacobian matrix J(u) of f in N randomly chosen sampling points u(1) , . . . , u(N ) .
2. Stack the Jacobians into a three-way tensor J .
3. Transform the covariance matrix ⌃f of f into the covariance matrix ⌃J of the Jacobians elements. For certain applications, also
full-rank sparse approximations can be considered: the elementwise ⌃eJ and the slice-wise approximation ⌃sJ .
4. Compute the Weighted Canonical Polyadic Decomposition of J ⇡
Pr
i=1 wi vi hi , using the solution of the weighted Alternating Least
Squares method (3.15). Iterate until one of the stopping criteria is
satisfied (Section 3.4.4).
5. Starting from the vectors h1 , . . . , hr , reconstruct the internal univariate functions g1 (x1 ), . . . , gr (xr ) with an integration step, as in
Algorithm 1.
We will apply this algorithm to numerical examples and applications in
the next two chapters.

3.5

Conclusion and future work

In this chapter, we have generalized an existing tensor-based decoupling
technique to decouple noisy multivariate polynomials, for which an exact
decoupling is not assumed to exist. In this noisy case, we have considered a weight matrix during the tensor decomposition process, by keeping
track of the appropriate permutation during the alternating least squares
iterations. The next step is to apply this weighted tensor decomposition
method on several applications, which is the subject of Chapters 4 and 5.

Chapter 4
Numerical examples for
the weighted tensor
decompositions
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Problem statement
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A weighted tensor decomposition technique was proposed in Chapter 3, by
considering a low-rank weight matrix during the decomposition process. Testing and applying this new method on several numerical examples is needed
to control its performance. We have tested the proposed technique on three
examples, from the innermost tensor level to the outer system identification
level, and this chapter gives an overview of each example.
This chapter is organized as follows: Section 4.1 states the numerical problems, while Section 4.2 shows how the considered weight matrix interacts
with the tensor decomposition. Furthermore, Section 4.3 analyzes the decoupling problem on the static nonlinear level, and Section 4.4 decouples a
coupled parallel Wiener-Hammerstein model. Finally, Section 4.5 concludes
this chapter and links it to Chapter 5.

4.1

Problem statement

The proposed weighted tensor decomposition (Chapter 3) considers a linearly transformed covariance matrix, associated to the elements of the
Jacobian tensor to be decomposed. This weighted tensor decomposition
should be tested to guarantee its performance. The following two problems will be adressed in this chapter:
1. Does the weighted tensor decomposition keep track of the covariances between tensor elements? When decomposing a tensor with
a weight matrix, two correlated tensor elements should imply correlated errors in the weighted decomposition (Section 4.2).
2. Is it valuable to consider a weight during the tensor decomposition
in a nonlinear polynomial decoupling context? When decoupling a
coupled nonlinear function in a system identification context, considering the weighted tensor decomposition approach should yield
better results than without the weight matrix (Sections 4.2 and 4.4).

The next sections are ordered following the mathematical layers, from the
innermost tensor level, passing by the nonlinearity level and ending at the
system identification level.
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Correlations of the errors in weighted
CPD

This section demonstrates that the weighted tensor decomposition keeps
track of the covariances between elements. For this, we consider an example tensor decomposition with tensor dimensions 2 ⇥ 2 ⇥ 2 and start
with the following 8 ⇥ 8 positive definite weight matrix
2
3
0.74
0
0
0
0
0
0
0
6 0
1.67
0
0
0.87
0
0
0 7
6
7
6
7
6 0
0
0.96
0
0
0
0
0 7
6
7
6 0
0
0
0.63
0
0
0
0 7
6
7.
⌦=6
(4.1)
0.87
0
0
1
0
0
0 7
6 0
7
6
7
0
0
0
0
0.11
0
0 7
6 0
6
7
4 0
0
0
0
0
0
0.77
0 5
0
0
0
0
0
0
0
0.31
To simplify the example, the matrix ⌦ is chosen to be almost diagonal,
and has two extra nonzero covariance elements. Any tensor T to be
decomposed with this weight matrix, has dimensions 2 ⇥ 2 ⇥ 2, and we
index its eight elements as follows:
"
#
"
#
t 1 t3
t5 t 7
T1 =
and T2 =
,
(4.2)
t2 t4
t6 t 8

where T1 and T2 denote the first and second frontal slices of T respectively. Interpreting Equation (4.1) with these notations, we compared the
following set of elements of T for correlation:
• elements t2 and t5 are correlated with covariance 0.87 (blue),
• elements t3 and t8 are uncorrelated (red).
For this comparison, 500 uniform random 2 ⇥ 2 ⇥ 2 tensors T are decomposed using the proposed weighted tensor decomposition (Section 3.4)
with weight matrix LT L = ⌦. When recombining the sum of rank-one
factors, we denote this approximate tensor as T̂ . The tensor elements t̂2
and t̂5 of T̂ can be compared to their correspondenting elements t2 and
t5 of T , and the errors t2 t̂2 are correlated to the errors t5 t̂5 (top in
Figure 4.1). Furthermore, the pair of elements t̂3 and t̂8 of T̂ can be compared to their corresponding elements t3 and t8 of T , and their respective
errors are uncorrelated (top in Figure 4.1).
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t̂5

0.5

t5

0

0.5
0.5

0
t2

0.5
t̂2

t̂8

0.5

t8

0

0.5
0.5

0
t3

0.5
t̂3

Figure 4.1: The errors between decomposed and original tensor are
either correlated or not, depending on the weight element in the corresponding element of the weight matrix ⌦, Equation (4.1). Top: the
errors between elements 2 and 5 are correlated. Bottom: the errors
between elements 3 and 8 are not.
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This behavior is expected from the weight matrix and answers question 1 (Section 4.1). The di↵erence in error dependencies can be understood as follows: the weight matrix ⌦ imposes extra conditions during the
weighted ALS iterations. As ⌦ has full rank, it is defined as the inverse of
a covariance matrix. Hence, a nonzero weight element in ⌦ is originated
from a nonzero covariance and thus it implies correlated errors. On the
contrary, the zero weight element originates also from a zero covariance
between the two tensor elements t3 and t8 . Hence, uncorrelated errors
result (Figure 4.1).
The next section considers the weighted tensor decomposition in a
broader context: the noisy multivariate polynomial decoupling.

4.3

Approximate multivariate polynomial
decoupling

In this section, we apply the weighted tensor decomposition in the broader
context of approximate multivariate polynomial decoupling. The starting
point is the following coupled function f0 (the numbers are rounded to
two decimals):
f0 (u1 , u2 )
8
>
0.1u31 0.38u21 u2 + 0.16u21 0.06u1 u22 0.28u1 u2 + 0.32u1
>
>
>
>
<
0.01u32 0.02u22 0.29u2 ,
=
>
0.56u31 + 0.14u21 u2 + 0.62u21 + 0.09u1 u22 + 0.08u1 u2 + 1.3u1
>
>
>
>
:
+0.01u3 + 0.03u2 + 0.09u .
2

2

2

(4.3)
which is exactly decomposable as follows (numbers rounded to two decimal
places)
"
#"
#
0.43
0.65
0.09x31 + 0.18x21 0.7x1
f0 (u1 , u2 ) =
0.44
0.52
0.14x32 0.27x22 + 0.86
with

"

# "
x1
1.86
=
x2
1.57

0.58
0.20

#"

#
u1
.
u2

Next, we repeatedly add correlated noise directly to the coefficients
of f0 , thus creating di↵erent noisy coupled polynomials f . The noise is
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Approximate multivariate polynomial decoupling

correlated by a random positive semi-definite matrix, kept fixed during
the experiments. Afterwards, we compute approximate decouplings of
the noisy polynomials f , comparing the unweighted decoupling with the
di↵erent proposed weighting techniques (Chapter 3). Hence, the following
four di↵erent decouplings fdec of f are compared:
1. the unweighted decoupling [25],
2. the weighted decoupling with the element-wise approximation ⌃eJ
of the covariance matrix,
3. the weighted decoupling with the slice-wise approximation ⌃sJ of
the covariance matrix,
4. the weighted decoupling with the dense weight, defined with the
covariance matrix ⌃J .
With a stopping tolerance of 10 6 (Section 3.4.4), the (weighted) ALS
iterations stopped most of the time before reaching the maximum number
of 6000 iterations.
As a measure for the comparison, we used the relative Frobenius norm
on the outputs of a validation set, with respect to the Frobenius norm of
the original output signal. This relative Frobenius yields relative output
errors of the constructred models, which makes the understanding of the
results easier (Figures 4.2 and 4.3). Also, we tested 68 di↵erent values of
the hyperparameter between 10 5 and 2, and found a local minimum for
= 0.3565 (Figure 4.2). This value for is based on a single experiment
for each and will be used in the rest of this section.
After adding correlated noise 200 times, and computing the di↵erent
(approximate) decouplings, the following three observations can be made
(Figure 4.3).
1. All proposed decoupling techniques (weighted or unweighted), are
quite sensitive to the exact noise realization and could be prone to
local minima: relative output errors vary between 0.07% and 0.8%,
over the di↵erent weighting methods. Therefore, in practice, it is
generally good practice to choose the best decoupling solution over
a set of repeated experiments.
2. Only small di↵erences in errors can be observed between the unweighted decoupling and the decoupling with element-wise approximation ⌃eJ . Apparantly, the element-wise approximation makes
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Figure 4.2: Sixty eight values of the hyperparameter were tested, by
looking at the relative errors between a validation set and the original
output, using the Frobenius norm. In the range between 10 6 and 2,
a local optimum is found for = 0.3565.

a too rough approximation of the tensor covariance matrix, and is
hence too sparse to contain (much) useful information.
3. Although a few spikes occured (due to a few bad local minima),
the smallest relative output errors are obtained with the slice-wise
approximation ⌃sJ or the low-rank dense covariance matrix ⌃J .
Between these two weighted decompositions, the best overal results
are obtained with the full covariance matrix ⌃J decoupling.
To sum up briefly, these observations can be seen from the following averages of the relative errors on the outputs kfdec (u) f0 (u)k over the 200
measurements:
error no weight
error element-wise weight
error slice-wise weight
error full-weight

0.1974
0.1949
0.1946
0.1727

As a conclusion from these experiments, weighting helps for the decoupling problem, when considering the Frobenius norm of the output errors.
The best weighting method seems to be the low-rank dense covariance
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Error of decoupling output

no weight decoupling
element-wise weight decoupling
slice-wise weight decoupling
dense-weighted decoupling

0.5

0

0

50

100
150
Number of experiment

200

Figure 4.3: Using 200 di↵erent correlated noise realizations on the
coefficients of a coupled polynomial f0 , Equation (4.3), the noisy coupled polynomial is decoupled using di↵erent weighting methods (Section 3.3). Ordering the measurements on the x-axis according to the
Frobenius norm of the error of the unweighted CPD decoupling method
reveals the better results of the full-weighted decoupling method.

matrix. Also, although the noise level remains constant over the experiments, the output error of the approximated decouplings is dependent on
the exact noise realization.

4.4

Decoupling an identified parallel WienerHammerstein system

To gain an understanding of how much impact the weight has during the
tensor decomposition, the decoupling problem is examined from an even
further distance than the two preceding sections. Instead of considering the coupled nonlinearity on its own (Section 4.3), we surround it in
this section by a set of linear time-invariant filters. Hence, the output
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of the full model is the sum of the partial outputs at the right filters
(Figure 4.4). Such a model appears during the state-of-the-art nonlinear

input

L1

R1
f (u)

L2

output

R2

Figure 4.4: The model type studied in this section consists of the
nonlinear polynomial function f surrounded by linear time-invariant
filters L1 , L2 , R1 and R2 . For the purposes of this chapter, we assume
the left filters L1 and L2 (resp. the right filters R1 and R2 ) to behave
similarly and have similar transfer functions.

system identificaiton technique of parallel Wiener-Hammerstein models
([77] and Section 2.2.2). For the example discussed further, we consider
low-pass filters for the surrounding linear filters (Figure 4.5).
In this section, we wish to decouple the multivariate polynomial given
by (the decimals are rounded up until two decimal places)
f (u)
8
>
0.27u31 0.15u21 u2 + 0.18u21 + 0.01u1 u22 + 0.21u1 u2 + 0.7u1
>
>
>
>
<
+ 0.03u32 0.049u22 0.49u2
=
>
0.37u31 0.18u21 u2 0.2u21 + 0.23u1 u22 0.23u1 u2 0.49u1
>
>
>
>
:
0.091u3 + 0.1u2 + 0.67u .
2

2

2

(4.4)
Also, we assume that the coefficients of f are correlated with the covariance matrix ⌃f in Equation (4.5). In this matrix, the element on
position (i, j) contains the covariance between the i-th and j-th coefficient
of f , if all the function’s coefficients are vectorized.
Noteworthy, the assumption of having Gaussian distributed coefficients of f is asymptotically satisfied for large numbers of samples. In
such an asymptotic case, the proposed weighted decoupled methods (Section 3.4) lies in the framework of maximum likelihood. Within the current
section of system identification, the same assumption of Gaussian distribution is made on the coefficients of f .
The decoupling of f is computed four times, as in Section 4.3, to
compare the e↵ect of the di↵erent kinds of weights, if any, on the CPD:
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Figure 4.5: The input (left) and output filters (right) of the linear
time-invariant system used in this section are low-passed filters.

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
26
⌃f = 10 6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1.54
0.00
0.50
0.15
0.06
1.71
0.05
0.25
0.05
1.51
0.04
0.48
0.08
0.04
1.60
0.04
0.23
0.05

0.00
0.16
0.01
0.03
0.00
0.09
0.34
0.16
0.14
0.01
0.14
0.00
0.02
0.00
0.07
0.29
0.14
0.12

0.50
0.01
2.28
0.40
0.08
0.79
0.26
0.32
0.04
0.49
0.01
2.22
0.23
0.04
0.67
0.22
0.29
0.04

0.15
0.03
0.40
0.65
0.08
0.33
0.17
0.04
0.01
0.15
0.03
0.41
0.55
0.07
0.29
0.15
0.02
0.01

0.06
0.00
0.08
0.08
0.11
0.20
0.00
0.02
0.03
0.06
0.00
0.06
0.06
0.10
0.19
0.01
0.01
0.02

1.71
0.09
0.79
0.33
0.20
6.44
0.74
0.02
0.06
1.62
0.12
0.66
0.26
0.16
6.03
0.33
0.09
0.06

0.05
0.34
0.26
0.17
0.00
0.74
3.90
0.70
0.04
0.11
0.28
0.18
0.16
0.02
0.87
3.15
0.54
0.03

0.25
0.16
0.32
0.04
0.02
0.02
0.70
1.61
0.38
0.21
0.13
0.30
0.03
0.01
0.02
0.55
1.35
0.33

0.05
0.14
0.04
0.01
0.03
0.06
0.04
0.38
0.29
0.05
0.12
0.04
0.01
0.02
0.07
0.05
0.33
0.24

1.51
0.01
0.49
0.15
0.06
1.62
0.11
0.21
0.05
1.49
0.03
0.47
0.08
0.04
1.54
0.00
0.21
0.05

0.04
0.14
0.01
0.03
0.00
0.12
0.28
0.13
0.12
0.03
0.13
0.01
0.02
0.00
0.11
0.25
0.12
0.11

0.48
0.00
2.22
0.41
0.06
0.66
0.18
0.30
0.04
0.47
0.01
2.17
0.24
0.03
0.54
0.16
0.28
0.04

0.08
0.02
0.23
0.55
0.06
0.26
0.16
0.03
0.01
0.08
0.02
0.24
0.48
0.05
0.23
0.15
0.01
0.01

0.04
0.00
0.04
0.07
0.10
0.16
0.02
0.01
0.02
0.04
0.00
0.03
0.05
0.09
0.15
0.02
0.01
0.02

1.60
0.07
0.67
0.29
0.19
6.03
0.87
0.02
0.07
1.54
0.11
0.54
0.23
0.15
5.71
0.42
0.10
0.07

0.04
0.29
0.22
0.15
0.01
0.33
3.15
0.55
0.05
0.00
0.25
0.16
0.15
0.02
0.42
2.69
0.46
0.04

0.23
0.14
0.29
0.02
0.01
0.09
0.54
1.35
0.33
0.21
0.12
0.28
0.01
0.01
0.10
0.46
1.21
0.30

3
0.05
0.127
7
0.047
7
7
0.017
7
0.027
7
0.067
7
0.037
7
7
0.337
7
0.247
7 (4.5)
0.057
7
7
0.117
7
0.047
7
0.017
7
0.027
7
7
0.077
7
0.047
7
0.305

0.22

Because the function f to be decoupled consists of 18 coefficients, Equation 4.4, the covariance matrix on its coefficients has
dimensions 18 ⇥ 18. We assume this matrix to be given for the purposes of this section, although it can be approximated
with system identification techniques, for example when approximating f from an earlier stage in the identification process
(Section 5.2.2).
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1. decoupling without any weight [25];
2. decoupling with the element-wise approximation ⌃eJ ;
3. decoupling with the slice-wise approximation ⌃sJ ; and
4. decoupling with the dense covariance matrix ⌃J .
After these various decouplings, a random-phase multisine ([69] and Figure 4.6) is sent as a validation signal through the original coupled system
(Figure 4.4) and through the four di↵erent decoupled models.

Figure 4.6: The validation signal used to compare the di↵erent decoupled models looks in the time domain as a random signal, but it
is actually structurally defined. Only its phases are randomly chosen,
as the number of excited frequency lines are chosen depending on the
application.

To find a good value of the hyperparameter , the weighted decouplingvalidation steps are repeated for 35 di↵erent values of the , chosen between 10 5 and 10 (Figure 4.7). The current example system seems to
have a local minimum at = 3.667, which is the value we set for the rest
of this discussion.
With this value of , the four di↵erent decoupling methods cited above
were tested and analyzed as follows. The dense covariance matrix ⌃J or
its slice-wise approximation o↵ers lower output errors, with respect to the
unweighted decoupling, or with the element-wise approximation of the
covariance matrix ⌃J (Figure 4.8).
Next to these numerical experiments, extensive simulations were done
with hundreds of di↵erent systems and as many coupled multivariate polynomials. The parameters of these systems were uniform randomly chosen
in a fixed interval, similar to the above-mentioned nonlinearity (4.5). From
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Figure 4.7: To find an appropriate value of the hyperparamater for
the current model, its e↵ect on the output decoupled error is checked,
with a random-phased multisine as the validation signal. Because
many di↵erent values of should be tested, we started with the large
interval 10 5 and 10 (top) and then zoomed in on a smaller interval
2.5 to 7 (bottom). The value for was finally set to the local minimum
3.667, even though any value for > 2 might be good in this example, as the output error does not significantly increase for larger values
of . Noteworthy, the exact curve for the output error with respect
to di↵ers from model to model (for example, Figure 4.2), and should
be checked in every application.
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these simulations, we could derive the following three (heuristic) observations about the di↵erent types of (weighted) decoupled representations:
1. Decoupling noisy multivariate polynomials with the dense covariance matrix ⌃J and its slice-wise approximation ⌃sJ generally yield
at least as good output errors as the decompositions with no weight
described.
2. Overall, the element-wise approximation ⌃eJ does not incorporate
enough information to improve the unweighted decoupling and yields
comparable output errors as the latter.
3. Finally, for difficult decoupling problems where the unweighted decoupling does not yield acceptable results, we observed improvements with the slice-wise or dense weighted decoupling.
These results are encouraging and stay in the line of the popular technique
of weighted least squares.

4.5

Conclusions of numerical experiments of
the weighted CPD

In this chapter, we applied the weighted tensor decomposition process
of Chapter 3 to three numerical examples, starting at the tensor level,
passing by the nonlinearity level, and ending at the full nonlinear system
identification level. Considering a weight during the decoupling and decomposition process does what it is supposed to do: better fit the noise to
achieve smaller decoupled model errors. However, care should be taken,
as considering the weight only helps when the noise errors are larger than
model errors. Identification with large model errors will be the subject of
Part II of this thesis.
To our knowledge, except a few exceptions [13, 70], it is quite unfortunate that so little literature is available on the weighted CPD. Thanks to
the encouraging results of this chapter, future work might consist of experimenting with the weighted tensor decomposition in di↵erent, perhaps
even unrelating to system identification, scientific and engineering fields.
Another possible future work problem arrises in the outermost level in
this chapter, the identification of a parallel Wiener-Hammerstein model.
During the proposed decoupling of this model, all the surrounding linear
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original output signal
output error without weight
output error with element-wise weight
output error with slice-wise weight
output error of the full-weighted output

dB of magnitude

40

20

0

20

40

0

0.09
frequency (normalized)

0.18

Figure 4.8: The errors between the original output signal and the
output produced by the di↵erent decoupling methods. Plotted in the
frequency domain; the vertical axis is in dB of the magnitude of the
signals.

filters were assumed to be known and they were left unchanged during
the process. However, this assumption is rather unrealistic and will be
softened in Chapter 5: there, a full parallel Wiener-Hammerstein model
will be identified, starting from simulated data and ending with decoupled
models. Identifying the linear filters as well as possible will also be the
subject of the next chapter.
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In the field of nonlinear system identification, a parallel Wiener-Hammerstein
model o↵ers a good balance between modeling power and complexity [77].
To identify such a model, the following two-step method can be used: first,
identify a coupled model and approximate the covariance matrix of the coupled nonlinearity. Then, use the proposed approximate decoupling techniques
of Chapter 3 to obtain a decoupled model. The two steps of this methods
have been tested in the past ([81] and Chapter 4), but they should be combined and tested during a total identification procedure.
This chapter gives an overview of this two-step full identification method
on a computer simulated case study. Section 5.1 states the identification
problem and Section 5.2 surveys the coupled identification scheme. Further,
Section 5.3 details the identification of a computer-simulated case system,
from start to finish, and Section 5.4 concludes this chapter and proposes further work directions.

5.1

Problem statement

Given the input and output measurements of a dynamic system, we wish
to identify it using a parallel Wiener-Hammerstein model. More precisely,
given the measured inputs u = (u1 , . . . , uN ) and outputs y = (y1 , . . . , yN )
of a system, and the number of branches r, we wish to find linear timeinvariant filters L1 , . . . , Lr , R1 , . . . , Rr and univariate functions g1 , . . . ,
gr , the former surrounding the latter (Figure 5.1), such that the following

Figure 5.1: A parallel Wiener-Hammerstein model consists of r parallel branches, each of which composed of a single-input single-output
univariate function gi surrounded by linear time-invariant filters Li
and Ri (1  i  r).
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cost function (5.1) is minimized:
min

Li ,fi ,Ri

ky

ŷk
2

kyk

2

,

i 2 {1, . . . , r}

(5.1)

In the optimization problem (5.1), ŷ represents the modeled output of the
parallel Wiener-Hammerstein model. Accordingly, the cost function’s parameters are those of the model’s components, also called blocks: the
linear filters and the coefficients of the nonlinear functions f1 , . . . , fr .
Throughout this chapter, these nonlinear functions are assumed to be
univariate polynomials.

5.2

Overview of the identification scheme

The proposed identification scheme of parallel Wiener-Hammerstein models consists of two parts:
1. Identifying the linear filters and a coupled nonlinearity, yielding a
coupled model (Section 5.2.1),
2. Finding a decoupled representation of the nonlinearity, yielding a
decoupled model (Section 5.2.2).
The second part is based on the results of Chapter 3.

5.2.1

Overview of the coupled identification

In the past, an algorithm was proposed for identifying parallel WienerHammerstein models with a coupled nonlinearity [77, 81, 76]. This algorithm uses the concept of Best Linear Approximation (BLA) [69] and is
summarized in the following algorithm:

Algorithm 4. Identification of parallel Wiener-Hammerstein system [77]
• Estimate the BLA of the system at di↵erent operating points;
• Parametrize the BLA using a common denominator model;
• Decompose the BLA over the di↵erent linear dynamical blocks in
the system;
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• Estimate the static nonlinear function.
The resulting model, however, has some identifiability issues, because
nonsingular matrices TL and TR (and their inverses) can be multiplied
on both sides of the nonlinear functions. These operations change the
representation of the model, but keep its output ŷ unaltered (Figure 5.2).

Figure 5.2: When identifying a parallel Wiener-Hammerstein model,
identifiability issues arise [76]. Multiplication with nonsingular matrices TL , TR and their inverses on both sides of the nonlinear functions f1 and fr leaves the input-output relation unchanged. However,
the filters and the nonlinear functions are transformed (Figure 5.3).

In general, when combining the input (respectively output) filters
with TL (respectively TR 1 ) and the innermost model blocks TL 1 , f1 ,
. . . , fr and TR , the end model consists of linearly transformed input and
output filters (respectively L1 , . . . , Lr and R1 , . . . , Rr ) and a so-called
coupled nonlinear function f (Figure 5.3). More formally, we define the
following transformed filters
2

3
2
3
L1 (z)
L1 (z)
6 .. 7
6 . 7
4 . 5 = TL 4 .. 5
Lr (z)
Lr (z)

and

2

3
R1 (z)
6 .. 7
1 T
4 . 5 = (TR )
Rr (z)

2

3
R1 (z)
6 .. 7
4 . 5
Rr (z)

and the coupled function f of input z
2

3
f1 TL 1 (z)
7
6
..
f (z) = TR 4
5.
.
1
fr TL (z)
This coupled function f may possess many parameters, and could o↵er
little intuitive or physical understanding in certain applications. Therefore, we wish to find an (approximate) decoupled representation of f in
the second part of the identification process.
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Figure 5.3: The end result of the coupled identification process of a
parallel Wiener-Hammerstein model consists of a coupled nonlinear
function in the middle of the model [78, 81, 76].

5.2.2

Overview of the decoupling stage

The second step in the identification process consists of decoupling the
end result of Section 5.2.1, using di↵erent available decoupling techniques.
We will compare the unweighted decoupling [25] with two of the three
decoupling methods described in Chapter 3, so we will discuss the three
following decoupling methods based on first-order derivative information
of f :
• Unweighted decoupling;
• Weighted decoupling with slice-wise weight matrix;
• Weighted decoupling with dense weight matrix.
To compute the weighted decoupled representation, one needs a weight
matrix (LT L) 1 (Chapter 3). One possible choice for (LT L) 1 is the
inverse of a carefully constructred covariance matrix of the Jacobian elements during the tensor decomposition process (Chapter 3). To compute
this covariance matrix LT L, the covariance matrix ⌃f of the coefficients
of f is needed and it is based on the stochastic properties of standard Least
Squares estimation [49]. This covariance matrix ⌃f can be approximated
with the theoretical formula
⌃f =

2

(KT K)

1

,

where 2 is the covariance of the added noise on the output y, and K is
the regressor matrix used in the approximation of the coupled function f .
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5.3

Case study example identification

This section focuses on a specific computer simulated case study system
and identifies it using the method of Section 5.2. We start with input
and output signals u and y, obtained from a known two-branch parallel
Wiener-Hammerstein model, and add independent identically distributed
(i.i.d.) Gaussian noise to the output, with a variance of 1% of the noiseless output’s variance (Figure 5.4). Using the identification scheme of
Section 5.2, we search back for a decoupled representation of the model.
i.i.d. noise
L1 (z)

f1

R1 (z)
y

u
L2 (z)

f2

R2 (z)

Figure 5.4: We assume the case study system for this chapter to be
a two-branch Wiener-Hammerstein system, from which we simulate
the output and add i.i.d. random noise. The variance of the added
Gaussian noise is 1% of the noiseless output.

5.3.1

Underlying system and signals

For this case study, the linear filters have been chosen as di↵erent secondorder lowpass Chebyshev filters (Figure 5.6). Furthermore, the nonlinear
functions f1 and f2 are chosen to be third-order polynomial functions
(Figure 5.7). We note that f1 contains a less pronounced nonlinearity
than f2 .
The system is excited with a random-phase multisine defined in discrete time [69] without DC term:
u(t) =

F
X

Ak sin(2⇡f0 kt + 'k ).

k=1

Here, Ak is the amplitude of the k-th excited frequency line, chosen equal
for all excited lines. These amplitudes are chosen such that the specified
RMS values of the input is equal to a predefined value, and these are
needed during the coupled model estimation stage [76]. Furthermore, 'k
is the phase of the k-th excited frequency line, drawn from a uniform
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distribution in the interval [ ⇡, ⇡[. The simulations are run using a sample
frequency of fs = 210 Hz and the base frequency f0 = 1 Hz. The number
of excited frequencies F is equal to 170, which implies that the maximum
excited frequency is approximatively fs /6. Since the degree of the coupled
nonlinearity is three, this ensures that all frequencies of the output are
correctly captured (Nyquist theorem). Finally, i.i.d. noise is added to
the output, the standard deviation of which is chosen to be 1% of the
standard deviation of the simulated (noiseless) output data.

5.3.2

Coupled model

Using Section 5.2.1, a coupled model is found with four linear filters, L1
and L2 on the left and R1 and R2 on the right of a multivariate polynomial f (Figure 5.8 and 5.9). The filters look quite di↵erent from those
in the original decoupled model (Figure 5.6), due to the presence of similarity transforms [78]. Also, these are identified as fourth-order filters,
as specified in the algorithm [76], and will remain so during the decoupling stage (Section 5.3.3). By multiplying with the appropriate factor
and correctly correcting the nonlinearity f̂ , we normalized the DC gain of
the filters to one (Figures 5.6–5.12), to get an easier comparison between
the models
Noteworthy, although the underlying linear filters are all second order
(Figure 5.6), the filters resulting from algorithm [76] are all fourth order. This is a result of an intrinsic behavior of this identification method,
and happens because all the poles of the systems are divided between the
left (L1 and L2 ) and right (R1 and R2 ) filters. Also, during the identification process, the left filters on the one hand, and the right filters
on the other hand, are chosen to have the same poles, and therefore the
same denominator (Figure 5.8), all with four poles. Although the results
are fourth-order filters in this noisy setting, theoretically, pole-zero cancellation should occur in a noiseless setting [76], revealing the original
second-order filters.

5.3.3

Decoupled models

The coupled model from Section 5.3.2 is used as a starting point for the
decoupling method ([33] and Chapter 3). This is done according to the
following four steps:
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Case study example identification

1. In 100 randomly chosen linearization points, chosen from the observed signals, the first order derivative information of f is stacked
into a three-dimensional tensor.
2. This three-dimensional tensor is decomposed using a (weighted) tensor decomposition. In the case of a weighted tensor decomposition,
the weight matrix is constructed from the covariance matrix of the
coefficients of f .
3. The tensor decomposition yields three factors. Two of them represent for transformation matrices and transform the linear filters into
a new set of filters. The third factor represents the derivatives of
the decoupled nonlinear functions evaluated in the randomly chosen
linearization points (Algorithm 2 on page 35).
4. The decoupled model, obtained from the weighted tensor decomposition, is further optimized using (5.1), with respect to the measured
output y. The cost function (5.1) of the optimization updates all the
parameters defining the linear and nonlinear blocks of the parallel
Wiener-Hammerstein model (Figure 5.1).
Every block of the created (weighted) decoupled models of the parallel
Wiener-Hammerstein system can be compared with the original underlying system. The weighted decoupled models have been created using the
following weight matrices during the tensor decomposition process:
1. The first tensor decomposition uses the identity matrix as the weight
matrix. This boils down to the unweighted tensor decomposition
technique [25] (Section 3.1.2 and Figure 5.10).
2. The second tensor decomposition uses the block-structured approximation of the covariance matrix. Here, all the covariance information between the coefficients inside a same Jacobian matrix is kept,
while the rest of the weight matrix is set to zero (Section 3.3.2 and
Figure 5.11).
3. The third tensor decomposition uses the full covariance matrix as a
dense weight matrix (Section 3.3.1 and Figure 5.12).
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Comparing the results

To quantify the results, we validated the models by comparing their outputs with a validation signal in the same signal class for which the BLA
was estimated. The smallest relative errors are obtained when using the
block-diagonal and full weighted decoupling methods (Table 5.1).
Type of model
coupled model
decoupled no weight
decoupled block-diag.
decoupled full weight matrix
decoupled with [89]

relative RMS of error
0.0100
0.0080
0.0066
0.0067
0.0309

Table 5.1: The smallest relative RMS errors is obtained when decoupling with a block-diagonal and full weight matrix. Also, the alternative tensor-based decoupling method [89] yielded higher model errors,
than the coupled model [81].

Furthermore, we have repeated the identification procedure using 57
di↵erent random-phase multisines as excitation signals. Over these experiments, the full weighted decoupled representations seem to o↵er the smallest overall RMS errors (Figure 5.5). Also, the errors of the decoupled representations are smaller than the coupled one, which could imply that the
coupled model is overfitting a little, as it contains extra parameters with
its cross-terms. Finally, the proposed weighted decoupling method was
compared with another tensor-based decoupling method [89, 80], which
showed higher model errors. This alternative decoupling method uses tensors at its core, which increase in order in function of the degree of the
coupled polynomials. Furthermore, it has been studied without an added
weight matrix, and it works only in the case of a coupled polynomial,
instead of other basis functions.
Noteworthy, the overfitting of the coupled model would probably not
be present in one of the two following cases:
1. The underlying system in the simulation is of higher order, and
is modeled by a coupled polynomial model of degree three. In this
case, the coupled model will contain cross-terms of degree three, but
no monomials of higher degree, present in the underlying system.
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decoupled no weight
decoupled block-diag.
decoupled full
coupled

1

10

2

RMS of error

10

1

57
Number of experiment

Figure 5.5: When repeating 57 experiments with randomly created
input excitations, the RMS errors of the decoupled representations are
overall smaller than the coupled representation. The experiments are
ordered by increasing error of decoupled representation.
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2. The underlying system is unknown, in the case of real-life measurements (Chapter 8 in the case of nonlinear state-space models). In
this situation, one cannot compare the monomials of the underlying
model with the coupled model.
Finally, the decoupled representation reduced the number of nonlinear
parameters significantly: the coupled model contains seven nonlinear coefficients, while the decoupled models contain each contain four nonlinear
coefficients. This parameter reduction is even more striking with more
complex models (Chapter 6).

5.4

Conclusion

Using the two-step approach of this chapter, we have been able to identify a parallel Wiener-Hammerstein model, starting with simulated input
and output data. Using the block-diagonal and full weights during the
decoupling stage results in the smallest model errors. Using these weight
matrices, we keep track of the internal correlations, which can better
model the system.
Instead of modeling a system based on simulated data, the current
results could be applied to real-life measurements. This application is
discussed in Chapter 8 for another model structure: the nonlinear statespace models.
For general applications of the proposed method of Part I, the following
rules of thumb can be given:
• If a good approximation of the covariance matrix of the coefficients
of the coupled function could be found, then it is worthwhile to
try out the proposed weighted decoupling method with slice-wise
or full weight. Furthermore, a large enough set of inputs (and outputs) in the range of interest should be tested, to minimize possible
individual di↵erences due to randomized noise.
• If no good approximation of the covariance matrix can be found,
then the unweighted decoupled method [25] can always be tested.
In some cases, depending on the uncertainty of the approximated
covariance matrix, the proposed element-wise weighted decoupling
method can also be tested.
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Underlying system’s details:
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Figure 5.6: The linear filters of the underlying system are chosen to
be second-order Chebychev filters.
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Figure 5.7: The nonlinear functions f1 and f2 in the underlying system
are chosen to be third-order polynomial functions.
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Coupled systems’s details:
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Figure 5.8: The linear filters after the first part of the identification
method already ressemble the filters of the underlying model. These
filters surround the coupled nonlinearity f (Figure 5.9).
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Figure 5.9: After the first part of the identification process, the coupled
multivariate polynomial f is modeled. In order to compare it with the
underlying model, it should be decoupled (Figures 5.10—5.12).
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Unweighted decoupled model’s details:
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Figure 5.10: When decoupling the coupled model without any weight,
the resulting linear filters (left) ressemble to the underlying filters, but
the nonlinearities (up) have room for improvement.
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Block-diagonal weighted decoupled model’s details:
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Figure 5.11: When decoupling using the block-diagonal weight matrix,
the resulting model approximates well the underlying system (linear
filters left; decoupled polynomials up).
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Full weighted decoupled model’s details:
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Figure 5.12: When decoupling using the full weight matrix, the resulting model approximates well the underlying system (linear filters left;
decoupled polynomials up). This resulting model is very similar than
the one using a block-diagonal weight matrix (Figure 5.11).
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Problem statement
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Every parametric model lies on the trade-o↵ line between accuracy and interpretability. Increasing a model’s interpretability, while keeping its accuracy as
good as possible, is of great importance for every existing model today. Currently, block-oriented and nonlinear state-space models may become hard to
interpret due to large internal MIMO nonlinear functions, and need to be simplified [29, 64, 80, 93]. Therefore, we designed a model-reduction technique
using the tensor CPD for a special type of static nonlinear multiple-input
multiple-output models. For these models, we analyzed how the quality of
the model varies in function of the model order.
This chapter proposes a tensor-based initialization and compares it with a
randomly chosen initialization. Using this tensor-based initialization ensures
smaller model errors than when using a random initialization, and thus yields
a simpler model, while being able to keep its accuracy as high as possible.
This chapter is organized as follows: Section 6.1 states the problem and
Section 6.2 gives an overview of the proposed initialization using tensor decompositions. Further, Section 6.3 compares two initialization methods using
simulated systems and measurements. One of these test cases is examined in
detail in Section 6.4. Finally, Section 6.5 concludes this chapter.

6.1

Problem statement

In this chapter, we consider a static nonlinear model with m inputs and n
outputs. The output of this model f is defined by
f : Rm ! Rn : u 7! Wg(VT u),
using the following three internal components (Figure 6.1):
• a first transformation matrix [v1 . . . vr ] = V 2 Rm⇥r ,
• a set g of r nonlinear single-input single-output functions g1 (v1T u),
. . . , gr (vrT u), also called branches, and
• a second transformation matrix W 2 Rn⇥r .
Although generalizations to other basis functions are possible, we focus
our attention to polynomial branches. They thus have the form
gi (viT u)

=

d
X

k=0

cij (viT u)k ,
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where cij are the coefficients of the i-th polynomial branch gi of degree d.

g1 (v1T u)

u1
..
.

VT

..
.

y1
..
.

um

..
.

W

yn

gr (vrT u)

Figure 6.1: The nonlinear models in this chapter all have the same
structure. They consist of two transformation matrices V and W,
surrounding a set g of r single-input single-output branches g1 (v1T u),
. . . , gr (vrT u).

The problem discussed in this chapter goes as follows: given a multipleinput multiple-output model as described above, find an approximate reduced description involving r̃ < r branches. That is, find appropriate
⇠
⇠
transformation matrices [ṽ1 . . . ṽr̃ ] = V 2 Rm⇥r̃ and W 2 Rn⇥r̃ and
nonlinear single-input single-output functions g̃1 (ṽ1T u), . . . , g̃r̃ (ṽr̃T u) such
that the reduced model f̃ approximates the original model f in terms of
their output:
⇠

⇠T

f (u) = Wg(VT u) ⇡ Wg̃(V u) = f̃ (u),
for a given set of inputs u of a fixed domain of inputs. Formally, the
⇠ ⇠
following cost function is minimized, over the parameters of V, W and g̃:
PN

i=1

min
⇠ ⇠

V,W,g̃

Wg(VT u(i) )
PN

i=1

⇠

⇠T

2

Wg̃(V u(i) )

Wg(VT u(i) )

2

.

(6.1)

In the optimization problem (6.1), the norm is chosen as the Euclidian
norm of vectors, and the cost function is normalized with the normed
output of f . The search space in this optimization consists of the matrix
⇠
⇠
elements of V and W, together with all the coefficients of the function g̃.
The functions g̃1 , . . . , g̃r̃ are chosen to be univariate polynomials of degree d.
Because of the nonlinear function g̃, the cost function (6.1) is nonlinear
and non-convex. Any iterative method is sensitive to its initialization
point, and might converge to poor local minima [57].
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To solve the local minima problem, one could select a best solution
resulting from a set of randomly chosen candidate initial points. However, we propose an initialization method using tensor decompositions to
guarantee smaller model errors.

6.2

Finding the tensor-based initialization

The proposed initialization method makes use of tensor decompositions,
and is created using Algorithm 1. We show in the following sections
that this proposed tensor-based initialization yields better results than a
random initialization.
Algorithm 1 Creation of initial point for approximate decoupling.
• Choose a number N of sampling points u(1) , . . . , u(N ) uniform randomly among a fixed data set;
• Evaluate the Jacobian matrices of f in these sampling points and
stack them together in a three-way tensor J of dimensions n⇥m⇥N ;
• Compute an approximate tensor decomposition of J into a sum of r̃
rank-one tensors;
• The di↵erent factors of this decompositions represent the initialization for the cost function (6.1). As in Chapter 3, the factor in the
third dimension should first be interpolated and integrated, before it
can represent the coefficients of the univariate functions g̃1 , . . . , g̃r̃ .

6.3

Monte Carlo experiments and results

To compare the proposed tensor-based initialization with a random initialization, we proceeded with a set of Monte Carlo computer-based simulations. This section surveys the methodology (Section 6.3.1) and the
results (Section 6.3.2).
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Methodology for comparing initializations

As starting point for the simulations, we chose a set of 228 multiple-input
multiple-output functions f randomly. These functions di↵er in one or
multiple of the following eight ways:
1. A number of inputs m, where 3  m  20;
2. A number of outputs n, where 3  n  20;
3. A number r of “true” internal branches, before the model is reduced
(3  r  20);
4. Uniform randomly chosen univariate polynomials g1 , . . . , gr ;
5. A number r̃ of “reduced” internal branches, after the model reduction (3  r̃  r)—this number is chosen such that no identifiability
issues arise [21];
6. The maximal degree d of the polynomials in the internal branches
(fixed at d = 3);
7. Two uniform randomly chosen transformation matrices V and W;
8. Randomly chosen input samples u(1) , . . . , u(N ) (N = 500) among a
given and fixed data set.
Once these parameters are set, a study system is defined. Then, ten
random initialization points are generated, and these represent all the
⇠ ⇠
⇠
parameters of initial parameters V, W and g in an approximate decoupled
representation. Each of these ten initializations start two optimization
procedures (Figure 6.2):
1. The initialization is passed to Algorithm 1 (Section 6.2) after which
it is further optimized with the cost function (6.1) and a Jacobian
gradient-descent method.
2. The initialization is directly optimized using the cost function (6.1)
and a Newton-like gradient-descent method.
At the end of one experiment, twenty results are obtained (ten for
each optimization route) and each of them defines an approximate decoupled representation of f . This approximation consists of the following
information:
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initialization

CP decomposition

optimization of (4.1)

result 1

result 2

Figure 6.2: Two di↵erent optimization routes are proposed. The first
computes the CP decomposition before continuing to optimize cost
function (6.1). The second directly optimizes the latter cost function
starting from a randomly chosen initialization.
⇠

⇠

• Two transformation matrices V and W;
• A set of r̃ internal branches, polynomials g1 (x1 ), . . . , gr̃ (xr̃ ), of degree d;
• The approximate model error given by the cost function (6.1).
The model errors are discussed further in the next section.

6.3.2

Discussion of the model errors

To discuss the results of the experiments in Section 6.3.1, we focus our
attention to the minimal value of the cost function for each optimized
approximate decoupled representation. This choice comes from a practical point of view: in a system identification application, one could choose
to solely work with the decoupled representation showing the smallest
cost function error. Accordingly, we have compared how the two alternatives relate to each other, by plotting the respective minimal cost values
obtained after optimization (Figure 6.3).
Adding the extra step with the tensor decomposition improves the resulting model (Figure 6.3). Furthermore, this extra step does not add
any significant computational time to the experiment, as CP decomposition algorithms exist with very little overhead time (decomposing a
20⇥20⇥1000-tensor using [94] takes under three seconds to compute, while
the optimization problem (6.1) may be relatively much slower). Also, even
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0.4

cost with rand init

r̃
r

> 0.55

r̃
r

0

< 0.55

0

0.4
cost with CPD init
Figure 6.3: All 228 experiments show a better (or equal) error after
optimization using the CPD initialization instead of a random initialization. This di↵erence is most significant when r̃/r > 0.55 (red
crosses), because these lie in the upper left part of the plot. This happens whenever m or n is quite large, as there is then more reduction
possible. In case r̃/r  0.55 (blue points), the di↵erence is less significant. The number 0.55 is chosen such that it divides the points of
this plot in two parts: most experiments in the upper-half portion of
this plot satisfy r̃/r > 0.55. In other words, whenever the reduction
in parameters is not too large, then the di↵erence in initializations is
probably high.

though we observed almost no direct influence of the number of inputs
m and outputs n on the final cost errors, we found better approximated
models using the tensor-based initialization, in cases where r/r̃ was not
too small. Finally, in these experiments, no noise error was added, so the
errors are solely due to model approximations. These errors can increase
up to 50% in the large reduction cases (so when r/r̃ is very small).
However, optimizing further with the tensor-based initialization seems
to be important to always ensure smaller cost errors than the direct route:
not adding this extra step does not always guarantee smaller cost function (Figure 6.4). Furthermore, even though existing CP decomposition
implementations o↵er predefined initialization points [1, 94], these do not
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cost with rand init

0.5

0

0

0.5
cost with CPD init without optimizing further
Figure 6.4: To always guarantee smaller cost functions with the tensorbased initialization, it is necessary to optimize the cost function (6.1)
further. In short, both steps (CP decompositions followed by optimization), so the left route in Figure 6.2, are necessary to create good
approximate decoupled models.

guarantee better results as when using a sample of ten random initializations, as other experiments have shown [34]. Following these experiments,
the choice of the initialization method for the CPD in the context of the
optimization problem (6.1) does not seem to influence the results in a
significant way. As a note, while it is known that finding the best rank-r̃
CP decomposition for tensors of order three or higher is in general an
ill-posed problem [47], we are interested in workable approximations and
we study their properties in this context.
In the following section, we focus our attention to two case systems
and analyze them in detail.

6.4

Case studies

This section focuses on the analysis of two case studies. The parameters
in the starting multivariate function f were chosen as follows:
• The matrix elements of V and W were chosen in the interval [ 1, 1];
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• The coefficients of g1 , . . . , gr were chosen in the set [ 1, 0.5][[0.5, 1].
Also, a set of 500 uniform randomly chosen inputs u(1) , . . . , u(500) among
a given data set were used to create the Jacobian tensor (Algorithm 1).
The first model f was chosen to have 20 inputs and 20 outputs, and
consists of the same number of internal branches. The second model,
however, consists of more internal branches (20) than inputs and outputs
(15 and 15). Both models were then approximately decoupled using an
increasing number of branches, starting from 1 up to 20 (respectively Figure 6.5 and Figure 6.6) and we compared the two optimization routes (Figure 6.2), starting from ten random initializations. Noteworthy, one could
try a gradual reduction of the number of branches, starting with 20, and
successively decreasing the number of branches to 19, 18, . . . branches,
each successive approximation based on the preceding one. However, to
compare every successive decoupled approximations independently of the
other approximations and gain intuition and understanding on the approximation step itself, the model f was decoupled with a given number
of branches (in the range 1 to 20), without considering other approximations (Figure 6.5 and 6.6).
In these case studies experiments, the extra CP decomposition step
yields smaller cost function error, starting at a certain threshold value of
r̃ (r̃ > 5 for case study 1 and r̃ > 7 for case study 2). Furthermore, the
spread on the value of the cost function over di↵erent simulations is much
smaller with the extra CP step, than with random initializations. Also,
only with the extra step is the original model found back for r̃ = r = 20.
In practice, the cost function is in this case in the order of 10 11 , which is
not exactly machine precision. This, however, is due to the CP algorithm,
which may converge to a predefined threshold level.
The cost errors increase after the threshold of r̃ when using the direct optimization route, and can be explained as follows. Exceeding the
threshold may yield a too large search space for the optimization problem (6.1). This, in turn, can lead to bad local minima when starting from
random initial points, instead of using the tensor-based initialization.

6.5

Conclusion

To reduce the model order of certain nonlinear model structures, we have
to minimize the nonlinear and non-convex cost function (6.1). In this
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Test case 1
0.8

init 2
cost
0.25

0

0

5

20

init 1

r̃
Figure 6.5: Starting from r̃ = 5, the error using the the CP-based
initialization point ( ) is smaller than when using a randomly chosen
initialization point ( ). Moreover, the variations using ten di↵erent
CP-based initializations are smaller than using ten random initializations.

·

Test case 2
0.5

cost

init 2
0.14
0

0

7

20

init 1

r̃
Figure 6.6: Starting from r̃ = 7, the error using the the CP-based
initialization point ( ) is smaller than when using a randomly chosen
initialization point ( ). Moreover, the variations using ten di↵erent
CP-based initializations are smaller than using ten random points.

·
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optimization, we can use an iterative method, that needs an initialization
point. A randomly chosen initialization point may yield bad local minima,
while first decomposing it using the Canonical Polyadic decomposition
yields smaller approximation errors. With this extra step, the reduced
models do approximate the original models better, and could be used in
several applications (Chapter 7 and Chapter 8). Future work could investigate the influence of the number of inputs and outputs of the coupled
function, with respect to the cost function errors. Also, generalizations to
the X-rank decompositions could be investigated [21].
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Problem statement
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The general class of autoregressive exogenous models (ARX) considers the
next modeled output as a function of past outputs and inputs. Examples of
nonlinear ARX (NARX) models are the Volterra series, block-oriented models
and recurrent neural networks [6]. When considering a NARX model, the
number of (nonlinear) parameters might increase considerably, which hardens
the physical or intuitive interpretation of the model. To decrease the number
of parameters, we searched for a decoupled representation of a NARX model
by adjusting the proposed decoupling approach: instead of decomposing a
tensor, we considered the decomposition of a matrix. This chapter gives
an overview of the mathematical procedure going from tensors to matrices.
Furthermore, it compares two di↵erent matrix decomposition techniques on
a case study experiment.
This chapter is organized as follows: Section 7.1 states the mathematical
problem solved in this chapter and Section 7.2 surveys two possible methods
to do so. Further, Section 7.3 compares both methods on a case study
and Section 7.4 concludes this chapter by proposing future possible work
directions.

7.1

Problem statement

As usual in the field of system identification, the starting point in this
chapter is a set of measured inputs u = (u1 , . . . , uN ) and outputs y =
(y1 , . . . , yN ) of an unknown system. From these measurements, we wish
to identify a so-called decoupled nonlinear autoregressive exogenous (decoupled NARX) model. More specifically, our starting point is a (coupled)
NARX model [9, 46], generally denoted as
yk = f y k

1 , . . . , yk ny , uk nk , . . . , uk nk nu +1

+ ek

(7.1)

for a multiple-input single-output function f : Rny +nu ! R, for which we
search for a decoupled representation. In Equation (7.1), the output y at
time k is function of
ny
nu
nk

0
0
0

past outputs, starting with one delayed output,
past inputs, starting with
delays.

In the case ny = 0, no delayed outputs are taken into account in the
function f . Furthermore, we assume the noise ek to be i.i.d.
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For the purposes of this chapter, we wish to reduce the number of
parameters of coupled NARX models, and make them intuitively easier
to grasp, by searching for a decoupled representation with a certain number r of decoupled branches (Figure
7.1). That
is, we are searching for
h
i
a transformation matrix V = v1 · · · vr 2 R(ny +nu )⇥r and a set of
SISO functions g = (g1 , . . . , gr ) of degree d, such that

ŷ =

r
X

gi viT (yk

1 , . . . , yk ny , uk nk , . . . , uk nk nu +1 )

.

(7.2)

i=1

For the rest of this chapter, we will assume the SISO functions g to be of
degree 3 (Section 1.3).
Noteworthy, unlike in the other chapters and models of this thesis, the
second transformation matrix W is not used for decoupled NARX models,
as the outputs of the di↵erent functions gi are added to create the output ŷ
of the model. Accordingly, a decoupled NARX model could define the
matrix W as an column vector consisting solely of r 1’s, but this would
add r superfluous parameters in the optimization problems discussed in
this chapter, without adding new and meaningful information.
ŷk = f (yk
yk
..
y .
uk

nk

..
.

g1 (v1T z)

1

k ny

uk

1 , . . . , yk ny , uk nk , . . . , uk nk nu +1 )

nk nu +1

VT

..
.

..
.

+

gr (vrT z)

Figure 7.1: A coupled NARX model has the general form ŷk =
f (yk 1 , . . . , yk ny , uk nk , . . . , uk nk nu +1 ). On the other hand, a
decoupled NARX model consists of one transformation matrix V
transforming the input u to the inputs of SISO functions g1 , . . . , gr .
Accordingly, the SISO functions’ outputs are added together to create the model’s output ŷ. In short, a decoupled NARX model can
Pr
T
be represented by ŷk =
i=1 gi (vi x). As a shorthand notation, z
represents all the input variables of the function f .

ŷk
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In short, this chapter considers the following mathematical problem.
Given the inputs u and outputs y of a system, we are searching for a
transformation matrix V and SISO functions g, such that the following
normalized cost function is minimized:
minimize
V,g

kŷ

yk

kyk

2

2

,

(7.3)

with ŷ the decoupled modeled output, Equation (7.2). The number r of
decoupled branches is chosen by the user, and varies from application to
application (Section 7.3). In the next section, we give an overview of two
possible techniques for identifying decoupled NARX models.

7.2

Identification methods for decoupled
NARX model

In this section, we propose two identification methods for modeling decoupled NARX models, both of which consist of a few common steps. The
starting point is an identified coupled NARX model (Section 2.2.3) which
we then decouple, considering the first-order derivative information of the
coupled function f evaluated at a set of operating points (Section 7.2.1).
During the proposed decoupling process, the function f is considered as
an m-input 1-output coupled function, with m = ny +nu . Afterwards, the
decoupled models are validated using prediction and simulation errors.
The so-called Jacobian matrix evaluated in the operating points is
decomposed into a low-rank approximation using one of the two following
variants:
1. a so-called relaxed alternating least-squares method (Section 7.2.2),
2. or a separable least-squares method (Section 7.2.3).
After an integration step (similar to step 4 of Algorithm 2), the result is
processed as the starting point for the optimization problem (7.3). The
final optimization ressembles to the problem (5.1) in Section 5.1, and optimizes all the model parameters further, in order to minimize the modeled
output errors. In the following sections, we focus our attention to the
parts of this algorithm di↵ering from the other chapters of this thesis.
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Creating the Jacobian matrix

Instead of a three-dimensional Jacobian tensor as in the other chapters
of this thesis, the multiple-input single-output coupled function f creates
a so-called Jacobian matrix J of dimensions m ⇥ N . The number N of
operating points is (heuristically) defined large enough and the operating
points z(1) , . . . , z(N ) are chosen uniform randomly in the region of interest.
The i-th column of J contains all the partial derivatives of f evaluated in
the i-th operating point.
The following two Sections 7.2.2 and 7.2.3 propose two methods for approximating the Jacobian matrix J as a product of two low-rank matrices.
The rank r of the low-rank factors represents the number of decoupled
branches of the NARX decoupled model and several values of r should
be tested in practice. Finally, Section 7.2.4 summarizes our proposed
identification method.

7.2.2

Using relaxed ALS to decompose the Jacobian
matrix

The first low-rank decomposition technique of the Jacobian matrix J is a
kind of relaxed ALS: it is an adaptation on the CPD for higher-order tensors (Section 2.1) but contains only two factors V 2 Rm⇥r and H 2 RN ⇥r ,
instead of three factors in the case of three-dimensional tensors. The first
factor V immediately translates to the transformation matrix of the decoupled representation (Figure 7.1), while the second factor represents
T
column-wise the derivatives of g evaluated in the points v1T z, . . . , vN
z,
analoguous to Algorithm 2. The relaxed ALS described in this section
related to the so-called structured low-rank approximation (SRLA) problem [53]. Other methods for finding structured low-rank approximations
of matrices have been studied, for example using regularization [38] or
variable projections [92].
Decomposing the Jacobian matrix J is translated mathematically into
the optimization problem
minimize J
V,H

VHT

2
F

,

(7.4)

with k·kF the Frobenius norm. This nonlinear and nonconvex optimization problem is a special case of problem (3.4) for tensors. To optimize
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the nonlinear problem (7.4), we propose a relaxed variant of the Alternating Least Squares method, which is the workhorse algorithm for the
generalized tensor problem. In the case of matrix decomposition, the ALS
algorithm updates one factor, while keeping the other constant, and vice
versa:
1. update of V in the approximation problem J ⇡ VHT ;
2. update of H in the approximation problem JT ⇡ HVT .
These two approximations problems arise from the two di↵erent matricization orders of the matrix J: with the same notations as in [41], the
first matricization J(1) boils down to J, while the second matricization J(2)
boils down to JT .
Even though the least-squares update of V is straightforward and
given by
V̂ = (H† JT(1) )T ,
this approach ignores the dependencies of H on the entries of V (see further), and hence, it is a relaxed version of the ALS method. Furthermore,
to update the matrix H in a noisy practical setting, we impose structure at every iteration step during the ALS iterations. As every column
of H represents the evaluated derivatives of f , we assume the i-th column hi of H to be written directly as a linear combination of unknown
coefficients c and the Vandermonde matrices Xi :
h
i h
i
H = h 1 · · · h r = X 1 c1 · · · X r cr ,
(7.5)
with the i-th Vandermonde matrix given by
2

Xi =

@gi
@c

z(1) ,...,z(N )

1
6
6.
6 ..
6
6
=6
61
6
6 ..
6.
4
1

vi z(1)
..
.
vi z(j)
..
.
vi z(N )

⇣

⌘2
vi z(1)
..
.
⇣
⌘2
vi z(j)
..
.
⇣
⌘2
vi z(N )

···
..
.
···
..
.
···

⇣

⌘d
vi z(1)
..
.
⇣
⌘d
vi z(j)
..
.
⇣
⌘d
vi z(N )

13

7
7
7
7
17
7.
7
7
7
7
5
1

Equation (7.5) writes the matrix H as a function of the vectorized
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coefficients c:
2 3
c1
6 .. 7
c = 4 . 5,
cr
and we propose to update the coefficients c directly, and computing the
factor H afterwards. Finding an approximation of the coefficient vector c
is possible by vectorizing the problem J(2) = JT ⇡ HVT into
vec JT ⇡ vec HVT .
With the well-known Kronecker product’s properties [41], the following
calculations can be made:
vec HVT = vec IN HVT
= (V ⌦ IN ) vec H
2 3
h1
6 .. 7
= (V ⌦ IN ) 4 . 5
hr
2
X1
6
..
= (V ⌦ IN ) 4
.

Xr

32 3
c1
7 6 .. 7
54 . 5,

(7.6)

cr

with IN the identity matrix of dimensions N ⇥ N . Finally, from these
calculations, the update of c can be computed by
0

2

B
6
ĉ = @(V ⌦ IN ) 4

31†

X1
..

.
Xr

7C
T
5A vec J .

Section 7.3 compares the proposed relaxed ALS technique developed
in this section with next section’s separable least-squares technique. Furthermore, Chapter 8 discusses some implications of the imposed structure
on H, in the more general setting of three-dimensional tensor decompositions.
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Using separable least-squares to decompose the
Jacobian matrix

The second matrix decomposition method of the Jacobian matrix J uses
the so-called separable least-squares method. This method was developed
by David Westwick during his two-month long stay at the department
ELEC of the Vrije Universiteit Brussel, from March to April 2017, and
was presented at the second Workshop on nonlinear system identification
benchmarks at the VUB [96]. This section summarizes this method.
The separable least-squares method is a special case of the more general framework of constrained least square. In the latter framework, a
cost function V (✓) is function of parameters ✓, which can be divided into
two categories
1. Some of the parameters are linear, forming the subset ✓l . In Equation (7.6), the parameters c1 , . . . , cr appear linearly, so these were
used as linear parameters in the separable least-squares method.
2. Some of the parameters are nonlinear, forming the subset ✓n . Since H
depends nonlinearly on V and J = VHT , the nonlinear parameters
are the entries of V.
With separable least-squares, the linear parameters ✓l can be written
in closed form as functions of the remaining nonlinear parameters [36].
Therefore, a separated cost function VSN (✓n ) is created, which can be optimized with a quasi-Newton algorithm. Under mild assumptions [30],
the minima of the separated cost function VSN (✓n ) are equivalent with
those of the original cost function V (✓), yielding local mimina for the
original least-squares problem. Hence, once the nonlinear paramaters ✓n
are found, the linear parameters can be computed from their closed-form
solution, thus yielding a solution for the original problem.
The biggest advantage of separating the linear from the nonlinear parameters is the reduction in the number of parameters. Section 7.3 surveys
the outcomes of our NARX experiments with both methods.

7.2.4

Overview of decoupling NARX models

This section summerizes the proposed decoupling method for NARX models (Algorithm 5). The starting point for this algorithm are the measured
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or simulated inputs u and outputs y for which we wish to identify a decoupled NARX model. Furthermore, we assume a coupled NARX model
to be available (Section 2.2.3), which we decouple with Algorithm 5.
Algorithm 5. Decoupling a NARX model with r branches.
1. Construct the Jacobian matrix J of f in N operating points (Section 7.2.1);
2. Decompose the Jacobian matrix, either with relaxed ALS (Section 7.2.2) or with separable least-squares (Section 7.2.3);
3. Integrate the resulting vector c of coefficients to retrieve the coefficients of the internal functions g1 , . . . , gr ;
4. Use the end result of step 3 as initialization point for the optimization problem (7.3).

7.3

Case study for the decoupled NARX
model identification

To compare the two proposed decomposition techniques (Sections 7.2.2
and 7.2.3), we apply the decoupled NARX identification method on the
simulated data from the so-called Bouc-Wen data [58, 27]. First, a general
overview of the Bouc-Wen model is given. Then, decoupled NARX models
are generated with the proposed technique of Sections 7.2.2 and 7.2.3.
General overview of the Bouc-Wen model
The Bouc-Wen model is used to represent hysteretic e↵ects. These e↵ects
are found in several engineering fields [56] and human sciences [3], and
consist of multiple stable equilibria, causing input-output loops, as the
input frequency approaches zero. Systems showing hysteretic e↵ects are
inherently nonlinear, and can be referred to as systems with nonlinear
memory.
A Bouc-Wen model with a single degree of freedom or a Bouc-Wen
oscillator with a single mass, is described by the second-order di↵erential
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equation in continuous time [11] and [95],
mL ÿ(t) + cL ẏ + kL y +z(y, ẏ) = u(t),
| {z }

(7.7)

linear restoring force

with the hysteretic force z(y, ẏ) given as the first-order di↵erential equation
⌫ 1
⌫
ż(y, ẏ) = ↵ẏ
|ẏ| |z|
z + ẏ |z| .
(7.8)
In equations (7.7) and (7.8), the following notations are used:
y
u
mL = 2 kg
kL = 5 · 104 N/m
cL = 10
z(y, ẏ)
↵ = 5 · 104
= 103
= 0.8
= 1.1
⌫=1

displacement
external force
mass constant
linear sti↵ness coefficient
viscous damping coefficient
hysterestic force
Bouc-Wen parameter
Bouc-Wen parameter
Bouc-Wen parameter
Bouc-Wen parameter
Bouc-Wen parameter

The values used for this case study are noted next to each parameter. For
the Bouc-Wen parameters , and , SI units are not uniquely defined.
Hence, we do not include the units in the table.
Creating a model for the Bouc-Wen measurements
Modeling the Bouc-Wen measurements with a (decoupled) NARX model
happens in a discrete time framework, and two possible error criteria can
be used (Section 2.2.3). The next modeled output ŷk+1 depends (among
others) on the past model outputs ŷ1 , . . . , ŷk in one of the two following
ways:
1. If the past model outputs are replaced by the measured outputs y1 ,
. . . , yk , then the output is called a prediction. The error corresponding to this a prediction output is the so-called prediction error.
2. If the past model outputs are replaced by simulated outputs, then
the output is called simulation, and its associated error is the socalled simulated error.
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Although not accepted as good practice, we have used the same signal
for the estimation and validation of the model, as the results with the
relaxed ALS method yield unstable models (see further). This input signal
was a random phase multisine with a sampling frequency of 750 Hz [58].
Its steady-state period consists of 8192 samples and it is excited between
the frequencies of 5 and 150 Hz (Figure 7.2).

Figure 7.2: The input signal used for the Bouc-Wen identification was
a random-phase multisine. In the time domain (top), it looks like
noise, but its structure appears in the frequency domain (bottom). It
consists of 8192 points sampled at 750 Hz, and it is excited between
the frequency lines of 5 and 150 Hz.

Using FROLS technique for identifying a coupled NARX model (Section 2.2.3 and [6, 7, 8]), a third-order polynomial coupled NARX model
was created with the following delay parameters:
ny = 14

and

nu = 11

and

nk = 2.

These delay parameters were chosen after trial and error tests with several
other sets of delay parameters, to obtain small (coupled) model errors, for
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the prediction and simulation errors:
• the relative prediction error of this coupled model is 1.4%,
• the relative simulation error of this coupled model is 3%
However, this coupled model contains, due to the many cross terms in the
coupled function f , 3250 parameters. Decoupling the model will decrease
the number of parameters considerably.
Decoupling the NARX model with relaxed ALS
Considering the relaxed ALS technique for creating a decoupled NARX
model yielded acceptable results for the prediction output, after optimizing the cost function (7.3) with prediction: the smallest relative decoupled model errors were in the order of 22%, when comparing 15 di↵erent
random initializations for the relaxed ALS method (Figure 7.3). These
initializations chose the transformation matrix V and the coefficient vector c uniform randomly with elements in the interval [0, 1], as the starting
point for the relaxed ALS iterations. Unfortunately however, the decoupled models created with the relaxed ALS technique were all unstable in
the simulation mode. This unstable behavior was very probably due to
the non-converging cost function (7.4) on the level of the Jacobian matrix
decomposition (Figure 7.4). Even when choosing the parameter values
for the minimal cost function after a certain number of iterations, the
simulation outputs were always unbounded during our experiments. Section (8.2.3) discusses the implications of the non-convergent cost function
on the Jacobian level in greater detail, in the more general decomposition
problem of three-way tensors, where the same difficulties arise.
Finally, the errors of the decoupled NARX models were compared
to the errors of linear ARX models (Figure 7.3). These ARX models
are created when imposing linearity in the definition (7.1). From these
experiments and with the relaxed ALS method, it seems that decoupling
the NARX models yields similar errors at when considering the linear
ARX model.
Decoupling the NARX model with separable LS
Nevertheless, the results of the separable LS method are more promising [96]. With this method, stable models were created, both for the
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prediction output (dB of magnitude)

decoupled output
error with ARX model
error with decoupled NARX model
70

0

30

0

0.167
frequency (normalized)

Figure 7.3: The prediction output of the decoupled model (blue) is able
to model accurately the resonance in the low frequency region. This
decoupled model is created with the relaxed ALS technique, followed
by the optimization of the cost function (7.3) with the prediction error.
However, the error of the decoupled NARX model (green dots) are
significantly higher than the linear ARX model (red crosses), which is
a severe flaw in the relaxed ALS technique (Figure 7.4). However, the
seperable LS technique seems a good alternative with superior results
(Figure 7.6).
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Figure 7.4: Unfortunately, the cost function (7.4) on the level of the
Jacobian matrix decomposition is highly non-convergent. This is due
to the update of the factor V during the relaxed ALS process (Section 8.2.3). In this plot, the cost function is plotted after successive
updates of the two factors V and H.

prediction output (1.7% error) and the simulation output (5.4% error).
In both cases, the cost function (7.3) was minimized with the one-step
ahead prediction errors. During this optimization process, if the cost
function increased, the next update was rejected and the step size was
reduced (Figure 7.5). Sometimes, several rejecting steps could happen in
a row, and hence the step size was greatly reduced. The 5-branch decoupled model contains only 141 parameters, which is a huge reduction
of 96% compared to the original coupled model’s number of parameters,
while keeping the model errors acceptably low. The latter method seems
thus to be more robust for decomposing the Jacobian matrix, and is, to
the knowledge of the authors, currently the best state-of-the-art method
for identifying decoupled NARX models (Figures 7.6 and 7.7).

7.4

Conclusion and future work

This chapter forms, to the knowledge of the authors, the first step towards decoupled nonlinear autoregressive exogenous models. We have
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Figure 7.5: With the seperable LS method [96], the cost function is
forced to decrease. In the unfortunate case that the next update is
increasing, this next update is rejected and the step size is reduced
(wholes in the plot). Sometimes, several rejecting steps in a row were
necessary to ensure a decreasing cost function.

tested two di↵erent matrix decomposition methods and have observed
mixed results. Due to a non-converging cost function, the first method
(alternating least squares) may yield unstable models considering simulation outputs. However, the second proposed method (separable least
squares) is able to create stable models with simulation outputs, while
minimizing the increase in model errors. Therefore, our preference goes
to the latter method.
At their core, both proposed technique consider the Jacobian matrix
built on (possibly many) operating points. Future work might consider
other decoupling approaches, without investigating the first-order derivatives, or instead, by considering second-order (or more) derivatives. Future work might also consider other basis functions for the considered
models, di↵erent from the polynomials used in this chapter: perhaps sinusoids or saturating functions might be better suited for creating stable
decoupled NARX models.
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decoupled output
error with ARX model
error with Decoupled NARX model
70

0

30

0

0.167
frequency (normalized)

Figure 7.6: With the seperable LS decomposition technique, far lower
model errors are obtained than with the relaxed ALS method, when
considering prediction errors. With the former, the linear ARX model
errors (red crosses) are generally a bit higher than the decoupled
NARX model errors (green dots), which implies a small increase in
the accuracy of the modeled prediction output with the decoupled
NARX model.

simulation output (dB of magnitude)

Identifying decoupled NARX models

125

decoupled simulation output
simulation error with ARX model
simulation error with NARX model
70

0

30

0

0.167
frequency (normalized)

Figure 7.7: The model created with the seperable least-squares method
also yields good results with simulation errors. Unfortunately, the
relaxed ALS method did not result in stable models with simulation
errors.
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Chapter 8
Identification and
decoupling of nonlinear
state-space models

127

Problem statement

128

Black-box models o↵er the great advantage of not needing any prior knowledge before the identification process. One type of black-box model, the
state-space model, considers a set of internal states in its model structure [39].
Accordingly, the modeled outputs are a function of these internal states and
the inputs.
Identifying a polynomial nonlinear state-space model yields, as in the preceding chapters, a possibly large and complex coupled static nonlinear function.
Decoupling this nonlinearity while keeping the descriptive power of a statespace model might result in simpler and more intuitive black-box models.
Therefore, we have applied the tensor decomposition approach of the past
chapters to several examples with real-life measurements. Furthermore, we
have considered a polynomial constraint during the tensor decomposition process at the core part of the algorithm. This chapter gives an overview of the
proposed decoupled polynomial nonlinear state-space identification approach,
and applies it to three case studies.

8.1

Problem statement

In this chapter, we consider the following problem: given simulated or
real-life measured inputs u and outputs y of an unknown single-input
single-output system, we wish to represent this nonlinear system using a
decoupled polynomial state-space model with a given number nx of states.
More detailed, we wish to find
• a state matrix A 2 Rnx ⇥nx ,
• an input column vector b 2 Rnx ⇥1 ,
• an output row vector cT 2 R1⇥nx and
• a feedforward scalar d 2 R,
a decoupled multiple-input multiple-output nonlinear function
fx : Rnx +1 ! Rnx :

x(t), u(t) 7! fx x(t), u(t)

,

and a decoupled multiple-input single-output nonlinear function
fy : Rnx +1 ! R :

x(t), u(t) 7! fy x(t), u(t) ,
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such that the state-space modeled output ŷ approximates the output y in
the least-squared sense. As a shorthand notation, we will note the inputs
of the nonlinear functions fx and fy as z(t).
The output ŷ of the state-space model is defined as (Section 2.2.4)
(
x(t + 1) = Ax(t) + Bu(t) + fx z(t)
(8.1)
ŷ(t) = cT x(t) + du(t) + fy z(t) .
In this chapter, we will focus on polynomials for the nonlinear functions fx
and fy . Furthermore, without loss of generality, these nonlinearities can
be written as a sum of monomials of degree two and higher. Finally, we
solely consider polynomials up to degree three (except in Section 8.3.2).
A decoupled representation of a nonlinear state-space model should
contain decoupled functions fx and fy , that is, without any cross-terms.
More specifically, the state-space representation (8.1) can be rewritten as
"
# " #
" #
"
#
x(t + 1)
A
B
fx z(t)
u(t) +
= T x(t) +
,
(8.2)
ŷ(t)
c
d
fy z(t)
| {z }
f z(t)

with the decoupled function f z(t) = Wg VT z(t) , for certain matrices W 2 R(nx +1)⇥r and V 2 R(nx +1)⇥r and a given number r of univariate
functions g = (g1 , . . . , gr ).
In short, the problem of this chapter is stated as follows: given the
inputs u and outputs y of a nonlinear system and a number r of branches,
find a decoupled state-space model with r branches such that the following
cost function is minimized:
min

A,B,C,d,
W,g,V

ky

ŷk

kyk

2

2

.

(8.3)

2

Although dividing by kyk does not change the convergence properties of
the optimization problem, it simplifies the interpretation with a normalized error (Figures 8.5, 8.8 and 8.12).

8.2

Overview of the identification method

We propose a method for identifying a decoupled state-space model in the
following six stages.
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1. A coupled polynomial state-space model is obtained using the earlier developed algorithm for identifying nonlinear state-space models [64, 65, 66] (Section 8.2.1). The end result of this stage contains
a coupled nonlinearity f , Equation (8.2).
2. As in Chapter 3, the tensor of Jacobians is created in N random
operating points z(1) , . . . , z(N ) . The number N of operating points
should be chosen large enough for the problem at hand (Algorithm 2
on page 35).
3. This Jacobian tensor is decomposed with the Canonical Polyadic
Decomposition (Section 8.2.2) with or without adding a polynomial
constraint during the decomposition process (Section 8.2.3).
4. As in Chapter 3, the factors of the decomposition return the matrices V and W of the decoupled function. Also the univariate
functions g1 , . . . , gr are retrieved, after an interpolation-integration
step (Section II.C of [26]).
5. The decoupled representation of f is used as the starting point to
optimize the nonlinear part of the state-space model. For this, we
optimize the following normalized cost function
PN
2
(i)
Wg(VT z(i) )
i=1 f (z )
min
.
PN
V,W,g
(i) 2
i=1 f (z )
This optimization problem occurs at the level of the inputs and
outputs of the nonlinearity f , instead on the level of the inputs and
outputs of the nonlinear state-space model.

6. Finally, the result of step 5 is used as the initial point for a full
model optimization, using cost function (8.3).
In this identification scheme, three consecutive optimizations are proposed, starting from the most inner layer of the Jacobian tensor (step 3),
going on to the level of the nonlinearity f (step 5) and arriving at the
most outer layer of the full state-space model (step 6). Each following
optimization uses the end result of the previous optimization as its initialization. These multiple successive optimizations should result in better
local minima than using a single random (and uncontrolled) initialization.
The next sections give a more detailed look into steps 1 and 3 of the
proposed identification method.

Identification and decoupling of nonlinear state-space models

8.2.1

131

Identifying the coupled nonlinear state-space
model

Given the input and output measurements of a nonlinear system, it is
possible to identify it using a polynomial state-space model [64], [65],
and [66]. This algorithm consists of the following three steps:
1. Compute the Best Linear Approximation from the input-output
data;
2. Identify a linear state-space model, without any nonlinearity:
(
x(t + 1) = Ax(t) + Bu(t)
ŷlinear (t) = Cx(t) + du(t).

This linear model approximates the input-output data, and can be
optimized into a nonlinear model in the next step.
3. For a given degree of the polynomial, use the linear state-space
model as a starting point for a nonlinear optimization problem and
find the polynomial nonlinear state-space (PNLSS) model.
The end result (8.1) contains, among others, the coupled multivariate
polynomial f , which we decouple further in the next identification steps.
In practice, identifying the coupled polynomial state-space model is
done using the PNLSS toolbox [89] for MATLAB.

8.2.2

Decomposing the Jacobian tensor without a
polynomial constraint

The Jacobian tensor created in step 2 (Section 8.2) is decomposed with
the CPD, using ALS, the workhorse algorithm for computing the CPD.
The end result contains the factors V, W and H. Of these factors, the
first two can be directly translated to the decoupled model, but the third
should first be interpolated and integrated, when taking the transformated
inputs into account (step 4 of Algorithm 2 on page 35).
Due to the noisy measurements and because no polynomial constraint
was added, one may vaguely guess how the matrix H represents the derivatives of g1 , . . . , gr . Visually, clouds of points appear when plotting the i-th
column of [h1 , . . . , hr ] = H against viT uf (Figure 8.1).
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Figure 8.1: When no polynomial constraint is added during the CPD in
a noisy tensor decomposition setting, the decomposed factors are noisy.
Specifically, the factor H can hardly represent the derivatives of the
decoupled functions, as clouds of points now arise. These points should
be interpolated and integrated, but an extra polynomial constraint will
also be considered in Section 8.2.3. The columns of H in the decoupling
are plotted here in the case of a single-branch Wiener-Hammerstein
identification using three branches (Section 8.3.2).

The next section introduces a polynomial constraint on the factor H.
This is a generalization of the MISO technique introduced for NARX models (Section 7.2.2). It directly optimizes the coefficients of the univariate
T
functions g1 , . . . , gr , instead of their evaluations in v1T z, . . . , vN
z.

8.2.3

Decomposing the Jacobian tensor with a polynomial constraint

In this section, we introduce a polynomial constraint which is added during the ALS iterations, hence creating a relaxed version of ALS. The first
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part of this section defines this constraint, and the second part discusses
its implications for another ALS factor.
Introducing the polynomial constraint on H
Starting, as in Section 8.2.2, with the Jacobian tensor J built with the operating points z(1) , . . . , z(N ) , we wish to decompose it with an additional
polynomial constraint. Adding this constraint should ensure H to have
smooth curved lines (Figure 8.2) instead of clouds of points (Figure 8.1).
In the following, we consider the Jacobian tensor of dimensions (nx +
1) ⇥ (nx + 1) ⇥ N , with nx the number of states of the state-space model.
Adding the polynomial constraint occurs during the ALS algorithm [41]
for computing the CPD:
V)T ;

1. update of W with: J(1) ⇡ W(H
2. update of V with: J(2) ⇡ V(H

W)T ;

3. update of H with: J(3) ⇡ H(V

W)T .

Instead of updating the factor H in step 3 without any polynomial constraint, we wish to directly update the coefficients of the derivatives
of g1 , . . . , gr , hence considering the polynomial constraint. Accordingly,
we assume hi , the i-th column of H, to be written directly as a linear
combination of polynomial coefficients ci 2 Rd⇥1 and the Vandermonde
matrix Xi :
h i = X i ci ,

(8.4)

The Vandermonde matrix Xi of dimensions N ⇥ d is defined as all the
(j)
powers up to degree d 1 of the inputs vi uf of the i-th branch function’s
0
derivative gi :
2

1
6
6.
6 ..
6
6
Xi = 6
61
6
6 ..
6.
4
1

(1)

vi uf
..
.

(j)

vi uf
..
.

(N )

vi uf

⇣

⌘2
(1)
vi uf
..
.
⇣
⌘2
(j)
vi uf
..
.
⇣
⌘2
(N )
vi uf

···
..
.
···
..
.
···

⇣

⌘d
(1)
vi uf
..
.
⇣
⌘d
(j)
vi uf
..
.
⇣
⌘d
(N )
vi uf

13

7
7
7
7
17
7.
7
7
7
7
5
1

(8.5)
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Figure 8.2: When adding a polynomial constraint during the CPD, the
output factor H now represents directly the derivatives of the functions g1 , . . . , gr . Because the additional polynomial constraint directly
optimizes these functions’ coefficients, the interpolation step can be
skipped and one just needs to integrate these functions to retrieve the
univariate functions g1 , . . . , gr . The plots for this figure are generated
from the same experiments as in Figure 8.1.
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With the imposed constraint (8.4) for branch i, we can rewrite step 3 of
the ALS algorithm as the update of the coefficient vector
h
i
c = vec c1 · · · cr 2 Rrd⇥1
with

h
i
J(3) ⇡ X1 c1 · · · Xr cr (V W)T .
(8.6)
h
i
Defining the matrix X = X1 c1 · · · Xr cr 2 RN ⇥r for ease of notation
and vectorizing both sides of the approximation (8.6) yields
W)T .

vec J(3) ⇡ vec X(V

(8.7)

Using the Kronecker product’s properties [41], the right-side of the vectorized expression (8.7) can be rewritten as follows:
vec X(V

W)T = vec IN X(V
= (V
= (V

W)T

W) ⌦ IN vec X
2
X1
6
..
W) ⌦ IN 4
.

32 3
c1
7 6 .. 7
54 . 5
Xr
cr

Hence, the least-squares approximation ĉ of (8.7) is given by
0

B
ĉ = @ (V

2

6
W) ⌦ IN 4

31†

X1
..

.
Xr

7C
5A vec J(3) .

(8.8)

This value for ĉ is used as the update for c during the relaxed ALS algorithm with the additional polynomial constraint. From the updated
ĉ, the updated H is computed with Equation (8.4) and the relaxed ALS
iterations continue, updating W and V until a stopping criterion is met.
Implications of the polynomial constraint on the update of V
Introducing the polynomial constraint on the factor H may have negative
implications for the update of the factor V, due to the nonlinearities inside the model. Decoupling this model with the relaxed ALS framework
replaces the single large nonlinear and nonconvex tensor decomposition
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problem for unstructured tensor decompositions (Section 2.1) by three
linear-in-the-parameter problems, which is a great advantage of the relaxed ALS method. However, when considering the polynomial constraint
for the columns in H by updating the coefficients ci directly, the equations for updating the factor V cannot remain linear. Indeed, updating
V (Step 2 of the relaxed ALS algorithm) is done by keeping the two other
factor H and W constant in the approximation problem
J(2) ⇡ V(H

W)T .

(8.9)

However, in the approximation (8.9), the matrix H also depends on the
factor V, due to the Vandermonde matrices (8.5) forming the blocks in
the matrix X (8.4).
Hence, solving the approximation (8.9) problem for H (and thus for c)
seems possible with one of the two following methods:
1. Optimize the nonlinear problem
min vec J(2)
V

V(H

W)T

2

(8.10)

using a Newton-like gradient-descent tool.
2. Even though H (and thus c) depends nonlinearly on V, do not take
it into account and find solution (8.8).
For the purposes of this thesis, we have chosen to use and test option 2,
as it lies in the same technical direction as the usual unstructured ALS.
Furthermore, this option yields good results for all three (real-life) case
studies, as well for the computation speed as for the model errors (Section 8.3).
As already mentioned, one should take special care as the nonlinear
relation in the problem (8.10) is not taken into account. For example, the
normalized CPD cost function
min

W,V,H

vec J

JW,V,HK
vec J

2

can become non-monotonously decreasing and even be similar to noise
(Figure 8.3). Future research might strive to solve this non-monotonous
behavior of the cost function, while keeping a good polynomial constraint
on the factor H.
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Figure 8.3: One should take care when considering the proposed polynomial constraint of this section. Because the update of V depends
nonlinearly on H, the cost function may lose its desired monotonous
behaviour (top, coming from a single-branch Wiener-Hammerstein decoupling with five branches). This, however, is not always the case, as
some cases show a monotonous cost function (bottom, coming from
a single-branch Wiener-Hammerstein decoupling with one branche.
Note: even though this cost function does not increase, it actually
remains constant. This can happen in a relaxed ALS setting.).
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8.3

Case studies with a simulation and real measurements

Case studies with a simulation and real
measurements

In the following sections, we discuss three case studies in detail of nonlinear state-space system identification. Section 8.3.1 gives an overview of
the Bouc-Wen model of hysteresis, identified with simulated data. Sections 8.3.2 and 8.3.3 identify respectively a single-branch and a parallel
Wiener-Hammerstein system using real-life measured data. The results
of Section 8.3.1 were presented at the workshop [35].

8.3.1

Case study: Bouc-Wen model of hysteresis

The first discussed case study is with the data coming from the BoucWen model of hysteresis (Section 7.3). Using the identification method
described in Section 8.2.1, it is possible to make a coupled polynomial nonlinear state-space model with three states. Afterwards, this coupled model
is decoupled using the techniques proposed in Sections 8.2.2 (without polynomial constraint) and 8.2.3 (with polynomial constraint). Finally, two
consecutive optimizations are performed, first on the nonlinearity’s level,
and then on the full model’s level (steps 5 and 6 of Section 8.2). The
decoupling process is repeated 50 times with di↵erent random starting
points for the CPD (with or without added polynomial constraint).
The number of branches for the decoupled model should be chosen by
the user, and should be less than five for the current case of Bouc-Wen
measurements, as a higher number of branches yielded unstable models
for these measurements (Figure 8.5). However, the number of decoupled
branches can generally be tested starting with one branch and increasing
the number of branches until an acceptable decoupled model is obtained.
To compare the best model coming from the di↵erent starting points,
we used a validation signal with 500 samples (Figure 8.4) and computed
the normalized RMS of the error signal, defined as
normalized error of model =

RMS(ŷ yvalidation )
,
RMS(yvalidation )

with ŷ the modeled output and yvalidation the validation output.
From these experiments, we make the following observations. Adding
the polynomial constraint during the experiments does not seem to decrease significantly the model errors, when comparing over di↵erent num-
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Signal output (db of magnitude)

Validation output signal
Errors with coupled model
Errors with decoupled model (no smoothness)
Errors with decoupled model (with smoothness)
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Figure 8.4: With a validation signal of 500 sample points, the errors
of the decoupled modeled output vary little with or without the polynomial constraint. These errors, however, are slightly larger than the
coupled model’s error (Figure 8.5).

bers of decoupled branches (Figure 8.5). However, considering the polynomial constraint seems to make the decoupling model more robust than
without the polynomial constraint, and even more so with many decoupled
branches. For example, when decoupling the model with five branches,
the number of stable decouple models doubles from three to six over the 50
random initializations, when considering the polynomial constraint, as opposed to without the added constraint. Of course, guaranteeing more stable models will certainly improve the current method. The open question
for further work remains: perhaps other basis functions than polynomials
might yield more stable models?

8.3.2

Case study: Wiener-Hammerstein model

A Wiener-Hammerstein model consists of a static nonlinear function surrounded by two linear time-invariant blocks (Section 2.2.2). For this case
study, we use the benchmark [75]. It consists of an electronic circuit made
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Figure 8.5: Considering the data of the Bouc-Wen simulations, the
coupled state-space model approximates the validation data with 3%
error. After the decoupling process, the model errors increase to 6%
with five branches, or to 9% with a signle-branch decoupled model.
Depending on the application, simpler models with less parameters
are needed (two nonlinear parameters for the single-branch decoupling,
as opposed to ten in the five-branch decoupling), if the (small) cost
of higher model errors is acceptable. The coupled model counted 30
nonlinear parameters. Also, the overal model errors of the decoupling
with polynomial constraint (blue) and without constraint (red) are
similar

of three parts (Figure 8.6):
1. On the left, a Chebyshev filter L(z) with a pass-band ripple of 0.5 dB
and a cut-o↵ frequency of 4.4 kHz,
2. On the right, a third order inverse Chebyshev filter R(z) with a
stop-band attenuation of 40 dB starting at 5 kHz,
3. In between the filters lies a diode circuit serving as the nonlinearity f .
The electronic system was excited with a filtered Gaussian signal with cut
o↵ frequency at 10 kHz.
Using the same identification algorithm of Section 8.3.1, three types
of models are created:
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ŷ

Figure 8.6: The underlying electronic system consists of three parts:
two dynamic filters surrounding a static nonlinear function.

1. A coupled polynomial state-space model with 6 states of polynomial
order five (Section 8.2.1),
2. A decoupled nonlinear state-space model without polynomial constraint added during the decoupling process (Section 8.2.2), with
the number of branches varying from one to five,
3. A decoupled nonlinear state-space model with added polynomial
constraint during the decoupling process (Section 8.2.3), with the
number of branches varying from one to five.
These models are validated with a validation signal consisting of 500 samples and the modeled outputs are compared to the measured outputs (Figure 8.7). Also, the decoupling process was repeated for a set of 50 random
starting points and the modeled outputs were compared (Figure 8.8).
From these Wiener-Hammerstein experiments, we could make the following conclusions. Because the cost function (8.3) is highly nonlinear
and nonconvex, a set of good intermediary initial points is of crucial importance to achieve the best local minima possible. Having therefore two
decoupling techniques, with and without the added polynomial constraint,
can help in the creation of decoupled nonlinear state-space models. However, the polynomial constraint experimentally seems to not always yield
better models as without this constraint, from four decoupled branches on.
Accordingly, both methods can be used on measurements, as it remains
unclear which method yields better results in what cases.
Anyway, the decoupled models reduce the number of nonlinear parameters considerably: the coupled state-space models counted 784 parameters (as the nonlinearity is of polynomial order five), whereas the decoupled model with three branches counts only twelve nonlinear parameters.
Decoupling a nonlinear state-space Wiener-Hammerstein of degree five reduced the number of parameters by 98%, while keeping very small model
errors (Figure 8.8).
Finally, we compared the decoupled models with other linear and
nonlinear model types in the literature [51]. For this, we considered a
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two-branch decoupled state-space model consisting of 85 parameters and
whose not normalized output error is 6.83 mV (Figure 8.9). This model
lies somewhat in the middle of other existing methods of the literature.

Signal output (db of magnitude)

Validation output signal
Errors with coupled model
Errors with decoupled model (no smoothness)
Errors with decoupled model (with smoothness)

20

0

0.5
Frequency (normalized)

Figure 8.7: Starting from the Wiener-Hammerstein measurements, it
is possible to decouple the coupled nonlinear state-space model (green)
and obtain a decoupled representation. In the case of the three-branch
decoupling, the modeled errors are slightly larger when adding the
polynomial constraint (blue), in comparison to without adding the
extra constraint (red). However, this result may be di↵erent depending
on the number of decoupled branches (Figure 8.8) and both can be
compared for di↵erent applications.

8.3.3

Case study: parallel Wiener-Hammerstein
model

Generalizing a single-branch Wiener-Hammerstein model to a two-branch
parallel Wiener-Hammerstein adds modeling power and complexity (Section 2.2.2). This section considers real-life electronic input-output measurements coming from a two-branch parallel Wiener-Hammerstein system, and models it using a (decoupled) nonlinear state-space model.
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Number of decoupled branches

Figure 8.8: When decoupling the coupled nonlinear state-space model
for the Wiener-Hammerstein measurements, we compare the e↵ect of
the added polynomial constraint (blue). Even though the normalized output errors are quite similar for a small number of decoupled branches, the experiments yield overall smaller errors without the
added constraint (red), from four decoupled branches on. However, all
decoupled models (with or without polynomial constraint) are almost
as good as the coupled state-space model.
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dec NLSS

Figure 8.9: When comparing the two-branch decoupled nonlinear
state-space model created in this section, it lies somewhat in the middle
of other existing linear and nonlinear modeling techniques. The twobranch decoupled state-space model consists of 85 parameters and it
not normalized output error is 6.83 mV. The basis of this plot originates from [51].

The device under test (DUT) consists of two branches of WienerHammerstein systems ([80] and Figure 8.10):
1. In these two branches, the front and back filters are third-order
infinite-input response (IIR) filters.
2. The nonlinearities are created with a diode-resistor network.
L1 (z)

f1

R1 (z)

u

ŷ
L2 (z)

f2

R2 (z)

Figure 8.10: The underlying electronic system for the third case study
consists of a diode-resistor network and four IIR filters. In this section, it will be modeled with (decoupled) nonlinear state-space models
containing eight states.

Furthermore, the DUT was excited with a random phase multisine (Section 5.3.1 and [69]), consisting of 131072 sample points and a flat ampli-
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tude spectrum. The phases are independent uniformly distributed, ranging from 0 to 2⇡.
As in Section 8.3.2, three models are considered with the proposed
identification techniques, one coupled and two decoupled:
• Using the PNLSS toolbox [89], an eight-state coupled model is created, containing a coupled nonlinear function;
• The coupled model is decoupled twice, once with and once without
the additional polynomial constraint (Section 8.2.3).
The number of decoupled branches varies from one to ten (Figure 8.12)
as a higher number of branches seems to yield unstable models. In what
follows, we give an overview of the results.
The smallest model errors (order of 0.1% relative to the validation
output signal) are given by the coupled nonlinear state-space model (Figures 8.11 and 8.12). Because this coupled model contains eight states,
its nonlinear function consists of 210 purely nonlinear monomials (second
and third degree monomials). To decrease the complexity of the coupled model, while keeping the lowest possible model errors, we propose to
consider the decoupled models with two or three branches (Figure 8.12).
These decoupled models contain respectively only four (for the two-branch
decoupling) or six (for the three-branch decoupling) purely nonlinear parameters (second and third degree monomials), which decreases the number of parameters by 98% or 97% respectively. Therefore, the decoupling
step introduces model errors, but they are in the order of 1% or 2% (Table 8.1).
The proposed identification method with decoupled nonlinear statespace models o↵ers parsimonious models at a very small error cost. However, a drawback of the current method is the introduction of possible unstable models. This disadvantage can be addressed by considering other
basis functions for the nonlinear functions, instead of possibly unbounded
polynomials, and can be considered in future work.
Furthermore, considering the nonlinear SISO functions of the two and
three-branch decoupled models gives intuitive understanding of the underlying functions. These underlying functions are saturating, which can
be (partially) retrieved from the two-branch decoupling (Figure 8.13).
However, even though the three-branch decoupled model yields (slighty)
better model errors, its nonlinear functions look less saturating. In con-
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Signal output (db of magnitude)

Validation output signal
Errors with coupled model
Errors with decoupled model (no smoothness)
Errors with decoupled model (with smoothness)

20

0

0.3
Frequency (normalized)

Figure 8.11: Starting with the parallel Wiener-Hammerstein measurements, we decoupled the coupled (green) eight-states model with three
branches. These decoupled models yield only small di↵erences between
adding (blue) or removing (red) the polynomial constraint. The coupled model’s error, however, are smaller than those of the decoupled
model, but it’s complexity is also higher.

model type
error
error increase by
# NL par
par reduction by

coupled
0.14%
210

decoupled
two branches
1.26%
⇥9
4
÷ 52.5

decoupled three
branches
0.86%
⇥ 6.1
6
÷ 35

Table 8.1: When decoupling the coupled model created from the parallel Wiener-Hammerstein measurements, to two and three-branch decoupled models, the model errors increase, but the number of parameters is greatly reduced. As a reference, the best constructed linear
state-space model [65] contains 81 parameters and has a relative output error of 19,41%. Therefore, considering nonlinear models o↵ers a
good error reduction.
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Figure 8.12: In the case of the parallel Wiener-Hammerstein measurements, the best decoupled model’s errors are achieved using two and
three decoupled branches, and these errors are similar with the polynomial (blue) and without it (red). From the experiments: the higher
the number of decoupled branches, the more the decoupled model may
become unstable: at every number of decoupled branches, 50 random
initializations are tested for the decoupling step. Of the constructed 50
models, only the stable models are shown, on a validation signal of 500
sample points.

10

Conclusion

148

clusion, even though a decoupled model is simpler than a coupled model,
some prior knowledge of the DUT is needed to interpret the SISO nonlinearities physically or intuitively.

Figure 8.13: In the underlying system creating the parallel WienerHammerstein measurements, the nonlinear part is created with a
diode-resistor network, which has a saturating nonlinearity. Trying
to retrieve this nonlinear behaviour in the internal nonlinearities may
be tempting (top with two decoupled branches and bottom with three
decoupled branches). However, care should be taken, as the saturating behaviour of the internal functions could alter when combining the
transformation matrices.

8.4

Conclusion

By adding a polynomial constraint during the tensor decompositions step
of the Jacobian method, we could guarantee a smooth third factor in
the tensor decomposition. This extra constraint adds intuitive insights to
the decoupled problem, but does not always seem to yield smaller model
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errors after the optimization of cost function (8.3). Nevertheless, we have
been able to create very good decoupled polynomial nonlinear state-space
models for three case studies, two of which with real-life measurements.
This opens many doors for future development. More case studies
could be tested, with more complicated nonlinear behaviors. Also, other
scientific or engineering disciplines could gain insights thanks to these
powerful parsimonious nonlinear models. Finally, working with more stable basis functions might help in the creation of more stable models.
As general rules of thumb for the results of Part II, the following
proposed rules can be given:
• When modeling real-life measurements or computer simulations with
NARX or nonlinear state-space models, the coupled models can be
decoupled starting with one branch. Consequently, the number of
decoupled branches can be increased until the output error is below
a user defined level, depending on every application.
• When decoupling NARX or nonlinear state-space models, the unconstrained decoupling method [25] can be compared to the proposed constrained decoupling method (Section 8.2.3). Accordingly,
the best result can be used as decoupled model representation.
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In this final chapter of this thesis, the general contents of this work are linked
to the research questions of the introduction (Section 9.1). As no research
project can give answers to all possible questions, open question remain. An
overview of these open question ends this chapter (Section 9.2).

9.1

Conclusions

During this thesis, we have tried to answer the research questions Q1 and
Q2 (Chapter 1). In this section, we first discuss the proposed answers to
the more specific question Q2 , and then continue to the answers of the
more general question Q1 .
Q2 : For the three nonlinear model types described in this thesis
(the block-oriented models, NARX models, and the nonlinear
state-space models), how is it possible to generalize the existing tensor-based decoupling method in application contexts
with real-life measured data?
Chapter 3 proposed a weighted decoupling method as a generalization
of the (former) state-of-the-art tensor-based decoupling method, which
is based on the first-order derivative information of the coupled function [25]. This weighted decoupling method incorporates the covariance
information of the coupled multivariate function, resulting into a weighted
tensor decomposition. To remain in a controlled environment, the generalized weighted decoupling method was tested on various simulation data
(Chapters 4 and 5). These tests showed smaller model errors with the
proposed weighted decoupling method than with the original unweighted
decoupling method [33]. However, considering a weighted decoupling is
advantageous only in cases where the noise errors are larger than the
model errors (Part I).
In Part II of this thesis, we considered model approximation problems,
possibly inferring larger model errors than the noise errors. For these
model approximation problems, the unweighted decoupling method [25]
was used as initialization point for a nonlinear and nonconvex cost function minimization, either for NARX models (Chapter 7) or for nonlinear
state-space models (Chapter 8).
In both cases, an additional polynomial constraint was considered during the decoupling process, yielding similar model errors as without the
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additional constraint. Furthermore, these decoupled models were created and studied on real-life measured data, that originated from several
benchmarks [75, 80] and simulations [58].
Q1 : How is it possible to construct a simpler nonlinear model,
which approximates a given complex nonlinear model as well
as possible?
Answering this general question sets the general direction during this
research project, and every chapter of this thesis aims at answering it. In
particular, Chapter 6 considers an already decoupled function with many
decoupled branches and finds its approximations with fewer branches.
By considering approximated nonlinear decoupled models, the modeling
power of nonlinear models is kept, but the complexity is reduced.

9.2

Future work

As with any research project, some open questions remain, which can
form the basis for future work. In this section, we formulate and discuss
three open questions, and their relevance to the decoupling problem.
1. In a noisy context, how many operating points are needed
and how should they be chosen for the Jacobian-based decoupling method?
In a noiseless environment, the number of operating points needed to
exactly recover the underlying decoupled representation of a given coupled
function is dependent on the degree of this polynomial [25]. However, in
a noisy context, it is not yet clear how many operating points are needed
to best find an approximate decoupled representation.
Therefore, depending on the considered cost function, we have used
the following heuristic approach as a general intuition throughout this
research project: the more operating points are considered, the better
the decoupled model will approximate the coupled model, but the more
computational intensive the decoupling process becomes. This heuristic
approach yielded good results with simulations (Chapters 4 and 5) and
real-life measurements (Chapters 7 and 8).
Furthermore, where exactly the operating points should be chosen
remains rather vague. While we have randomly selected some samples of
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the considered input signal of the coupled nonlinearity, perhaps a more
structured choice could be used? Accordingly, to ensure an appropriate
approximated decoupled model, the operating points should be chosen in
the considered region of interest.
2. In what situation is a decoupled representation unique (except for scalings factors and interchanging decoupled branches)?
Even though in applications, one may be satisfied with only one well approximated decoupled model, this question remains open. Furthermore,
in the case where several essentially non-unique decoupled representations
might exist, these di↵erent decoupled model might o↵er additional intuitive information about the studied system, or they might lead to an extra
degree of freedom, which is not yet taken into account.
Unfortunately, to our knowledge, very little to none is known about
the uniqueness properties of decoupled representations on the level of the
nonlinearity. However, when considering the tensor level with the unweighted Jacobian-based tensor method [25], some results are known in
the noiseless case, but these are only sufficient conditions (Chapter 2).
Furthermore, in the noisy case, no uniqueness results have been reported,
nor on the tensor level, nor on the nonlinearity level. Studying the uniqueness properties of decoupled representations is the second proposed future
work path.
3. How can the current model instabilities be resolved?
When dealing with real-life measured data, instable models were found
(Chapters 7 and 8). As these unstable models cannot be used in practice, this instability issue should be resolved in the future. One possible
solution could be to consider other basis functions during the decoupling
stage. Particularly, functions with a bounded range might be of interest,
for example sinusoidal functions or Arctan-like saturating functions, for
which a coupled nonlinear state-space identification method has already
been developed [86]. Alternatively, additional stability constraints could
be considered during a final optimization after the decoupling stage.
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