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Chapter

Introduction
This thesis targets practitioners in industry and academic students to convince
them that there are more advanced techniques available to identify systems
besides the classical linear identification techniques.
As the content of this thesis starts from these classical identification techniques
in the frequency domain, a short introduction to the Frequency Response
Function (FRF) of Linear Time-Invariant (LTI) systems and their main properties are given in Section 1.1. Next, the research objectives of this thesis are
discussed in Section 1.2. Finally, an outline of the thesis is given in Section
1.3.

1.1

A small introduction to the Frequency
Response Function of a LTI system

The response y(t) of a LTI system g(t) to an excitation signal u(t) in the time
domain is defined as the convolution of u(t) with the system as follows

y(t) = ∫

∞
−∞

u(τ )g(t − τ )dτ
1

(1.1)

1
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Figure 1.1: Block diagram of a system

1.1.1

The Frequency Response Function

In the Frequency domain, the response of the Fourier transformed output
Y (jω) of a LTI system to the transformed excitation signal U (jω) is
Y (jω) = G(jω)U (jω)

(1.2)

The goal of the classical identification techniques is to estimate the transfer
function of the system G(jω). For the LTI case, this is achieved by dividing
the output Y (jω) by the input U (jω) in the single input, single output (SISO)
case
Y (jω)
(1.3)
U (jω)
A nonparametric measurement of the transfer function at a discrete set of
frequencies fk is called the Frequency Response Function (FRF) G(fk ) of the
system (Schoukens et al. [2012b]). The idea of the nonparametric identification in the classical identification techniques is to extract this FRF G(fk )
through measurements taken at the input and output of the system taking
into account the influence of measurement noise. The next step of the identification process would be to estimate a parametric model.
G(jω) =

1.1.2

The properties of a linear system

Linear systems are defined by two properties. The first property is the superposition principle. The response Y (jω) of a linear system to the sum of two
inputs U1 (jω) and U2 (jω)
Y (jω) = Y1 (jω) + Y2 (jω) = G(jω)(U1 (jω) + U2 (jω))
2

(1.4)

1.2. Research Objectives
is the sum of the response of the system to each individual input
Y1 (jω) = G(jω)U1 (jω)
Y2 (jω) = G(jω)U2 (jω).

(1.5)

Existing Multiple Input, Multiple/Single Output (MIMO/MISO) identification techniques make use of this property as the output behavior of a linear
system will just be the sum of the response to each input.
The second property is the homogeneity. It defines that the response Y (jω)
of a LTI system to the input U (jω) multiplied by a constant α results in the
the same response Y (jω) multiplied by α
αY (jω) = G(jω)αU1 (jω).

(1.6)

This means that the transfer function, and in a later step the FRF G(fk ), is
independent of the power of the input signal
G(jω) =

1.2

αY (jω) Y (jω)
=
.
αU1 (jω) U1 (jω)

(1.7)

Research Objectives

The classical linear identification techniques have been used over the last
decades to predict, control, and validate the behavior of systems while in fact,
it is known that many systems behave in a nonlinear way. Due to the nature
of technological advancement, it becomes more difficult to obtain qualitative
models as the complexity of the systems increases and so does the influence of
the nonlinear distortion. When these systems are pushed to their limits and
they have not been properly identified, the results could lead to dangerous
accidents as unwanted effects might occur that have not been spotted during
the identification process.
Advanced identification techniques have been developed to deal with these
unwanted effects. The problem with these techniques is that until now, they
are only covered in different books and papers that have been written for a
target audience that is active in the academic institutions. The result is that
often the practitioners do not dare to tackle this content as the learning curve
3
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is too steep due to an explosion of mathematical proofs and equations. They
have no idea where and how to start.
The main objective of this thesis is to extract these advanced techniques and
restructure them in an easy and intuitive way to drastically lower the learning
curve. The knowledge transfer is limited to the required minimum to successfully use these techniques in an industrial context. To reach out to as
many practitioners within industry as is possible, an online toolkit has been
designed where all the techniques are explained on two levels. The first level
is the conceptual level that helps the practitioners understand the principle of
the techniques through visual feedback instead of analyzing a wave of equations. The second level is the practical level that allows the practitioners to
close the gap between the theory and practice.
Cheap Do It Yourself (DIY) systems are also introduced to facilitate the practitioner to get hands-on experience during the learning process. It allows the
practitioners to not have the fear of breaking the actual systems that are the
target for the application of the newly learned techniques.

1.3

Overview and outline

Chapter 2 introduces the problems and challenges that academic institutions
have due to the vast expansion of Engineering knowledge. These problems
are further elaborated on the specific case of system identification in Chapter 3. Chapter 4 explains the current situation of the available knowledge of
system identification within industry and academia. Chapter 5 introduces the
self-study kit that is created to deliver the advanced identification tools to the
practitioners in industry. The content of this kit is discussed in Chapter 6 on
a conceptual level and the actual implementation of the proposed identification process is explained in Chapter 7. Chapter 8, 9, and 10 introduce the
different class-specific identification techniques through case studies. Finally,
the techniques introduced in Chapter 9 are put to the test by applying them
on a real scale industrial system in Chapter 11.
Conclusions and some future research directions are discussed in Chapter 12.

4

Chapter

The Problem Statement
2.1

Introduction

The idea of this chapter is to address one seemingly simple question: what
should practitioners within industry do to refine their skills and expand their
knowledge in the field of identification with maximum efficiency? The answer
to this question is complex and depends on some boundary conditions. It
starts from the observation that graduated engineers can roughly be classified
into two “types”: the generalists and the (hyper-)specialized engineers. The
specific needs of these two groups when it comes to increasing skill and knowledge proficiency are discussed. In the second part of this chapter we take a
closer look at the organization of the educational system in general.

2.2

Engineering education evolution

Engineering and technology are growing exponentially over the last decades
and will continue to follow this trend in the future. In fact, the advancement of
all engineering disciplines becomes so large that specialized sub-branches pop
up within the major engineering disciplines. Figure 2.1 shows only a subset
of the disciplines that are currently present within electric engineering alone.
While the knowledge and the technology expand exponentially, the time frame
that is given to the academic institutions to prepare the new generation of
5

2

2. The Problem Statement

Figure 2.1: A generalized small fraction of the list of subbranches of Electrical
Engineering. Note that modeling and control here is only focused
within Electrical engineering. The same subbranch can also appear in
other Engineering disciplines

engineers remains constant at the very best, or decreases more often than not.
As a consequence, it becomes more and more challenging to educate engineers
adequately and fully prepare them for the challenges they will face in their
industrial or research career during this fixed time frame. The consequence
is that sacrifices must be made without decreasing the competence of the
graduates. The academic institutions have two types of strategies to face this
challenge. Some institutions focus on providing hyper-specialized engineers
who are industry-ready and immediately perform in a certain industrial niche
at the cost of a less deep insight in the material thought. Others try to provide
more generalist engineers, or all-round engineers having a more profound sight
in the material and a broader scope. Of course, this comes at the cost of
having less top-notch knowledge in one specialized field. Most institutions try
to combine these two extreme cases, while keeping some focus in one or a few
engineering disciplines.
6
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2.2.1

Hyper-specialized engineers: to develop cutting
edge technology

One way to educate young engineering students is to focus maximally on one
specific topic in engineering starting already in the bachelor education. Providing specialized courses with a modest scope allows to introduce students to
cutting edge technology. As a consequence, their expertise and their problem
solving skills in a restricted scope pushes technology forward with a maximum
efficiency. Of course, each medal has a backside. In this case, the highly productive skills come at the cost of a modest background knowledge in adjacent
or related disciplines. The following example highlights the kind of problems
that this extreme choice may trigger.
During the design of the Boeing Dreamliner 787, the initial design idea was
to include every available and useful cutting edge technology that could be
offered at the time of the development. As the engineers skilled in these highly
specialized topics were not always present within the company, research and
development for many components had to be outsourced as Boeing also did
not want to spend the time needed to train the available staff to acquire these
new skills. The advantage of this approach is that the newest technology is
directly introduced in the products, without a massive investment in human
resources to realize all this in-house. Figure 2.2 shows a partial list of the
outsourced structural components of the Dreamliner.
The result of this method of construction lead to a massive delay in the production of the Dreamliner. The problem with this approach to product engineering is that it is basically a gigantic puzzle of components and subsystems
built by specialized engineers focusing on their own specific problems without
caring too much about adjacent parts. In the end, all these pieces need to be
combined to co-operate smoothly. The result is that one can not fully predict
how the different components will interact and behave. It can potentially take
a long time before interaction is achieved to ensures flawless operation of the
system as a whole. The problem is that often, the hyper-specialist engineers
lack the required knowledge to predict or debug these interactions, even if
they are fully able to offer cutting edge technological solutions.
7

2. The Problem Statement

Figure 2.2: Dreamliners structural fragmentation list. ©aeronewstv.com

2.2.2

Engineering generalists

Complex systems such as the Dreamliner shown in Figure 2.2 or the ‘less’
complex hybrid vehicle shown in Figure 2.3 require several engineering disciplines to be combined to complete their design. To educate engineers who
have the expertise that is required to build these systems, academic institutions can choose to provide a broader education track combining two or more
disciplines that are complementary or well adapted for specific applications.
Some examples are electro-mechanical, bio-mechanical, electro-chemical, control and measurement,... The idea pursued here is to obtain engineers who
are able to combine different technologies to efficiently solve design problems,
because they better understand the interaction between subsystems and the
problems emerging from the combination of different subsystems. To put it
in one sentence: they see the big picture more clearly.
The downside of this approach is that they will not start as effectively as
hyper-specialist engineers when they need to improve current technology or
design cutting edge technology. Hyper-specialists provide a potential reduction in design time and cost. This allows for a faster and more efficient time
8
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Figure 2.3: A general overview of component in a plugin hybrid car. Courtesy of
©afdc.energy.gov

to market of a new technology. This is the main reason Boeing outsourced the
design of the Dreamliner components to design the epitome of cutting edge
technology at a reasonable price.

2.2.3

Improving skills: life long learning

Students can tailor their education tracks such as to become specialists in a
more narrow field of engineering or to become knowledgeable in a broader,
more general engineering scope. To this end, they are offered sets of optional courses over their academic career. Once graduated, they are primed to
start their actual career. In this process, they encounter challenging engineering problems that require both deeper or wider knowledge again. Driven by
the fast evolution of science and technology and the challenges of their daily
work, or a shift in career focus, practitioners wish to educate themselves further. Continuous education is essential to feed technological development and
knowledge transfer. This is an important key career development and Human
9
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Resources (HR) challenge. Continuous education represents an opportunity
and a necessity for all engineers, as it allows to fine tune the knowledge and
skill set to better match the demands of the job.
For hyper-specialists, the main gain lies in the broadening of the disciplines
that allows them to increase the synergy and have a broader view on the design problems. For an engineer with a more general knowledge base, in depth
knowledge in specific fields enables to fill the voids that hamper the fast application of the cutting edge technology.
All people in the engineering field face an ever faster increase in knowledge
and an ever decreasing time available to catch up with the new developments.
A possible way to address this is that employers offer an intensive course.
Currently, employers try to fill the voids with (on-site) advanced courses that
are both very focused and very dense in order to be time effective. The downside of this “massive injection” approach is that the engineer has little or no
time to understand new material and capitalize on it as the succession of new
concepts is too fast to allow one to develop new skills and use the course to
its full extend. Another idea could be for the practitioner to go back to an
academic institution for additional training. This method offers the practitioner more time to master the new skills, and can create a balance between
theory and practice through exercises and labs. The downside of going back
to school is that it is time consuming, hence expensive. It is also sometimes
too far from real applications and is often impossible to combine with the day
by day work load of a practitioner.

2.3

Current educational system

The goal of engineering education is to prepare the candidate engineer for the
challenging engineering task within the industry or research adequately. The
required skills are transfered through a suite of well-chosen courses provided by
an academic institution. The students generally start of with general courses
to support the engineering superstructure. This basic layer includes chemistry,
physics, mechanics, electronics and mathematics. This knowledge is key as it
10
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Figure 2.4: Courses are like puzzles. You need to understand the first piece of
the puzzle before you can tackle more advanced problems. Specialist engineers follow only one line of puzzles to the end (cutting edge
technology) while generalists follow 2 or more parallel tracks without
specializing themselves.

transfers the crucial and basic reasoning skills and critical attitude that is
needed as a foundation to support the more advanced engineering courses.
This basic layer is not so prone to changes due to technological advancements,
and therefore is the foundation of their education. It remains valid and useful
over a complete career. It also allows students to discover their affinities
and interests in the different engineering branches. The student then either
pursues specific interests to focus on a specialization or keeps a general view
on some domains. The latter part of the education is very much subjected
to technological changes. The challenge here is to provide skills basic enough
to remain useful and specific enough to empower applications if technology
changes.
The implementation of academic education remains similar in both cases: the
student follows courses with the fundamentals followed by more specialized
courses. The courses hook on to each other in a linear order as the pieces of a
11
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puzzle where each piece capitalizes on skills introduced earlier as schematically
shown in Figure 2.4.
Each course on itself also has a linear evolution. The courses are taught in
a classroom by educators starting from a general introduction and end in
advanced material over the timespan of the course. The courses gradually
build up by adding more content until the goal of the course is achieved.
Hence, students are provided a “red wire” that eases their evolution through
the material. They can learn at their own pace but the pathway through
the course is fixed beforehand. If questions arise, or the content is not clear
enough, the student has the possibility to interactively ask questions and get
additional information to fill in the voids. Once the theoretical base has been
taught, the students are challenged in labs or exercises to further digest the
material and transfer knowledge into skills. This helps to get a better in-depth
understanding of the content and prepares its application to real problems.
Note that these courses are generally supported by course books. These books
also follow a linear learning path, as it clearly is the easiest way to explain
and to teach something to somebody who is new in the field, and is therefore
a perfect addition to a course.
The major downside of this approach pops up when a practitioner aims to
expand his/her knowledge. The time needed to increase skills is too high when
trying to obtain a good efficiency of the invested time. This time consuming
approach cannot easily be combined with working hours. An alternative is
self-study using notes and books of a course designed for academic education.
However, obtaining and understanding the material can be challenging as
both the context and the interactivity through questions are missing. Another
downside of this method is that often, a (big) part of the content is already
previously acquired by the trainee. Therefore, filtering out what is known is
mandatory but challenging and time consuming.
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2.4

Conclusion

When practicing engineers wish to further improve their skills, they are facing a big challenge. Currently, two pathways are offered to help them. The
first pathway is to go for a fast, dense course which may lead to too much
content that is hard to digest in a short time slot. Most likely this results in
a poor efficiency, as there is a good chance that the lack of experience needed
to transfer this new knowledge is not present.
An alternative approach is to go through one or more academic courses. Timewise, this is not efficient either for practicing engineers. In most cases the
basic content is already known, but due to the linear methodology, it cannot
be skipped to start with the new material directly.
Clearly, there is an opportunity in this context for new media learning. What
if we could find a way in-between both? Ideally, this provides the practitioner
with a possibility to learn at its own pace, making sure the balance between
theoretical and practical experience is adapted to each needs. But, at the
same time, it allows the practitioner to skip the parts that are already known
and move directly to the challenging problem solving content. Even if sometimes skills are overestimated, the framework ought to allow to cherry-pick
the refreshers needed to obtain full comprehension.
Why would we limit this to practitioners only? What if this additional content could be accessible for students as well? This would not only allow them
to learn in a different way, but also allow them to bridge the gap between
knowledge and practice on real systems more efficiently.
In this thesis, we will try to achieve a first step in this direction, with focus
put on system identification.
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Chapter

Proof of concept: System
identification

3.1

Introduction

In the previous chapter, the challenges and problems of transferring knowledge
within a limited amount of time to an audience with a variable background
were introduced. Due to the limited time frame to provide education, institutions need to choose to either focus their courses on one specific discipline
to educate their students as specialists, or to focus on a broader spectrum
of disciplines to educate them as generalists. In this chapter, we use System
Identification (SI), an engineering discipline, as a proof of concept to elaborate
further on this matter.
The first part of this chapter introduces the concepts used in System Identification as an engineering discipline. The second part of this chapter uses
System Identification as a proof of concept that is well suited to illustrate
and elaborate the education concepts. To show that, System Identification is
explained from a generalist and a specialist point of view.
15
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3.2

What is identification?

System Identification is a unique engineering discipline. Unlike mechanical,
electrical or chemical engineering, it is a discipline that is not focused or bound
to a single application, but rather is an abstract tool, that requires abstract
knowledge and that can be applied in most fields of engineering. The goal
of System Identification is to build mathematical models that describe the
behavior of real world systems. By a system we mean a part of the world
that can be separated from its surroundings to operate in a way that depends
on some excitation signals (the inputs) and result in a system response (the
outputs). A system can be all kinds of components in different engineering
disciplines. Some examples of systems are mechanical structures, electrical
circuits, electrical machines, and chemical reactions.
To make the concept of a system more clear, consider a vehicle engine as a
system. Consider that, for the sake of simplicity, the engine takes a mixture of
fuel and air as an excitation. We call the air/fuel flow the input of the system.
When the mixture is inserted into the system, it is ignited and the engine
will respond to it by rotating its crankshaft. Here, we consider the rotational
speed of the crankshaft as an output, but one can also use the torque as
an output instead. This nicely illustrates the power of the abstract concept.
Changing the fuel and air mixture composition will change the rotation speed
of the crankshaft. By measuring the system output, in this example the
rotational speed of the crankshaft to a change of the input, we can build
a good quality mathematical model describing the dynamic behavior of the
system. Describing the engine’s behavior allows to predict its behavior for
situations that were never measured in practice.
Generally speaking, by measuring a carefully selected set of responses of the
system to the inputs, we are able to build a mathematical model that describes
the system in a more general setting. However, the system can also interact
with its environment. These ‘uncontrolled’ interactions can consist of changes
in temperature, pressure,... Taking all these uncontrolled interactions into
account in our mathematical models is too complex. That is why we assume
that the system is isolated from the rest of the world. Then, it is possible to
16
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generate mathematical models that describe the behavior of the system very
well under the considered hypotheses.

3.3

Why system identification?

The previous example is simple enough to clearly illustrate and understand
the goal of system identification. To fully understand how the engine works
in every detail, an engineering student will take courses in vehicle technology
such as thermodynamics, mechanical vibrations, heat transport and combustion. A set of equations and design techniques are introduced in each of those
disciplines. Mechanical engineering, fluid dynamics and chemical reactions
are then combined to fully understand how an engine works. This allows an
engineer to build an engine from the ground up and modify the engine to meet
its specific needs. The downside of this approach is that it requires a great
amount of time and effort to achieve the expertise needed while this may not
be required to integrate the engine in an application.
By looking at the input and output of the system, a system identification
practitioner is able to predict a small part of the complete behavior of the
system by building a model without having to dive into this specialized theory and knowledge. These models are called black box models. Of course,
this comes at the expense of posing a number of hypotheses. Whenever these
are violated, the model will no longer describe the system behavior. But, as
long as the prerequisites of the model are obeyed, it will perfectly describe
the system operation and answer the needs of the system designer without requiring a full and expensive description. Once system ientification techniques
are known, it becomes possible to use the same modeling methods on different
systems (a whole car instead of only the engine, an electronic circuit,...). The
practitioner will not necessarily need additional courses to identify the system
even if the system is from another engineering discipline.
There are some downsides however and these are explained below through the
perspective of a generalist and specialist.
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3.4

System identification as specialist vs
generalist

We will now position system identification as a domain that can be used to
craft a proof of concept for a wide scope teaching tool as is proposed in this
work. Educational institutes have to choose whether to educate generalists
that have knowledge in system identification and in a different engineering
discipline or specialists focused only on system identification as there is not
enough time to teach everything. Specialists in terms of system identification, are practitioners who can build quality validated models starting from
measurements or simulation data obtained from any kind of system. This
strength is also a weakness, as these specialists hardly know anything about
the application. Their model may therefore be poorly adapted to the needs of
field experts, resulting in a low acceptance and usage in the application community causing high frustration in the system identification community. The
generalists engineers here are practitioners specialized in the application domain, who have only basic skills in system identification, mostly combined and
oriented towards control theory. These generalists know the basis of system
identification, but often lack the skills needed to validate models and avoid
common pitfalls. Mostly, their skill set is limited to how to analyze, measure
and model Linear Time-Invariant (LTI) systems. However, when looking at
the real world, many systems are nonlinear and modeling them with a linear
model without recognizing the non-linear behavior may lead to large errors.
Let us take the previous example of the engine again and look at it from both
the perspective of the specialist and the generalist. When asking specialists
to build (complex) models of the engine, they succeed very well in describing and predicting its behavior. Only by exciting and measuring the engine
with a specific fuel and air mixture and looking at the rotating speed of the
crankshaft, they are able to build quality models.
However, in many cases, the models generated are very complex and do not
make sense when trying to understand them from a generalist’s point of view.
The models that represent the engine’s behavior are based on mathemati18
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cal identification modeling tools and not based on known physical models.
This can result in the generalist not accepting the models given to them as
they don’t see how they are build and will still result to lesser accurate, in
most cases linear, models based on what they have learned. This will help
the generalist keep an overview on how the system behaves and will know
where improvement of the systems is needed. On the other hand, the generalist choosing his own, less qualitative, model results in frustration of the
specialists as he knows that his mathematical model will work perfectly for
the system that needed to be described.
The idea here would be to find a way where generalists as well as specialists
find a way to combine their strength to enhance and improve future technology.

3.5

Conclusions

We illustrated that educating engineers with different backgrounds and combining them in a team to work together can be a very challenging. This
chapter focuses on System Identification as an example and this is where the
rest of the thesis will focus on: introducing a tool to overcome these challenges
in system identification.
In the next chapter we focus on the use of system identification within the
industry.
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Chapter

Current state of system
identification within education and
industry
4.1

Introduction

System identification is widely used in some form within industry as well as
education. In this chapter we take a closer look at how the identification is
taught within education and how it is used within industry.

4.1.1

System identification specific view in education

Engineering education aims to provide students a sufficient set of skills by
gradually building up knowledge and expertise through multiple courses spread
over several years. Within these courses, system identification is indirectly
used through the application of white box models on example systems. Analyzing the system through the use of these mathematical models using physical
laws allows the students to develop and understand the behavior of processes
and systems and helps them understand certain principles. It can be said that
this is a form of system identification where the models are based on what is
known about the system. Still, the course generally does not focus on these
21
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models but on the specific objective of an engineering discipline.
When a student follows an Engineering discipline like control theory or vibration engineering, where some aspects of the system identification discipline are
useful, a specific course introducing system theory is given. However, due to
the limited time, the introductory courses of system theory are bound to the
linear case only. This can be even generalized to many courses taught in the
engineering education for the simple reason explained in the previous chapter:
time.
The complex problems are generally limited or, if possible, simplified to just
linear problems as seen in many educational books in different fields of engineering such as mechanics (e.g. Inman [2014]), Chemistry (e.g. L.Theodore
et al. [2015]) and electronics (e.g. Gonzales [1996]).
While the foundation of the knowledge given in these books is essential for
students to learn and practice their skills, many engineering problems in the
real world are more complex. Of course, if the student wishes to specialize in
that matter, he/she will follow specialized courses to tackle these problems at
the cost of broadening their knowledge in multiple fields of engineering due
to limited time. This is the case for a student that focuses on system identification that will be able to tackle all the problems, but will lack knowledge
surrounding other engineering disciplines.

Vibration engineering course example
To elaborate previous section, an example is given of a typical course that
is given in the mechanical engineering department: Vibrations. A teaching
book like Inman [2014] is one of the many popular books to support this
course. A quick look shows that the first two chapters introduces the student/practitioner to the basic concepts like introduction to free vibration,
stiffness, stability,... From these basic concepts, the student gradually learns
the foundation of vibration analysis to be able to perform measurements, analyze then and create models. Specific systems are tackled like vibration absorbers, vibration of string or cables and modal analysis of a forced response.
The introduction in Inman [2014] specifically mentions nonlinear systems:
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“Nonlinear systems are much more difficult to analyze (...) In this and all
other chapters, it is assumed that displacements (and forces) are limited to be
in the linear range.”.
This restriction is needed to cover the (linear) basics of vibration engineering
within the set of time given to these courses.

4.2

Is the general (linear) framework ideal?

While education focuses on the general linear framework, it is known that
in the real world, many systems behave nonlinear. Would this mean that
education does not provide enough knowledge needed to design and improve
real systems? The answer to this question depends on many factors such as
the requirements and expectations that is asked by for example the client and
the complexity of the system itself. If a high quality model is not required
and the system is quite well behaved, a linear framework could be considered
as it is easier to build and less time consuming. Inherently, the costs are also
reduced.
Some applications in the industry however, require accurate models to, for
example, ensure the safety of the system (vehicles, cooling systems of nuclear
power plants..) or for high efficiency (microwave applications). This is a
problem for two reasons:
1. Currently, it is difficult to find engineers that are able to tackle these
advanced problems as many practitioners in the industry only have the
basic knowledge from their education combined with specific job related
knowledge as explained before.
2. While the knowledge surrounding complex system identification, such
as nonlinear and/or time-varying systems, has vastly expanded over the
last ten years and research is still ongoing. This knowledge has not yet
fully reached industry such that practitioners can get introduced in these
advanced identification and modeling concepts
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4.3

Identification within industry

While it is possible to use the linear framework within the industry, if one
wishes to advance its technology or increase the safety of the systems it provides to its clients, a more complex framework is needed. However, this is
only half of the work. To be able to do this, we need to be able to setup a
valid and useful experiment.
When looking at practitioners within industry, it is known that they have
build up practical experience over the years and have been able to solve many
problems using past experiences. This experience enables them to correctly set
up a measurement campaign. While a specialist in system identification has
a very good idea on how to build qualitative models of systems, these models
will still be useless if the data provided is of low quality or just plain irrelevant. Setting up the experiment, placing the sensors and actuators, choosing
the band of interest and setting up parameters according to the measurement
hardware to maximize the retrieval of useful information is crucial when doing
system identification. This means that practitioners within industry have already gathered half the knowledge needed to perform advanced identification
as they are already experienced with the hardware and setup of an experiment.
So to fill the knowledge gap to actually perform complex system identification
within the industry, we should focus on transferring the knowledge that is
known within the academic environment to the industry.

4.4
4.4.1

Spreading knowledge to the industry
The classical way

First, lets take a look at the classical way of transferring knowledge towards
the industry. When some new piece of knowledge has been developed within
the academic environment, it is published in a paper and journal. From there
on, it slowly spreads through adaptation and expands the knowledge through
citations and references until it gets broken down to something understand24
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able that can be used in a practical application and/or technology. From
this moment, the industry picks up that knowledge and uses it in their own
application. The whole process from the generation of knowledge to the applicability within the industry takes many years. Would it not be interesting
to eliminate the intermediate steps? Note that some companies setup their
own R&D divisions to increase their knowledge while keeping it on a practical
level.

4.4.2

Research on spreading system identification

From an academic point of view, some ideas and concepts have been published
earlier to speed up the system identification knowledge transfer towards the
industry. L. Ljung suggests to offer a course covering the key identification
knowledge and techniques during a three day course (Ljung [2000]). The advantage of this approach is that it allows practitioners within industry learn
about the power of system identification within the industrial context. However, it does not provide enough time to cover all the content in depth or to
ensure hands-on experience.
Another suggestion is to teach system identification interactively by offering
a software tools/toolboxes (Guzman et al. [2009] and Burn et al. [2010]). It
is then up to the practitioner in industry to use this software tool and learn
about the possibilities of system identification. The downside of using (only)
such a software tool is that it is not always clear how the result is obtained,
hereby keeping the techniques at a too abstract level and avoiding that the
practitioner gets intuitive knowledge. This might result in the practitioner
remaining quite anxious to use the toolkit as he/she does not really know how
it works.
Lastly, some workshop surrounding system identification are provided through
academic researchers such as the ‘ELEC workshop on System Identification’
organized by the ELEC department (VUB) and the ‘Workshop on Nonlinear System Identification Benchmarks’ organized by Maarten Schoukens and
Jean-Philippe Noël. The idea there is to provide theoretical as well as practical insight in the system identification techniques and methods. The problem
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is that the focus of these workshops lie towards a target audience that has
already an in-depth affiliation with the concepts used in system identification.
It allows to condense the courses to obtain a fast knowledge transfer at a high
abstraction level. This can be compared with short condensed courses provided for practitioners within industry, except for the fact that the proposed
content is positioned at a high level limited to cutting edge methods.

4.4.3

Our suggested way

The goal here is to introduce a practitioner within the industry to a set of essential skills that are needed to tackle more advanced identification problems.
Academic researchers have already provided some tools and thought to tackle
the process of how to spread this knowledge, but we want to take it a step
further by setting some requirements.
The first requirement is that the practitioner should not have to go through
a full course in order to learn what he/she requires. As previously shown,
a course introduces basic and essential knowledge that the practitioner is already acquainted with. The second requirement is that the practitioner should
be able to put the newly found knowledge directly into practice. Lastly, the
practitioner should be able to learn the techniques at his/her own pace at any
time given.
How this will be done is introduced in the next Chapter.

4.5

Conclusion

Basic knowledge is available within the industry but not enough to cover all
the identification challenges due to the increasing complexity of the systems.
Trying to spread advanced knowledge to cover these challenges is difficult and
takes time. In the next chapter, we introduce a toolkit that is designed to take
on the challenge to spread advanced identification knowledge to the industry.
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Chapter

An online Self-Study kit for
System identification
5.1

Introduction

In Chapter 2, we explained that institutes only have a limited time to transfer
existing knowledge to engineering students. This is also the case for knowledge
in the field of System Identification as is explained in Chapter 3. The result
is that a student either becomes specialized in SI and less fluent in another
problem-specific field or becomes a generalist with the downside of having
more superficial knowledge about system identification, but a more profound
knowledge in other engineering disciplines required to solve specific problems.
The result is that system identification knowledge has difficulty to reach the
industrial applications that could benefit from that knowledge as is explained
in Chapter 4.
This chapter tackles the problems and challenges that are explained in the
previous chapters. The idea here is to offer a tool that present advanced
system identification knowledge in a format that is accessible to practitioners
within the industry, to students and to everyone else who is interested in
system identification. The idea is not just to write a book, but to really offer
a tool that meets the demands and expectations of industrial and academic
potential users.
27
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5.2

Requirements for the self-study kit

Transferring System Identification skills and knowledge to practitioners involved in industrial application, to curious students, or to everyone else who
wishes to expand their knowledge is not an easy task.
Many different methods and tools can be used to create a self-study kit. The
main challenge lies in the diversity of the audience: how to attract the attention of a practitioner with lots of domain specific experience, but also ‘capture’
young professionals to try identification, and trigger the curiosity of the occasional user altogether. For this self-study kit, we define the requirements
based on the careful analysis discussed previously. The self-study kit should
be:

1. Freely available to everyone willing to learn or to expand their knowledge
about System Identification.

2. Easy to maintain by the host using tools that are widely available while
making sure there are easy expansion possibilities.

3. A guide to the user throughout the complete learning process if wished
for.

4. Formulated such as to soften the learning curve so much that the knowledge remains accessible to most in terms of understanding. This involves
clearly stating prerequisites and providing realistic estimations of the expected study time.

Based on these requirements, we will show that some additional choices are
still needed to provide a first proof of concept for the System Identification
self-study kit.
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5.3

Choice of the platform used to present
the study kit

Providing access to the kit worldwide and to everyone who wishes to learn
system identification has become quite easy nowadays: use the web!
Hosting the toolkit as a website allows easy access to the knowledge at any
suitable time slot, and this all around the world. Modern tools for building a
website and hosting it became mainstream and widely available to everyone,
whether being a professional or an amateur. Servers and hosting possibilities
are provided at an affordable fee and websites can be build through paid or
free content management systems (CMS).
Using a CMS results in easily meeting the first and second requirement: making the kit accessible for everyone and keep it easy to maintain technically.
Note that the choice of a suitable CMS is required. One has to keep in mind
that the purpose of the site is to transfer knowledge depending on the trainee’s
needs.

5.4

Choice of the CMS

To allow the website administrator, in this case the Department ELEC at
the Vrije Universiteit Brussel, to easily maintain the website, a WordPress
CMS is used (https://wordpress.com/). WordPress is a CMS developed in
2003 and has gained massive popularity over the years. According to W3tech
(https://w3techs.com/), WordPress is used by 30.8% of the websites in 2018
and its market share is prone to grow even further. What makes WordPress
so popular is the ease to access, the ease to maintain and the ease to build
a fully functional website, even if the content author lacks extensive technical website development skills. The content author and the webmaster can
therefore focus on producing content, which is exactly what we need for this
project. The provided Add-ons or Plugins in Wordpress are varied, yet their
implementation remains controled. Every style of website (blogs, wikis, online shops, ...) can be generated in only a few steps. Note that the core of
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WordPress as a CMS is provided at no cost to everyone.
The wide popularity, the accessibility, and the ease of customization capabilities has lead to choosing this platform as the foundation of the self-study kit.
Note that it also fulfills the first three requirements introduced above.

5.5

Style of the CMS

WordPress can be extended by centrally verified Plug-ins and Add-ons that
help to customize the website application to specific needs. In our case, we
want to be able to provide content to a practitioner or a student who wishes to
extend or refresh his/her system identification knowledge. The most important demand that pops up in the previous chapters is the need of fast paced
learning and intuitive content selection to easily present what is really important to the trainee. Content selection is based on available prior knowledge or
elimination of the content that is not relevant to the trainee’s goal. This approach delivers content tailored to the needs of both the practitioner and/or
the student and will eventually lead to a high knowledge transfer within a
limited time frame.
Looking at it in a different way, we present the content in a modular way
where the user can actively navigate through the modules based on actual
needs rather than passively being fed with a data stream without any selection because of a linear organization.
However, if one wishes to learn everything from scratch using a predefined,
logical built-up, a pathway is provided for the learner to follow. This route
gradually learns the content in a sensible way.
Given the specified requirements, the choice has been made to use a wikipedia
(wiki) structure as shown in Figure 5.1. This style has many advantages when
it comes to content creation. The first advantage is that the knowledge can be
split and grouped when needed. This means that additional knowledge can
be added without dramatically changing the existing content or the structure.
A second advantage is that it limits every page to the essentials and does not
allow one to bloat it with too much and too detailed additional information.
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Figure 5.1: Wiki like structure of the self-study kit. Content can be grouped
and focused such that the search to specific needed content can be
minimized in time.

By keeping the topics clean and to the point, the trainee will have a more
focused learning experience. Enough references and links are to be provided
to aid the comprehension of the theory. This can then more easily be achieved
by the interested reader if needed.
If a novice in system identification wishes to follow a linear path, a step by
step guidance is provided throughout the Wiki as will be shown in the next
Chapter 6 to make sure that all the required knowledge is transfered in an
efficient way.
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5.6

Entry levels

We feel that system identification knowledge can be transfered on two different levels:

1. The conceptual level: Introduction and explanation of concepts in an
accessible way for medium level users.
2. The practical level: Practical implementation and hands-on experience
for occasional users.
Whenever possible, the content will be provided in these two levels.
Note that we have no theoretical level. As the theory has already been well
explained and structured in books and papers that are currently available,
we will not reintroduce it. Instead we will provide references. This way, the
trainee is able to get a full in-depth understanding on how the techniques work
if wished for. The reason to exclude the theoretical level is that in most cases,
the amount of proofs in these references is so massive that a trainee might get
frustrated or scared. This results in a loss of interest and eventually giving up
on system identification. This is what we want to avoid at all cost. As long as
practitioners within industry understand the concepts and are able to apply
them, a full understanding of the theoretical content behind it is then often
neither required or useful.
We feel that the most important level is the conceptual level. This level
allows the trainee to understand what is going on and get intuition for system identification without having to go through the process of analyzing and
deciphering proofs and formulas. The focus lies here on visual feedback of
measurements that are taken on real systems. If needed, some proofs or equations are provided, but they are limited. Simplified assumptions are used to
keep everything as understandable and intuitive as is possible. Explaining the
knowledge on a conceptual level allows a trainee to understand what the goal
is, and eases the possible transition to more theoretic content through the
references on the one hand and the transition to the implementation on the
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practical level on the other hand.
The second level is the practical implementation. Often, trainees complain
that it is difficult to make the transition from theory to practice. When combined with the conceptual level, the practical implementation leads to a usable
implementation. The concepts are then used by the trainee, by trying them
out directly on a simulation, on a toy example or on a real system. This closes
the gap between theory and practice fast and avoids that the trainee would
feel lost in the forest of new concepts that are not made concrete and visible.
To this end, schematics and built-up instructions of some toy systems are also
provided on the Wiki. If interested, the trainee can build and apply the newly
learned concepts directly on these systems with minimal costs.

5.7

Conclusion

Based on the initial set of requirements we set ourselves, it was decided to provide the content through an online self-study kit available for everyone who
wishes to gain system identification knowledge. The Content is implemented
in a wiki structure through WordPress as a content management system. This
allows the possibility to focus content in a modular way to maximize knowledge gain effort in an efficient way while making sure it is possible to easily
expand the wiki with new content.
However, we feel there should still be a linear path or guidance to allow practitioners that are new to system identification the possibility to learn everything
that is needed to use the system identification techniques introduced in the
self-study kit. The linear guidance path is introduced in the next chapter.
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Chapter

Structure of the Online self-study
kit
6.1

Introduction

Previous chapter introduced how the self-study kit is designed that is intended
to spread system identification knowledge. In this chapter, we introduce the
content of the self-study kit through a linear path that is followed by trainees
that are new to system identification and wish to tackle the content.

6.2

The process of system identification

System identification is a discipline where the process used to identify the
device under test follows a structured path. That path is generally divided in
three sections: the measurement section, the choice of model section, and the
model creation from data section (Ljung [1999]). We feel these sections are
very general and make the identification process seem simple and straightforward. However, in practice, we need to take more boundary conditions and
hypotheses into account to successfully identify the system. Let us take the
measurement section as an example. Before even thinking about doing a measurement, we need to set up a good measurement environment that enables us
to correctly perform a measurement. If we do not take into account the specifi35
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cations of the hardware, it can and often will result in bad measurements that
lead to poor models. And even if the measurements have been done correctly,
we still need to analyze these measurements using the correct techniques in
an appropriate way to be able to choose a good modeling technique that is
system class dependent. Lastly, it is very important to validate the model
to make sure the created model is good enough to describe the behavior of
the system within the predefined conditions. To take all these challenges into
account, we restructure the identification process in four sections rather than
three
• Setup & Calibration of the measurement
• Classification of the device under test
• Class specific measurement & modeling
• Validation of the model
These are further sub-divided as is shown in Figure 6.1. The first section
consists of everything that has to do with measurements: the hardware requirements, the setup of the measurement environment and the explanation
of the ‘Do it Yourself’ (DIY) systems (if needed). The second section explains
how to quickly and efficiently classify the device under test when operated
around a point of operation defined by the trainee. This step is very important as it will provide the information a trainee needs for the next phase: to
adequately choose the correct system specific modeling path. In the final section, the model validation is done. It ensures that the created model meets
the qualitative user demands to describe the behavior of the system in the
predefined point of operation with an application-specific accuracy.
The major advantage of defining the identification process in these four
sections is the presence of its recurrent structure. If the trainee always goes
through these sections in order to identify a system, a good result will very
probably be obtained. The modeling techniques will vary depending on the
decisions made along the way, and are mainly set by the class of the device
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Figure 6.1: Linear structure to follow when learning new and advanced identification techniques

under test. Nevertheless, this allows the trainee to feel comfortable enough
when tackling a new model building task.

6.3

A step by step guide through the
identification process

To understand the identification process, we give a more in depth explanation
of the four sections below.

6.3.1

Setup & Calibration of the Measurement

Performing good measurements is crucial for the identification process. We
feel that often this section is an underestimated step. It is often performed in
a quick-and-dirty way but jeopardizes the quality of all the subsequent efforts.
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Figure 6.2: Schematic of the advised measurement setup for a Single Input Single Output (SISO) system consisting of the measurement Hardware
(MH), the reconstruction filter (RF), the anti-alias Filter (AA) and
the Device under Test (DUT).

Performing practical qualitative measurements requires knowledge of the measurement hardware, the device under test,and how they are connected with
each other. A possible schematic of such a setup commonly used in system
identification for band limited measurements is shown in Figure 6.2. It consists
of four parts: the measurement hardware (MH), the reconstruction filter (RF),
the anti-alias filter (AA) and finally the Device under test (DUT). Note that
the schematic setup is drawn for a Single Input, Single Output (SISO) case,
but can easily be extended to the Multiple Input, Multiple Output (MIMO)
case by adding extra acquisition and/or generator channels.

6.3.1.1

Hardware

To perform measurements in the context of system identification based on
band limited signals as is presented in the self-study kit, we require two types
of hardware functions: hardware to generate signals that excite the system
with custom made signals and hardware to measure the input of the system
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and its response. The generator and data acquisition hardware can be chosen
separately, but can also be combined together in one measurement platform
such as the PCI eXtensions for Instrumentation (PXI) or VME eXtensions for
Instrumentation (VXI).
Choosing the hardware is not a difficult task, but still needs some attention.
Failing to adequately choose the hardware can eventually degrade the measurement one way or another (clipping, low precision, synchronization problems,...). Nowadays, there is a wide availability of measurement hardware on
the market. Each appliance is built with a specific purpose and target audience in mind. Not being a specialist in measurement hardware often leads
to a practitioner within industry being overwhelmed and not really feeling
confident enough to choose the correct hardware for his/her specific purpose.
In some cases, a general purpose measurement hardware could be opted for,
but may result in a loss of quality in the measurements. To help the trainee
to choose, we explain some of the key hardware specifications used in the selfstudy kit. These should be taken into account when choosing measurement
hardware. To keep the selection guide understandable where needed, we explain the choices through examples taken from the perspective of a trainee
that is active in the audio industry.

Clock The first important specification to notice when looking at Figure 6.2
is the presence of a common clock (CLK). The advantage of the clock is that
as it avoids leakage it synchronizes the sampling rate of the generator and
the acquisition channels of the hardware. The hardware becomes thus phase
coherent. This allows the trainee to correlate the data in time and allows for
measurements of periodic signals without leakage in the DFT spectrum. This
is needed as the techniques in the self-study kit use this specification to model
the systems (Schoukens et al. [2012b]).
The advantage of an all-in-one measurement platform is the presence of a
reference clock in the backplane making it possible for all the modules of that
platform to be automatically and perfectly synchronized. When not using a
measurement platform, it is crucial to synchronize the generator hardware with
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the acquisition hardware: this is what we call a phase-coherent measurement
setup.
Frequency Band of interest The band of interest really depends on the
system and the engineering discipline the trainee is active in. In case of the
trainee in the audio industry, systems are for example sound amplifiers, microphones and loudspeakers. The frequency band of interest of these systems
lies within the audible range of the average human which is between 20 Hz and
20 kHz. In this application field it is useless to use hardware that can measure
in the high frequency band up to several hundreds of megahertz for example,
as the cost of the hardware would vastly increase and only a small part of its
capabilities will be used. This may result in a less qualitative measurement
(lower precision, limited parameter choices).

Dynamic Range Performing a measurement for system identification requires the practitioner to excite the system with a continuous time signal and
look at its continuous response. The measurement hardware will nevertheless
discretize the time signals. The conversion of the voltage to a data stream
is done by an Analog to Digital (ADC) converter. As is seen in Figure 6.3,
the ADC is characterized by the sampling rate T s = f1s with fs the sampling
frequency, and the amplitude-resolution in bits. In short, the amplitude is
divided in (equally distant) values with a resolution that is called the Least
Significant Bit or 1 LSB (expressed in V). The resolution needed for the
discretization of the amplitude requires us to think about the choice of hardware. Let us assume that the example hardware has a 16-bit resolution and
the maximum voltage of the measured sound signal is 5 Vpeak . Given that the
amplitude levels are equally divided over the range, we find that the discrete
amplitudes are separated by approximately
5Vpeak
≈ 8.10−5 V1LSB .
(6.1)
216
Decreasing the value of the LSB, thus increasing the quality of the amplitude conversion of the measurement by the ADC can be done in two ways:
LSB =
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Figure 6.3: Discretization (black o) of a continuous time domain signal (blue)

Either the amplitude of the measured continuous signal is lowered at the cost
of lowering the SNR, or the bit-resolution should be changed. The first solution is not advised and the second solution requires the practitioner to change
the hardware!
The bit-resolution of the hardware is important for the practitioner as it sets
the maximal dynamic range of the setup. The dynamic range is defined as the
ratio between the highest and the lowest detectable value of the signal measured simultaneously and is expressed in dB. The lowest value is usually the
value of the noise floor. Using the parameters from the previous example and
assuming the noise floor is at the value of 1 LSB, the dynamic range DRADC
of the configuration is calculated as
DRADC =

5Vpeak
≈ 96dB
LSB

(6.2)

In audio components, such as the CD for example, it is advised to have a
dynamic range of at least 90dB. In our example, a 16-bit resolution hardware
suits the practitioner in the audio industry, given that the specification the
systems are based on CD audio quality, as long as the noise floor is not higher
than the LSB value or the maximum measured amplitude of the hardware is
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lower than 5V. This noise floor can be lowered algorithmically by averaging
as will be explained in the next Chapter.

The sound card Most practitioners in industry have measurement hardware readily available at work. This is not the case for students. Sometimes,
the measurement hardware provided by the educational institution is not always accessible. While buying your own measurement hardware is a possible
solution, not everyone can afford it. Depending on the requirements, the cost
of the measurement hardware rises quickly. Given the systems introduced
above, it is possible to use hardware that is commonly available for everyone: the sound card of a Personal Computer. The idea of the sound card is
the same as measurement hardware: it generates a continuous signal from a
discrete signal through the audio output channel and discretizes a continuous
signal through the microphone channel. Both channels are stereo such that
up to two signals can be generated as well as measured at the same time. Programming environments such as MatLab as well as other software available
online allow you to control the sound card to be able to use it as measurement
hardware.
While it looks as a great inexpensive alternative to buying measurement hardware, caution is advised. Only systems restricted to the audio band can be
measured. Also, it is possible that the signals need to be amplified at the cost
of introducing unwanted effects by the amplifier or attenuate it to prevent
damage to the sound card. It is no surprise as the sound card is not designed
to be used in such way.
If possible, it is advised to make a small investment to buy hardware that have
been designed for the purpose of generating and measuring signals. Sometimes, huge discounts are provided to students for educational hardware that
are otherwise too expensive to buy for personal use.
Figure 6.4 shows a FRF of a system measured with a sound card.
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Figure 6.4: The FRF (red) and its variance (black) calculated from data measured
with a sound card.

6.3.1.2

Anti-alias Filter

Every practitioner having basic knowledge in discrete time measurements understands the concept of the Nyquist theorem. The theorem says we should
always sample at least twice the maximum frequency fmax present in the spectra obtained from the system
fs
fmax ⩽
(6.3)
2
with fs the sampling frequency. The reason the Nyquist theorem should be
obeyed is to avoid aliasing effect. Aliasing is an effect that can occur due to
badly discretizing a continuous time signal. The effect of aliasing is extensively covered in Brigham [1974], but is shortly introduced here through an
example and visually shown in Figure 6.5.
Assume a signal uc (t) being discretized by an ADC with a sample rate Ts .
In the time domain, this can be represented by a multiplication of the time
domain signal uc (t) with a dirac comb Ts . As a multiplication in the
time domain is a convolution in the frequency domain, we can see that the
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transformed signal Uc (f ) is convolved with the sampling frequency dirac comb
FS . Choosing the sampling frequency too low (fs /2 < fm ax) as shown in
Figure 6.5 results in overlapping signals. This should be avoided at all cost
by obeying the Nyquist theorem.

If we can rely that this effect is taken into account, we could be tempted to
say that an anti-alias filter is not needed if a good experiment is designed. This
is almost never true as there is one factor we cannot prevent during the measurement campaign: unwanted distortion components. External influences are
common when performing measurements, and if these happen at a frequency
larger than fs /2, aliasing will occur. Therefore it is always advised to use an
anti-alias filter when doing measurements. In the case of the practitioner in
the audio industry, every spectral component above 20 kHz is to be removed
in order to avoid aliasing when sampling at 40 KHz. Removing these higher
frequency components is the job of the AA-filter. How the anti-alias filter
should be integrated is fully explained in the self-study kit.
Note that in some hardware, an integrated modular anti-alias filter is provided
that can be set according to the experiment design. This is not always the
case so always check the technical specifications of the hardware.

6.3.1.3

Reconstruction Filter

The self-study kit uses techniques that require custom made signals. These
custom made signals need to be generated and converted from a data sequence to a continuous time signal. This is the job of a Digital to Analog
(DAC) converter. A conventional (most common) DAC uses the zero-order
hold reconstruction (ZOH) which is based on the sample and hold principle.
The signal value is retained at the same level until the next sample as is shown
in Figure 6.6. The downside of this method is that it does not result in a perfectly band limited reconstructed signal.
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Figure 6.5: A graphical interpretation of the Aliasing effect. Figure made by Yves
Rolain for the course ‘System Theory’ (Vrije Universiteit Brussel)

Band Limited? It is clear that the discrete samples of the signal do not
contain all the information of the signal as we do not know what goes on between the samples. Also, note that the reconstructed signal shown in Figure
6.6 does not really look like a perfect continuous signal. One way to achieve
a continuous signal is to make the signal band limited characterized by the
power spectrum of the signal being zero above half the sampling frequency.
The great advantage of band limited is that is results in a continuous time
signal that does not impose constraints on the applied excitation unlike the
ZOH (Pintelon and Schoukens [2012]).
As long as the system is LTI, the additional spectral content when using an
excitation signal that is not band limited does not influence the measurement.
The situation changes whenever the system starts to become nonlinear. A
Characteristic of nonlinear systems is the appearance of (unwanted) harmonics
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Figure 6.6: Sample and hold (dots) of an ideally sampled continuous time domain
signal (blue)

while a LTI system responds only to the frequencies that were excited at the
input. This results in two problems if the generated signal is not perfectly
reconstructed:
1. A practitioner could confuse the harmonics caused by the DAC with a
nonlinear behavior of the system.
2. Spectral mixing results in energy to be spread over the band. Higher
frequency components are down converted and influence the measurement.
This leads to wrong conclusions about the system class resulting in choosing
the wrong modeling techniques.
The easiest method to reconstruct the original wanted excitation signal is
to filter out the higher harmonics. This is achieved through a low pass filter
called the reconstruction filter. In case of the practitioner in the audio industry, a cut-off frequency just past 20 kHz should suffice. The characteristic
attenuation of the filter will then depend on the level of the noise or LSB and
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the chosen sampling frequency fs
Note that some generator hardware that realize custom made signals have
a built in customizable reconstruction filter. When this is not the case, a filter
can be bought with the required specifications to act as a reconstruction filter
or it can be custom made.
6.3.1.4

Device under Test

As explained in the previous Chapter, we want to shorten the gap between
theory and practice by making the self-study kit more interactive.
Practitioners in the industry often already have a certain system that they
wish to identify. It is then possible for them to use that particular system as
a training device for the hands-on experience. However, if the system is too
bulky, too fragile or too expensive, it might be difficult to use and experiment
with.
Students on the other hand, are generally focused on learning and understanding the concepts, but do not have a specific system they can use for hands-on
training.
For these reasons, we introduce a set of ‘Do it Yourself’ (DIY) systems: a linear, a nonlinear, and a time-variant system are provided. These DIY systems
are easy to build systems based on affordable components. They are limited
in size and weight. The schematics are provided such that anyone with a bit
of handiness can build these systems at home. Building the systems has one
major advantage: their uniqueness. This will prove that the methods that are
introduced in the self-study kit are not bound to a system with a specific behavior, but can be used on all types of systems, as long as a set of assumptions
are valid.

6.3.2

System Class Detection

The second section in the identification process is the system class detection
section. The idea of this section is to identify the class of the system in one
single experiment. This allows the trainee to choose the correct modeling tech47
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niques in the next phase of the identification process. The great advantage of
this single experiment lies in its speed as it only requires one excitation signal
that is measured over several periods to be able to classify the system. The
technique and the practical implementation are explained in the next chapter.
While the idea to classify the system with a fast experiment seems efficient,
it should be noted that this will not provide all the information about the
behavior of the system and can sometimes lead to wrong conclusions. Generally speaking, many real world systems do not get excited with just one fixed
excitation signal, but usually have a range of operation. Within that region,
the behavior of the system can change resulting in the system being classified
differently. Take a spring for instance. When applying a small force F on the
spring, it will compress in a linear way and is modeled as F = kx where k is
the spring constant and x is the displacement. As long as the spring is not
fully compressed, it will behave as a linear spring, given that k is constant.
Once the spring passes a certain compression point the model F = kx is no
longer valid. From there on the spring behaves in a non-linear way. This can
happen in many systems where changing the power of the excitation changes
the properties of the system. The same analogy can be made for a transistor
where you have a ’linear’ operating range and a nonlinear operating range.
While the classification method introduced in the self-study kit uses only one
quick measurement to classify the system, it is advised to do some extra
measurements with varying input power based on the operating range of the
system. Especially the extremes (lowest and highest power) as well as the
power where the system will most likely be operating a major part of the time
are good starters to really get a good idea on how the system will behave. It
will also provide the trainee enough information to choose a good modeling
technique.

6.3.3

Class Specific Measurement and modeling

Once the system class is known, the identification process really starts. The
idea of this section is to build a model to describe the behavior of the system.
While the modeling techniques are class dependent, the same characteristic
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steps to model the system are used in the self-study kit to keep a certain
familiar structure. The trainee first learns what excitation signals should
be used to maximize information extraction from the measurements. From
these measurements, a nonparametric model is obtained using post-processing
techniques and eventually, if wished for, a parametric model is created.
Remark: Even if we create a specific signal to maximize the information
extraction, it is important to understand that this signal still needs to be
bound by the class of input signals that have been used during the classification
step. Remember that this means that the power spectral density (PSD) and
the probability density function (PDF) need to be identical. As mentioned
before, these properties define the input signal class that is being used. In
other words, a system can behave linearly for one input signal, but nonlinearly
when the power of that input signal is changed. This means that we cannot
just develop a new signal independently of the device under test. It is the
pair (DUT + signal class) that determines the classification. If this pair is
modified, it cannot be guaranteed that the correct modeling technique is used.
6.3.3.1

Nonparametric Identification

The advantage of nonparametric identification is the gain of information about
the behavior of the system using relatively low effort. This information can
then be used to improve the behavior of the system, to control the system or
even to prevent unwanted effects.
6.3.3.2

Parametric Identification

A nonparametric model provides great visual information about the behavior
of the system. However, in some cases, visual feedback only is not enough.
Practitioners in industry want to use the model in design, precise control
or simulation. The model is then to be taken one step further by building
a parametric model that is useful to tackle all these applications. It also
provides more information about the system properties such as the stability
of the system. One big advantage of the parametric model is its compactness:
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only a limited number of parameters is needed to completely describe the
system. The usefulness of the information compactness is nicely illustrated
as follows: consider a simulated model obtained through a Finite Element
Method (FEM) simulation that is to control or to predict the behavior of
the system. To obtain an accurate FRF, highly damped structures typically
require a high frequency resolution, which boils down to a higher number of
test frequencies. The number of parameters in the FRF model is proportional
to this number of test frequencies. In the parametric case, the number of
parameters is now independent from the resolution, resulting in a model that
is more parsimonious in the parameter count. On top of that, a parametric
model allows to select dominant modes, which reduces the dimension even
further, without increasing model errors too much. For these reasons, we offer
a pathway to a parametric model for the system. A practitioner can then
extract the information needed for his/her objectives.
We target a qualitative, all-round (works in 95% of the cases) model that
remains simple and intuitive enough to be understood and validated both
numerically and by visual feedback. Next chapter explains the choice of a
model to be used throughout the self-study kit.

6.3.4

Validation

Generating a parametric model to describe the system is not enough. Ideally, the estimated parametric model should be close to or exactly the model
representing the system. Extracting the exact model is not possible, but it
is possible to estimate a parametric model that describes the behavior of the
system well within the predefined boundaries set by the practitioner. To test
if this is true, we encourage the trainee to validate the estimated model. Next
chapter introduces several tests that can be done to validate the estimated
parametric model.
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6.4

Conclusion

The self-study kit might be intimidating for possible candidates that have
limited knowledge about system identification. For this purpose we offer ‘optimized’ linear paths focused on a specific class of system to help the trainee
to tackle all the content needed to successfully perform system identification.
Every linear path has a common part and a class specific path where needed,
but always structured in the same way. This allows the trainee to become
familiarized with the identification process and the gap will be less big when
changing path to tackle a new class of system.
To allow the trainee to fully understand the techniques introduced in the selfstudy kit, we offer the possibility to put that content in practice. Every practical step in the identification process is explained and supported with code in
MatLab. We will cover the steps of the identification process in the common
sections in the next chapter while the class specific section (Measurement &
Modeling) is covered in the case studies introduced in later chapters.
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Chapter

System Identification: the
practical steps
7.1

Introduction

The previous chapter introduced the content of the self-study kit. While it
covers the whole identification process, we want to take it one step further
by showing the trainee how to put it all together to convert knowledge into
practice. The practical steps used to identify a device under test that are
taken independently of the system class are introduced here. The class-specific
techniques in the modeling section are discussed in the case studies presented
in the next three chapters.

7.2
7.2.1

Starting a measurement
The excitation signal

The first practical step of the identification process is to put together the
measurement setup as is explained in the previous Chapter. Doing this correctly allows the trainee to properly excite the system, measure its response
accurately and get useful data to apply the identification techniques on. The
question still remains how to select the excitation of the system. Why is an
53
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waveform generator needed to generate custom made signals?
The Device Under Test (DUT) can be excited with all kinds of signals such as
sine waves at different frequencies, noise, chirped frequency signals, stepped
sines, binary signals... The choice of the excitation signal depends on the goal
the practitioner is aiming for. Is it sufficient to just look at the response of
the system to a sine wave to get intuitive insight, or is a full model of the
system needed? In the case of the self-study kit, the idea is to identify the
system to better understand, and predict its behavior. More precisely, we do
not solely want to know how the system reacts to one single excitation as is
the case with a sine wave test, but we rather want to learn how the system
behaves within a frequency band and/or amplitude range. We call this range
in frequency and power the operation range of the system. Understanding the
behavior of the system in its operation range is important as real systems in
industry most often are not used with just one fixed input signal. Depending
on the plant control variables such as the speed of a production line and/or
uncontrolled factors such as the change of the wind speed on wind turbines,
the response behavior of the system can change.
To fully understand the behavior of the system, we need to measure the system over a sufficiently wide and well chosen frequency and power band of
operation. At one power level, this can be done in a single measurement using a broadband excitation signal such as noise or a stepped sine, to capture
the frequency dynamics of the system in one experiment. The downside of a
noise excitation lies in the lack of control over the amplitude spectrum. Also,
aliasing and leakage problems pop up if not taken care of as explained in the
previous chapter.
A possible solution to avoid these unwanted effects is to move to a periodic
excitation signal such as a stepped sine. The downside of the stepped sine as
an excitation signal is that it is time consuming to cover the frequency band of
interest. A transient will occur at every change of frequency in the excitation
signal. This will slow down the measurement for a larger number of frequencies. The effect of the transient is explained and shown in the classification
step below.
The signal of choice used throughout the self-study kit is the multisine. This
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signal applies sine waves at all test frequencies simultaneously. The multisine
hence is a broadband excitation signal that has many advantages: it is periodic, it is easy to customize to meet the experimental requirements and it is
faster than the stepped sine, as the transient only needs to fade out once. The
high spectral customization potential of the multisine is the reason why the
self-study kit requires a generator hardware that is able to load custom made
signals. The multisine is defined as follows
1 b
u(t) = √ ∑ Ak sin (kω0 t + φk ).
(7.1)
N k=a
with Ak ∈ R the real amplitude of the spectral lines, φk their phases, and ω0 =
2πf0 the fundamental angular frequency (in Hz). F = [aω0 , bω0 ] represents
the excited frequency band covered by the excitation signal.
Selection of the frequency band of interest Assume that an electric motor drives a belt in a production line. Depending on the supply and demand of
products, the speed of the production line is increased or slowed down. This
changes the rotation speed of the electric motor. If the dynamic behavior of
the system is not known from a mechanical point of view, it might happen
that the rotation frequency of the motor matches a natural frequency of the
setup. This can result in undesired effects such as loud noise, disturbance in
the production process, early metal fatigue reducing the life span of that electric motor and in the worst case, the motor can be destroyed. However, if the
behavior of that motor is known over the frequency range of operation, extra
precautions can be taken to provide a better damping to absorb the vibrations
or simply make sure the speed of the production line never comes too close to
the natural frequency of that electric motor. In short, knowing the behavior
of systems in a frequency band that matches the practical bandwidth used
during operation to anticipate unwanted behavior makes sure we get the most
out of the system itself (increased lifespan) as well as its environment (audio,
safety, influence on other systems).
Ideally, the frequency band of interest covers all the dynamics that are
present in the system. As any system has a finite bandwidth, it is quite
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Figure 7.1: Frequency Response Function of the measured low pass filter (black)
and its variance (green) using a multisine excitation with the Frequency band of excitation F = [1, 10.000] Hz. Note that a big part of
the measurement is just noise.

pointless to excite the system very far out the active band. This only results in
noise measurements. Take for example the measurement of the low pass filter
as shown in Figure 7.1. It is quite useless to excite the system at frequencies
higher than 2.5 kHz as the attenuated output of the filter is smaller than the
noise floor of the measurement. Measurements taken past 2.5 kHz no longer
give additional information about the behavior of the device . Taking the noisy
part into account also makes it more challenging to estimate a parametric
model as will be seen later on. Ideally, the trainee should focus on the band
that covers the dynamics of the system as is shown in Figure 7.2.

The phases φk Changing the phases of a multisine signal while keeping the
frequencies and power the same does not change anything visually when looking at the signal’s magnitude spectrum. The same does not hold when looking
at the time domain representation of the signal however. Figure 7.3 and 7.4
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Figure 7.2: Frequency Response Function of the measured low pass filter (black)
and its variance (green) using a multisine excitation with the Frequency band of excitation F =[1, 2]KHz.

represent two multisines in the time domain that are generated with exactly
the same amplitude spectrum Ak = 1 V, band of excitation F = [1, 100] Hz,
sampling frequency fs = 600 Hz, and number of samples N = 1200. Only
the phase spectrum is different. The first signal is called a constant phase
multisine and the second is called a random phase multisine (Pintelon and
Schoukens [2012]). Figure 7.5 shows their frequency domain representation.
To better compare these signals, we introduce the Crest Factor.
The Crest Factor CF is defined as the ratio between the maximum amplitude of the time signal and the Root Mean Square (RMS) value of the
excitation signal
AM ax u(t)
CF =
(7.2)
ARM S u(t)
A low CF means that the energy of the signal is more evenly spread over
time, and this is advantageous for two reasons. The first reason is that the
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Figure 7.3: The time domain representation of a constant phase multisine with
amplitude Ak = 1 VRMS , band of excitation F = [1, 100] Hz, sampling
frequency fs = 600 Hz, and N = 1200 samples

SNR of the signal is higher for a signal with a low crest factor as can be seen
with the random phase multisine. The second reason is that generator and
acquisition hardware have a limited physical amplitude range. This automatically restricts the power of your signal. Assume measurement hardware where
the generator as well as the acquisition channels have a maximum amplitude
range of 10 Vmax In the case of a constant phase multisine as is shown in Figure 7.3, the amplitude of the excitation signal is above 10 Vmax . It will either
result in an error or the signal will just be clipped. The signal needs to be
ten times more attenuated to make sure it is not distorted by the hardware
limitations reducing the SNR of the input as the quantization noise gets more
important. This will not be the case with the random phase multisine as
shown in Figure 7.4 that has the same power as the constant phase multisine.
The self-study kit uses a random phase multisine. Its random like character
offers the possibility to quantify the nonlinear distortion when using specific
modeling techniques (Pintelon and Schoukens [2012]). These techniques are
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Figure 7.4: The time domain representation of a random phase multisine with
amplitude Ak = 1 VRMS , band of excitation F = [1, 100] Hz, sampling
frequency fs = 600 Hz, and N = 1200 samples

introduced in Chapter 9.

The amplitude Ak The last user defined parameter of the multisine is
the amplitude spectrum. Some systems require that certain parts of their
frequency band of the system should either be excited with lesser energy or
not excited at all. This could be necessary to avoid the influence of effects that
are not part of the system such as leakage or crosstalk from the power around
50Hz or just because a frequency band is reserved to control the system. Figure
7.6 shows an example where the frequencies around 50 Hz are excited, but with
much less energy with respect to the first part of the excited frequency band
[1, 45] Hz.
Various techniques in the self-study kit make use of the ability to customize the amplitude of a multisine. Figure 7.7 shows the frequency domain
representation of a multisine that is used to classify a system. Some randomly
selected spectral lines are left unexcited here to be used as detection lines
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Figure 7.5: Frequency Domain representation of the two ideal multisines with amplitude Ak = 1 VRMS , band of excitation F = [1, 100] Hz, sampling
frequency fs = 600 Hz, and N = 1200 samples. Only the phases are
different. Unexcited lines appear at −350 dB due to MatLab’s numerical accuracy

the for nonlinear distortion of the device under test (Pintelon and Schoukens
[2012]). This signal is called a random grid (randomly selected spectral lines
are left unexcited) random phase multisine.

7.2.2

How ideal is the measurement hardware?

Once the general characteristics of the excitation signals are set to match the
demands of the identification of the system, it is time to evaluate whether the
chosen hardware is ideal enough to ensure that it does not to influence the
measurement.
If this is not the case, an additional calibration step is needed to remove the
influence of the setup on the measurement campaign. As we consider SISO
FRF measurements here, and the measurement channels have a very high
measurement impedance (1 MΩ), a FRF calibration is sufficient to remove the
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Figure 7.6: Frequency domain representation of an ideal multisine excitation signal where the amplitude changes according the frequencies. Unexcited
lines appear at −350 dB due to MatLab’s numerical accuracy

influence of the instrument. A simple method to do this is to connect the
generator of the measurement hardware directly to the acquisition channels
and perform a periodic measurement using the designed multisine. It allows to
check if the signal is properly generated on the one hand, while measuring the
FRF of the instrument on the other hand. Also, it allows us to check whether
the ranges of the measurement setup were set correctly and the generator and
acquisition channels have been properly synchronized.
The first check is to see if clipping occurs in the measured signals due to range
limitations. This can easily be detected by comparing the originally created
signal with the measured signals in the time domain.
The other checks are done by calculating the FRF of the measured signals and
compare the magnitude and phase of this FRF for multiple periods. As the
generated signal is measured directly, the resulting magnitude of the spectrum
should ideally be almost perfectly flat and equal to 1 or 0 dB (remember that
we are dealing with real measurements that will be influenced by noise) over
61

7. System Identification: the practical steps

0
-50
-100
-150
-200
-250
-300
-350
0

20

40

60

80

100

Figure 7.7: Frequency domain representation of an ideal random grid random
phase multisine excitation signal where some spectral lines are left
unexcited in the frequency band of excitation. Unexcited lines appear
at −350 dB due to MatLab’s numerical accuracy

the excited frequency band. No phase decrease/increase should be seen either.
Figures 7.8 and 7.9 show the result of a measurement test performed with the
Elvis II hardware that is used for the case studies in the next chapters. For
the excitation signal, the multisine signal as shown in Figures 7.3 and 7.5 were
used.

7.3

System Classification

The second step after setting up the measurement environment is the classification of the system. The goal of this step is to determine the class of the
system in one experiment only. It is needed in order to choose the correct
modeling techniques in the next part of the identification process. The identification techniques introduced in the self-study kit are limited to the analysis
of periodic in, same period out (PISPO) systems, meaning that the period62
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Figure 7.8: The magnitude of multiple periodic measured FRFs (shades of red)
using a multisine with amplitude Ak = 1 VRMS , band of excitation F =
[1, 100] Hz, sampling frequency fs = 600 Hz, and N = 1200 samples as
excitation signal to check the synchronization of the hardware. Within
the band of interest, the magnitude of the FRF is 0 dB up to noise
fluctuations.

icity of the signals is kept by the system whenever a periodic input signal is
applied. If periodicity is lost, it is not possible to use the techniques proposed
in the self-study kit. Luckily for us, many practical systems can generally be
classified as PISPO. PISPO systems are classified in the following four groups:
• Linear Time-Invariant (LTI)
• Linear Aperiodic/Periodic Time-Varying (LTV)
• Nonlinear Time-Invariant (NLTI)
• Nonlinear Aperiodic/Periodic Time-Varying (NLTV)
The technique that is used to classify the system consists of periodically
exciting the device under test with a random grid random phase multisine
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Figure 7.9: The phase of 20 periodic measured FRFs (shades of blue) using a multisine with amplitude Ak = 1 VRMS , band of excitation F = [1, 100] Hz,
sampling frequency fs = 600 Hz, and N = 1200 samples as excitation
signal to check the synchronization of the hardware. Within the band
of interest, the phase of the FRF is 0 ○ up to noise fluctuations.

signal introduced above and shown in Figure 7.7. Multiple periods of the response are measured and analyzed in both time and frequency domain through
visual feedback. It is up to the trainee to decide how many periods need to be
measured. The quantity cannot be defined exactly from an unknown system.
This decision is usually based on a combination of measurement experience of
the trainee, knowledge about the system and available measurement time.

7.3.1

Classification: time domain analysis

The time domain analysis is a simple test, taking all the measured periods
of the response of the system and subtract them one by one from the last
measured period as shown in Figure 7.10. This difference is then compared
with the noise floor. This noise floor can be calculated in different ways.
Here, we use a nonparametric measurement of the noise, using the repeated
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Figure 7.10: Method for time domain analysis. All the periods are subtracted
by the last period. The blue dotted line represents the level of the
measurement noise error.

measurements. Even if the quality is overestimated by the influence of the
transient, experience proves that using the mean value of the calculated 3σ’s
obtained from the differences yields a robust estimation of the influence of
the transient. The idea of this operation is two folded: it detects the possible
presence of a transient, and shows the potential variations of the system over
time.

7.3.1.1

Detecting the transient

A system is in a steady-state when a periodic input results in a perfectly periodic output. An example of a variable that can avoid steady-state operation is
the environment temperature but it also happens when the system is excited
with a signal. Assume a system that is excited with the periodic multisine
signal introduced above. When the excitation starts, a change of state from
the system occurs causing the transient effect. This effect will damp exponentially for a LTI system until the system has reached steady-state. The
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measured response then becomes periodic taking into account the noise perturbations. This often happens after a few periods and can visually be seen
by subtracting all the measured periods from the last measured period as is
shown in Figure 7.10. Removing the transient is important as its presence creates leakage that affects the nonparametric modeling techniques. The possible
results of the time domain analysis is discussed below.
Steady state The first outcome is that the system reaches steady-state. In
this case, most of the subtracted periods give a close to zero result. Small
errors will always be present, but will not be higher than the measurement
noise error. The first (few) periods however will be affected by the transient
that result in errors bigger than the errors due to measurement noise that can
be calculated from the measured periods that seem to be in steady-state. This
can be done by plotting every measured period in the time domain onto each
other and see of they look the same (periodic).
It is clear that including the measured periods containing the transient effect will notably influence the identification process. Techniques do exist to
deal with this (unwanted) effect (Pintelon and Schoukens [2012]) but make the
identification process way more complex while it can be dealt with in a quicker
and more simple way: remove the measured periods that are influenced by the
transient from the data.

Long Transient The second outcome is a rare occasion where the transient
has not faded out during the measurement window. With every subtracted
period, the error becomes smaller but is still notably bigger than the error
due to the measurement noise. This happens with systems having very low
damping of some of the poles. While it has been said that the classification is
done using one experiment only, this extreme case requires the trainee to redo
the measurement and measure more periods, to make sure that the transient
does indeed sufficiently fade out and multiple periods are measured when the
system is in steady-state in order to reach the first case. If that is not possible,
the identification techniques that cover the behavior of the transient need to be
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used, but are beyond the scope of the self-study kit (Pintelon and Schoukens
[2012]).
No steady-state The last outcome happens when the subtraction does
not become smaller with every consecutive subtracted measured period. No
steady-state is reached. The error is notably large and random with respect to
the original measured periods. In this case, the system is continuously affected
by a time-varying parameter causing the transient to never fade out as it never
reaches steady-state. Only two types of systems will show this behavior, the
aperiodic Linear Time-varying and the Nonlinear Time-varying systems.

7.3.2

Frequency Domain Analysis

The frequency domain analysis allows the trainee to better classify the system.
The technique combines all the measured periods P that are not affected by
the transient in one measurement and plots the result in the frequency domain
as is shown in Figure 7.11. If the system has been classified before as an aperiodic Linear/Nonlinear Time-varying system during the time domain analysis,
all the measured periods are used in one single spectrum. The result of the
Fourier transform is that the spectral resolution is increased by the amount
of measured periods P − 1, while the noise standard deviation decreases by
√
P . Increasing the resolution allows to separate nonlinear distortion from
time-variation. Figure 7.12 shows the expected behavior of each system class.

LTI Systems In case the device under test is a LTI system or very close to
a LTI system, energy is only present at excited frequencies of the input signal.
The excited frequencies are shown in black in Figure 7.12. No other spectral
lines contain more energy than the noise floor. A case study describing two
LTI systems is presented in Chapter 8.
Nonlinear distortion Leaving out energy at randomly chosen spectral lines
in the multisine excitation signal allows to detect in-band nonlinear distortion.
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In case of nonlinear distortion, the detection lines contain a significant amount
of energy next to the original excited frequencies. The magnitude of the
detection lines measures the level of the nonlinear distortion.
The case study of 2 NLTI systems is presented in Chapter 9.
Many systems in the real world behave at least a bit nonlinearly. Sometimes,
the nonlinear distortion is so low that the energy at the detection lines is barely
noticeable or simply not detected due to the measurement noise. In this case,
it is up to the trainee to decide whether to take the low nonlinear distortion
in consideration or to neglect it. In the latter case, the system is assumed
to behave as a LTI system. This reduces the complexity of the identification
process in a later stage. Experience in system identification, knowledge of the
purpose of the system, and of the model requirements can help make that
decision. The spectral lines resulting from nonlinear distortion are shown in
blue in Figure 7.12.
Time-variation The characteristic behavior of a time-varying system can
be either periodic or aperiodic with respect to the period of the excitation
signal.
When the time-variation is aperiodic, energy appears around and is closely
spaced from the excited frequencies. This results in a skirt like effect as is
shown in red in Figure 7.12. This effect is similar to leakage in the measurement. So make sure that the measurements have been done correctly and
it not just the effect of leakage. The width of the skirts increase with the
speed of the time-variation. When the skirts are very wide or an insufficient
number of periods have been measured, they influence the energy at the excited spectral lines and the detection lines that are used for the detection of
nonlinear distortion. This effect makes it difficult for the trainee to separate
nonlinear distortion effects from time-variation, especially when the level of
the distortion is low. A solution to this problem is to reduce the width of the
skirts such that the detection lines for nonlinear distortion are not influenced.
This is done by applying a Hann window that is also used when dealing with
leakage Harris [1978].
Periodic time-variation is characterized by spectral lines that are excited around
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Figure 7.11: Method for Fourier domain analysis. All the measured periods at
the output are considered one single measurement and transformed
in the frequency domain

the excited spectral lines also shown in red in Figure 7.12. The time variation
can be said to be a combination of one or more sine waves each with their
own phase and amplitude.
In the extreme case that the periodicity of the time-variation is equal to the
periodicity of the measurement, energy at the spectral lines used to detect
nonlinear distortion appears. The system can then be perceived as a NLTI
system as is shown in Figure 7.13. This is not a problem as the techniques
to model nonlinear distortion will work perfectly on such system. This shows
that even though we are talking about a different class of systems, these classes
are still connected one way or another from the perspective of system identification.
The case study of a time-varying system is presented in Chapter 10.

7.4

Class Specific Modeling

In this step the model of the system is extracted. It is divided in two tracks:
the non-parametric and the parametric modeling. Both tracks have been
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Figure 7.12: Expected output characteristics to determine the class of system
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Figure 7.13: When the time-variation is equal to the length of the period of the
measurements, the system can be perceived as a NLTI system

discussed in Chapter 6. The nonparametric modeling techniques are classspecific, and are therefore further discussed in detail in the three class-specific
case studies in the next three chapters. The parametric modeling technique introduced in the self-study kit is described below and is applied to the example
FRF shown in Figure 7.1. While we have shown earlier that this experiment
is not well designed, we reuse it for this example to clearly illustrate why
different steps are needed to obtain a good parametric model.

7.4.1

Parametric Modeling

The parametric modeling technique introduced in the self-study kit is very
powerful, but requires some explanation. To keep it understandable, visual
feedback is provided by applying the technique directly on measurement data
from a low pass filter as is shown in Figure 7.1. We assume the system is either
LTI or can be approximated as an LTI system as this assumption allows for a
generic model to be extracted.

7.4.1.1

Model of the LTI

The transfer function of a LTI system is a rational form in the Laplace (Continuous Time) or Z- (Discrete) domain. Estimating this rational form requires
one to choose a parametrization. The straightforward choice for the Laplace
case is to use a polynomial in the Laplace variable s in both the numerator
and the denominator of the rational form as is illustrated below.
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nb

G(s, θ) =

B(s, θ)
=
A(s, θ)

∑ br s r

r=0
na

(7.3)

∑ ar s r

r=0

with θ ∈ Rnθ ×1 the vector of the real plant model parameters
θ = [a0 , a1 , a2 , ..., ana , b0 , b1 , b2 , ..., bnb ]

(7.4)

The parameters are real as this measurement based approach where we
work uses real valued input and output signals. Other specific forms exists
such as the orthogonal polynomial form Pintelon and Schoukens [2012] or the
pole residue form (Gustavsen and Semlyen [July 1999]).
The presented model is not identifiable (Pintelon and Schoukens [2012]). An
identifiable model means that the parameters in θ can all be uniquely determined, hence θ is unique in Rnθ ×1 . Here, replacing θ with λθ (λ ∈ R0 ) results in
the same input-output description G(s, θ) = G(s, λθ) and therefore an infinite
number of θ vectors give an equivalent model description.
To uniquely determine θ, we need to add a constraint. The choice of this constraint looks anecdotic, but proves to be very important as it will determine
the choice of the solver used in a later stage to numerically obtain the parametric model Pintelon and Schoukens [2012]. Here, we choose to set a0 = 1 as
a constraint for the sake of simplicity
nb

G(s, θ) =

∑ br s r

B(s, θ)
= r=0na
A(s, θ) 1 + a sr
∑ r

(7.5)

r=1

Another choice could be to set the 2-norm ∥θ∥2 = 1. This results in the
Total Least Squares (TLS) solution for the parameters θ. TLS generally offers
a better model as it does not suffer from numerical problems whenever a0
becomes very small. However, the complexity of the estimator is somewhat
higher and therefore more difficult to understand. To keep the self-study kit as
intuitive and understandable as possible, we decide to use the Least Squares
(LS) rather than the TLS.
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Now that we have chosen an identifiable model structure, the next step is to
estimate the model parameters θ.
7.4.1.2

Modeling from real measurements

Estimating the model parameters starts from the FRF measurements Gm (fk ).
These measurements are obtained from the measured spectral response Ym (fk )
of the system to a measured excitation spectrum Um (fk ) in the frequency
domain.
Ym (fk )
(7.6)
Um (fk )
with fk the excited frequencies for a periodic input signal. These measurements can be modeled as the sum of a true input spectrum U0 (fk ) and output
spectrum Y0 (fk ) and an additive noise spectrum NU (fk ) and NY (fk )
Gm (fk ) =

U (fk ) = U0 (fk ) + NU (fk )
Y (fk ) = Y0 (fk ) + NY (fk )

(7.7)

Hypothesis: the noise NU (fk ) and NY (fk ) on the measured spectra is additive, independent over the frequency, but are jointly correlated at each frequency, zero mean, circular complex distributed:
• Additive: The noise NU (fk ) and NY (fk ) can simply be summed to the
true value U0 (fk ) and Y0 (fk ) to get the measured value
• Independent over the frequency: The noise at one frequency N (k)
does not affect the noise at another frequency N (i) where i ≠ k
• Jointly correlated: The noise at the input NU can be dependent of
the noise at the output NY , which means that ρNU NY ≠ 0
• Zero mean: the expected value of the noise at each frequency is zero
µ = E[N (k)] = 0
• circular complex normal distributed: the pdf of the noise Nk only
depends of its magnitude as the σreal = σimg and ρReImg = 0. The Real
part and the Imaginary part have a normal pdf.
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All these assumptions can be shown to be asymptotically valid if the spectra are obtained by a DFT (Pintelon and Schoukens [2012]).
How do we estimate the models based on these perturbed observations?
First assume that we gather exact data where NU (fk ) = NY (fk ) = 0. It is
clear that any good minimizer should return the estimated model parameters θ̂
equal to the true model parameters θ0 . Estimating the model parameters from
another measurement will result in the same parametric model θ0 since the
ideal measurement data contains no perturbation. Even changing U0 (fk ) will
still result in an unchanged estimate, as long as the input is chosen properly,
to excite the behavior of the system as seen in the measurement setup section
of this chapter.
In practice, this situation does not exist. Real measurements will always be
influenced by some noise. If we now repeat the same experiment (identical
input U (fk )), we obtain spectra that fluctuate due to the noise. Nevertheless,
we still want to estimate the model parameters θ̂ to be as close to the exact
ones as we can. This means that they should be as close as possible to the
true model parameters θ̂ → θ0 . This requires a good estimator, that properly
takes noise disturbance into account to minimize their influence and obeys the
constraint set on the parameters.
7.4.1.3

Choosing a good estimator

For the self-study kit, we have chosen to use the Maximum Likelihood Estimator θ̂M L (N ) (MLE) for its great stochastic properties: consistency and
asymptotic efficiency. Consistency says that the MLE estimate θ̂M L (N ) converges to the true model parameters θ0 almost surely
a.s. lim θ̂M L (N ) = θ0 .
N →∞

(7.8)

In layman’s terms, given multiple realizations R of the measurements, the
calculated estimates θˆR converge to some value, that will converge to the true
model parameter θ0 .
The second stochastic property, asymptotic efficiency, means that the esti74
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mates θ̂M L (N ) reach asymptotically the Cramèr-Rao lower bound. This is
a lower bound on the variance of the estimates, given the variance of the
measurement noise. The Cramèr-Rao lower bound is quite hard to define theoretically. As this derivation could confuse the practitioner, while the idea
behind it is rather straight forward, we have chosen to explain this only intuitively. It basically means that the MLE estimates converge to the lower limit
of the covariance matrix of the parameters, such that an unbiased parameter
estimation with a lower variance proves to be impossible due to the uncertainty caused by the noise. In short, the MLE will provide the best model
parameters possible. If wished for, a more in depth explanation about the
maximum likelihood estimator is found in Pintelon and Schoukens [2012].
The basic idea behind the MLE is to weigh all the measurements with their
respective uncertainty, such that a ‘certain’ measurement is fully accounted
for and the difference between an uncertain measurement and the model can
increase more without increasing the cost too much. In practice, the MLE for
the FRF of a LTI system boils down to minimizing a Weighted Least Squares
(WLS) cost function
θ̂M L = arg min VM L (Gm , θ)

(7.9)

θ

with VM L (Gm , θ) the weighted Nonlinear Least Squares cost function
2
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∥
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(7.10)

with N the number of excited frequencies, Gm (fk ) the measured FRF at these
frequencies, G(fk , θ) the modeled transfer function and σG (fk ) the standard
deviation of the noise of Gm (fk ). The cost function measures the norm of the
difference between the true model G(fk , θ0 ) and the noisy measured transfer
function Gm (fk ).
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7.4.1.4

Nonlinear Least Squares Cost Function

As we have chosen to estimate a ML model, we need to minimize a Weighted
Least Squares (WLS) cost function VM L . The advantage of the ML estimator
is that minimizing it provides a qualitative estimate of the model parameters
θ̂ due to its properties. The downside of the cost function VM L is that it
is nonlinear in the parameters (rational form). The most common way to
calculate the minimizer is to iteratively minimize the cost for example by
using Gauss-Newton optimization. This requires starting values.
Choosing random starting values is not a good idea as the cost function will
probably reach a local minimum that will result in poor estimated model
parameters θ̂ that are nowhere near the true model parameters θ0 as seen in
Figure 7.14.
7.4.1.5

Generating starting values

To deal with this problem, we need a good set of starting values. Ideally,
we would like to somehow keep some relation between the simplified cost
function and the Maximum Likelihood cost function. The most obvious way
is to linearize the cost function in order to obtain proper starting values. The
problem can be linearized by removing the denominator in the Least Squares
cost function as is shown in Equation 7.10.
N

2

VLevy (Gm , θ) = ∑ ∥Gm (fk )A(fk , θ) − B(fk , θ)∥

(7.11)

k=1

with VLevy the linearized cost function proposed by Levy [May 1959]. The
advantage of the Levy method is that it generates starting values that make
more sense in just one linear step as shown in Figure 7.14.
The next step could be to use the Maximum likelihood estimator starting
from the parameters from the Levy estimator. In some cases however, these
starting values are not good enough yet to be used to bootstrap the Maximum
Likelihood estimator straight away as is shown in Figure 7.15. The Maximum
Likelihood can then still get stuck in a local minimum and does not converge
to the true model or a good minimum.
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Figure 7.14: Good starting values (between blue boundaries) are necessary to
minimize the ML Cost Function VM L . Random starting values have
a high chance to avoid that the ML Estimator converges to the true
value. Optimizing the starting values through Levy and Sanathanan
will help the ML Estimator to converge the true value. VM L is the
Expected Cost Function of the MLE Estimator
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Figure 7.15: Parametric modeling of a 0/8 low pass filter using the Levy estimator
(Green) for starting values and then using the ML estimator. The
Gauss-Newton iterative optimization steps of the ML estimator are
shown in red (dark to light)

7.4.1.6

Optimizing starting Values

To optimize the starting values such as to avoid the Maximum Likelihood
estimator to get stuck in a local minimum, we use an intermediate step. It
optimizes the starting values through the Sanathanan estimator (Sanathanan
and Kroener [1967]) as is shown in Figure 7.14. While not going too deep into
the theory, what basically happens is that the Sanathanan estimator overcomes the lack of sensitivity to low frequencies which is the downside of the
Levy estimator and allows the initial estimated model to converge even better
to the true model θ. The result is shown in Figure 7.16 (blue). The downside
of Sanathanan is that the iteration can get stuck between local minima .
Once the starting values are optimized, all that is left is to use the Maximum Likelihood estimator to estimate the Maximum Likelihood model. The
result is shown in red in Figure 7.16.
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Figure 7.16: Parametric modeling of a 0/8 low pass filter. Green: Levy Estimator;
Blue (dark to light): Sanathanan; Red (dark to light): ML estimator.

7.4.2

Influence of the frequency band

Remember that we explained that choosing a good band of excitation is crucial
when doing system identification. When looking at Figure 7.16, it can be seen
that the measurement contains a good portion of noise as the dynamics of the
system are only present in the lower part of the frequency band. Choosing a
good excitation bandwidth is not only important, but it can also influence the
parametric modeling as seen in Figure 7.17. Less iteration steps are needed
to model the system as only the dynamics of the system are measured.

7.4.3

Model order selection

Next to the choice of a good model estimator, a model order selection is required. A technique exists that allows automatic model order selection directly
from raw data (Rolain et al. [1997]). While this technique offers good results,
it does not add up to the complexity with respect to the manual selection technique. The manual technique is to select the model order by looking at the
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Figure 7.17: Parametric modeling of a 0/8 low pass filter. Green: Levy Estimator;
Blue: Sanathanan; Red: ML estimator. Note how the model is
improved in the passband of the filter with respect to Figure 7.16

Frequency Response Function and count the resonances and anti-resonances.
This method is fast and generally works well and will be used for the case
studies. Of course, if some knowledge about the system is known, we will also
take it into account.

7.4.4

Initial model quality check

Once the model is estimated, a first sanity check consists of plotting the model
response and the measured FRF of the system on the same plot. However, be
aware that it is important to check how good the model fits both in amplitude
and in phase. In many engineering disciplines, the phase response is also an
important aspect in the modeling of the system. The rule of thumb to be
used here is to always check both the amplitude and the phase response to
make sure that the estimated model fits well. As the focus here lies on the
identification techniques that are introduced in the self-study kit, we limit
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ourselves to showing the phase responses of some systems only.
Another check that provides insight in the system behavior is to look at the
pole/zero map of the LTI model. This allows one to easily assess whether the
model is stable or not. As model stability is a different topic, it will not be
included in this thesis, but may be added in a later stage in the self-study kit.

7.5

Validation

As explained in Chapter 6, the last step in the identification process is the
validation of the model. The self-study kit explains three techniques that are
not too complex, but nevertheless allow the trainee to help to decide whether
or not the generated model is good enough for its purpose. Note that failing to
pass these validation tests does not mean necessarily that the model is ‘wrong’
by default as the expected model quality strongly depends on the requirements
of the application. In the end the trainee and the purpose of the model steer
the decision.
The first validation method is to check the quality of the modeling using
a validation data set. One then compares the simulated and the measured
responses to asses the predicted behavior of the model. The validation data
set is an extra set of measurements that is done on the device under test
in the same conditions as the estimation data, but that has not been used
during the modeling (Ljung [1999]). The test compares the residual (measmodel) evaluated on the validation set with the measured noise level. If the
residual is significantly larger than the noise, undermodeling may be present.
If it is smaller, noise is modeled by the system and overmodeling is present.
The downside of this method is that it requires more measurements, hence a
longer measurement time. While time can be crucial to the application, we
still advise to reserve a part of the data to be used as validation data set.
The second validation method is based on knowledge of the expected value of
the Maximum Likelihood Cost Function VM L . While not going too much into
detail, it has the following property (Pintelon and Schoukens [2012]):
E[VM L ] ≈ F −

nθ
2

(7.12)
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with F the number of excited spectral lines and nθ the total number of free parameters in the LTI model. This simple test provides quick feedback about the
possible presence of model errors. When the actual value of the Cost Function
of the maximum likelihood estimator is much higher than the expected Cost
Function VM L >>> E[VM L ], model errors are present. This means that either
unmodeled dynamics exist (linear modes that were not identified) or that the
system is not LTI (nonlinear distortion or time-variation may be present). It
might hence be useful to increase the model order to obtain a better model.
The third validation method is the whiteness test of the residuals of the equation error (Pintelon and Schoukens [2012]). It is clear that the residuals obtained by subtracting the model G(fk , θ) from the measured FRF Gm (fk )
provides information about the quality of the model (Ljung [1999]). Divide
that result by the standard deviation on the FRF and we get what is called
the Maximum Likelihood residuals
εRes =

Gm (fk ) − G(fk , θ)
σG (fk )

(7.13)

The whiteness test residual (WTR) uses εRes to qualify the model errors based
on the sample correlation analysis of these transfer function residuals Pintelon
and Schoukens [2012] as follows
Rˆεε =

1 F −∣m∣
Gm (fk+m ) − G(fk+m , θ)
∑ εRes
F − m k=1
σG (fk+m )

(7.14)

with m the lag number. The whiteness test is more informative in the sense
that it can separate dynamic errors by comparing the actual value of Rεε with
√
the confidence bounds of their expected noise-only value −ln(1 − p) where p
is the percentile level. Here, we choose the σ and 2σ confidence bounds which
are equal to p=50% and p=95%. Dynamic errors appear as correlated errors,
they ensure that the correlator exceeds the expected confidence bounds. If
most residuals are compatible with the noise only, while Rεε (0) is larger than
expected, a (static) nonlinear distortion is probably present. Hence, it makes
no sense to increase the model order any further. This can be further confirmed by applying the WTR test normalized to the total distortion σn+N L (fk )
as then Rεε (0) should become compatible with its expectation too.
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Most practical systems have some kind of distortion (NL or TV) with respect
to the ideal LTI behavior. Hence, a model cannot obey the statistical noise
tests perfectly. As a consequence, it becomes impossible to set an absolute
rule of thumb to decide whether the WTR is good enough or not, this choice
is to be made by the user and the goal of the model. What we can safely
state is that if the majority (90% or more) of the correlation results are below
p=50%, this might be an indication that the system has been overmodeled or
the noise variance was overestimated. On the other hand, if the correlation
result is more than 5% above the p=95% confidence bound, there might be a
possibility to improve the result by increasing the model order.
Using a validation set is the best validation technique out of all three
used here as the model is then tested on fresh measurement data. In this
work however, we will limit our analysis to the case of the WTR as we find
that this validation technique delivers sufficient information when there is no
possibility to generate a validation set.

7.6

Conclusions

This chapter covered the practical steps that need to be taken by the trainee
that follows the linear path to successfully identify the device under test.
Introducing the practical steps in the self-study kit allows the trainee to close
the gap between theory and practice. The linear path is structured such that
the process of the identification is the same for all the system classes. Of
course, the model extraction part will be different. The trainee hence obtains
a certain familiarity when tackling new content. Of course, all these steps are
set up in a modular way such that experienced practitioners who only wish
to know how to tackle certain specific parts in the identification process can
dive straight into the required content and not waste any time.
The next chapters contain case studies where systems of each class of systems
covered in the self-study kit are identified. These chapters will also introduce
the class specific identification techniques that have not been covered yet.
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Chapter

Case Study: A Linear
Time-Invariant system
8.1

Introduction

The first case study tackles the simplest system class: the LTI systems. Two
test systems are introduced here as an example. One is used as a reference
LTI system in academic courses while the second one is a DIY system. The
steps that need to be taken to successfully identify the system as explained in
Chapter 7 are followed here and discussed.

8.2

The two test DUT’s

The case study involves the analysis of the following systems:
• System 1: A linear octave filter from Bruël & Kjær type 1613
• System 2: A DIY Sound amplifier
System 1 is shown in Figure 8.1. It is a passive LTI octave bandpass
filter. It is now mainly available on the second hand market and is used as
a reference LTI system because of its nice properties. The second system is
shown in Figure 8.2. It is a DIY Sound Amplifier. This system is introduced
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Figure 8.1: System 1: the 1613 Octave Filter from Brüel & Kjær

within the kit as a toy device under test that can easily be built by the trainee
and then used for hands-on training on LTI identification techniques. The
building instructions as well as the schematics are provided on the wiki page.
A small introduction of the toy system is given below.

8.3
8.3.1

A Do It Yourself system: sound amplifier
Why a sound amplifier

The idea of the DIY system (System 2) appeared in a project that was meant
to introduce students in Secondary Education (UNESCO [2012]) to electronics. The goal is to trigger their passion for engineering and technology, and
hopefully, to convince them to choose a future education path within engineer86
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ing. The main advantage of using a sound amplifier to trigger their interest
is the presence of a direct feedback through sound. Once the device is built,
they are able to connect it to their mobile phones. The speaker in the setup
then allows them to listen to the music of their choice. The result of the
project, called ‘E-VUBBox’, is shown in Figure 8.2. It is basically a cubic
shaped wooden box consisting of a 2-stage amplifier and a speaker.
Explaining every aspect of the amplifier is time intensive and requires some
core knowledge, so a simple and intuitive approach is used instead. The students get a basic introduction on the working principle of a transistor, and
how to read an electronic schematic diagram. Once the theory is introduced,
all the materials and components needed to construct and solder their very
own E-VUBBox are provided. The combination of the introductory theoretical part with the practical ’putting it together’ part to make a working system
that can be connected to their mobile phones ensures that students get really
excited about the project. Hopefully, this increases their curiosity enough to
take on the challenge to become our future engineers. At the end of the day
they can take their realization home and proudly show it to their friends and
family!
While the speaker is a part of the system that is important for the production
of crisp and clear sound, we do not have the right tools at hand to measure
the sound that comes out of the speaker. Therefore we limit ourselves to the
identification of the two-step sound amplifier.

8.3.2

Design of the DIY system

The amplifier has been designed using inexpensive and commonly available
components that can be found in DIY and hobby stores. This allows the
trainee to easily find the required components and reproduce the amplifier
whose model is identified in this chapter.
The design of the two-step sound amplifier is straightforward. The first step is
to amplify the system through a simple transistor that is kept within its linear
operating range. The second part uses an operational amplifier (OPAMP) for
power amplification. In the context of the E-VUBBox project, the transistor
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Figure 8.2: The EVUBBox, A simple sound amplifier project to attract young
potential Engineering students

is explained as one of the foundation blocks of electronics next to the passive
components. The OPAMP is then introduced as a more ‘advanced’ component
that is constructed with simple transistors to show the students that there is
much more to obtain when combining simple elements. This hopefully triggers
their curiosity and will to explore the world of electronics. An overview of the
sound amplifier is shown in Figure 8.3.

8.4

The Identification process

Now that the systems have been introduced, it is time to identify them. The
identification steps introduced in Chapter 7 are followed to identify both systems. The result of each identification step is discussed with the help of visual
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Figure 8.3: An overview of the sound amplifier the students learn about and put
together through soldering

feedback.

8.4.1

The choice of Measurement hardware

The measurement hardware used for both systems is the NI Elvis II. The
hardware is built for educational purposes and is used in courses taught at
the VUB by the ELEC department. For the AA-filter, we have the possibility
to use the Wavetek 432 filter whose cut-off frequency is configurable. This
allows us to also use it for the other DUT in the different case studies where
the band of interest of the DUT vary. Combined with a reconstruction filter,
the hardware fulfills all the requirements as explained in sections 6.3.1 and
7.2.
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8.4.2

The choice of the measurement parameters

An initial set of parameters is chosen based on what the trainee, in this case the
writer, wants to measure taking the properties of the hardware into account.

Octave Filter The octave filter is a passband filter used in audio industry.
It is configured with 1000 Hz set as nominal frequency fc and therefore has a
√
c
passband between fmin = √f(2)
≈ 707 Hz and fmax = 2f c ≈ 1414 Hz. This band
is used as the reference band of interest that we wish to analyze. To also be
able to see how the system attenuates outside the passband, it was decided to
set the band of excitation to F = [250 − 4000] Hz. To obey Nyquist theorem,
and to make sure no aliasing is present due to the AA-filter, the sampling
frequency fs is set to 40 kHz. As we have a rather broad passband and no
narrow resonance frequencies are present, it was decided to set the frequency
resolution fr to 1 Hz and thus, setting the number of measured samples to
fs /fr = N = 40.000 data samples. The amplitude of the excitation signal is set
to 0.5 VRMS .
As this system is used as the reference system, we added a noise generator.
We did this as there is almost no noise influence in our current setup but still
want to show that the techniques that are introduced in the self-study kit are
robust under the influence of noise.

Sound Amplifier The second system, the audio amplifier is used to amplify
a sound signal that is then sent to the speaker. As the human hearing range
goes from 20 to 20.000 Hz, it was decided to use this range for our band of
excitation F . To obey the Nyquist theorem and also make sure that the
AA-filter was set up correctly, the sampling frequency fs is set to 80 kHz.
Measuring N = 10000 data samples per period allows us to obtain a frequency
resolution of fr = 8 Hz. This is sufficient for our test case experiments. The
amplitude of the excitation signal is set to 100 mVRMS .
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Figure 8.4: Octave Filter: The result of the difference of the periods with the
last period and the measurement noise boundary (blue). The first
measured period (dark red) contains transient. The system reaches
its steady state after roughly 0.003 seconds. The rest of the subtracted
periods lie mainly between the noise error boundaries (light red).

8.4.3

Classification of the system

Once the parameters are set, it is time to measure and classify the systems.
The systems are excited with a random grid random phase multisine and 30
periods are measured. This results in a frequency grid that is sparse enough
to detect and differentiate the time-variation effects from the non-linear distortion. As explained in Chapter 7, the classification step is divided in two
parts. The first part is the time domain analysis to detect and eliminate the
transient behavior. The second part is the frequency domain analysis that is
used to classify the system.

Octave Filter The result of the time domain analysis is shown in Figure
8.4.
The measured output is periodic. The transient effect of the octave filter
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Figure 8.5: Octave Filter: comparing the fourth measured period (black) with the
subtraction of that same period with the last measured period(red)
and the noise level (blue)

damps out very fast and becomes unobservable after 0.003 s. The system
reaches its steady state already during the first period. This means that only
the first period has to be excluded for the rest of the identification process
to impose steady state measurements. One might not be convinced that the
system has reached steady state as the errors from the subtractions are rather
large. To verify this, compare the subtracted periods with the actual signal as
shown in Figure 8.5. It shows that the level of the error is still small compared
to the actual measured signal. The noise level is also shown. This would not
be the case if the system did not reach steady state.
Next, the result of the frequency domain analysis is shown in Figure 8.6. It
can be seen that there is no significant energy present on the detection lines
compared to the noise. If there is some nonlinear distortion present in the
system, it is very small. Therefore, it cannot be detected due to the high
noise level. We assume the system is linear.
Note that there are no skirts or energized spectral lines present around the
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Figure 8.6: Octave Filter: Output spectral analysis. The output spectrum is
shown with excited spectral lines (Black), non-excited non-linear spectral detection lines (Red), and the noise (green)

excited frequencies which does show that if time-variation is present at all,
it will be very small. Therefore it is safe to to assume the system is timeinvariant.

Sound Amplifier The result of the time domain and frequency domain
analysis of the Sound amplifier are shown in Figures 8.7 and 8.8. Figure 8.7
shows that the sound amplifier takes approximately 0.003 s to reach steady
state. Like the octave filter, steady-state is reached within the first period.
Therefore only the first period needs to be removed for the rest of the identification process. As for the frequency domain analysis, we notice at the output
spectrum that the nonlinear distortion is clearly present (Figures 8.8 and 8.9).
The amount of energy at the detection lines is noticeably higher compared to
the noise floor, meaning that nonlinear modeling techniques should be considered. However, as discussed before, we have no rule as to when to use the
NLTI identification techniques or not. It is up to the trainee to decide if the
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Figure 8.7: Sound Amplifier: The result of the difference of the periods with the
last period and the measurement noise boundary (blue). The first
measured period (dark red) contains transient. The system reaches
its steady state after roughly 0.003 seconds. The rest of the subtracted
periods lie mainly between the noise error boundaries (light red).

nonlinear distortion should be modeled or if a linear model with nonlinear
perturbation can be considered, such that they can be neglected. Due to the
use of this system, a project to convince students to search their future in
the engineering world, we classify this system as a LTI system and see what
happens.

8.4.4

LTI Modeling

We concluded that both systems can be assumed to be LTI in the classification
step. The next step is to build both a nonparametric and a parametric model.
The system is measured when excited by a full random phase multisine with
30 usable periods. As such, 31 periods are measured where 1 period is left out
due to the effect of the transient. Note that the system should be excited with
a signal with the same characteristics, Probability Density Function (PDF),
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Figure 8.8: Sound Amplifier: Output spectral analysis. The output spectrum
is shown with excited spectral lines (Black), non-excited non-linear
spectral detection lines (Red), and the noise (green)

and Power Spectrum Density (PSD) as the signal used in the classification
step. If this is not respected, the result of the classification with respect to the
new excitation signal is theoretically not valid anymore. Practical experience
has taught us however, that generating a signal that is close enough to the
one used in the classification step will generally not dramatically change the
behavior of the system. Therefore we can assume the classification is still
valid.
8.4.4.1

The nonparametric Identification

The first period of each data set of the two systems are thrown away to avoid
the unwanted effects of the transient in the modeling phase. Most engineers
with basic knowledge in system identification or control theory know the LTI
nonparametric modeling technique. The nonparametric model is obtained
using the classical LTI identification techniques by calculating the averaged
FRF Gm (Fk ) and its noise standard deviation (std) σG (fk ) (Chapter 1). The
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Figure 8.9: Sound Amplifier: Zoom in of Figure 8.8 of the output spectral analysis.
The output spectrum is shown with excited spectral lines (Black),
non-excited non-linear spectral detection lines (Red), and the noise
(green)

advantage of this technique is that a lot of information about the behavior of
the system can be deducted simply from the visual analysis of the FRF.
Octave Filter The calculated FRF Gm (Fk ) and std σG (fk ) of the Octave
Filter is shown in Figure 8.10. The system behaves as advertised. It is a
passive octave bandpass filter with a nominal frequency 1000 Hz. Figure 8.11
shows the difference between the calculated FRF Gp (fk ) of one period compared to the calculated FRF Gm (fk ). Notice how much smoother Gm (fk ) is
when the noise has been averaged out.
Sound Amplifier The calculated FRF Gm (Fk ) and the std σG (fk ) of the
sound amplifier are shown in Figure 8.12. The FRF of the sound amplifier
behaves as a high pass filter. This does not come as a surprise as it is known in
the audio industry that the AC coupling of the input is needed to attenuate
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Figure 8.10: Octave Filter: The result of the calculated FRF Gm (fk ) (black) and
the noise std σG (fk ) (green)
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Figure 8.11: Octave Filter: Zoomed in comparison of the FRF Gm (fk ) over 30
periods. (black) with one measured period Gp (fk ) (Magenta)
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Figure 8.12: Sound Amplifier: The result of the calculated FRF Gm (fk ) (black)
and the noise std σG (fk ) (green)

the DC component as much as possible to prevent damage to the speaker.
Also note that the quality of the sound amplifier is not optimal. The lower
frequencies up until around 1000 Hz are attenuated instead of amplified making the sound amplifier not really suitable for music where the bass level is
important.
Although the noise has been averaged out quite well as can be seen in Figure
8.13, the result of Gm (fk ) still seems quite noisy. This is due to the influence
of the non-linear distortion that has been been detected when classifying the
system and will always be present.

8.4.4.2

The parametric Identification

Next up is the parametric model estimation. The technique has been thoroughly explained in Chapter 7.4.1. The parameters are estimated based on
the measured FRF Gm (fk ) that is obtained from the non-parametric modeling
step. The model order is chosen based on the visual feedback obtained from
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Figure 8.13: Sound Amplifier: Zoomed in comparison of the FRF Gm (fk ) over
30 periods. (black) with one measured period Gp (fk ) (Magenta)

the nonparametric FRF that was just calculated.

Octave Filter Based on the FRF in Figure 8.10, the parametric model is estimated with model order 4/6 (one pole around the nominal frequency 1000 Hz,
2 poles around the cutoff frequencies fmin ≈ 707 Hz and fmax ≈ 1414 Hz, one
zero around DC and one zero in the higher frequencies) . The result is shown
in Figure 8.14. It is clear that the model captures the dynamics in the pass
band well, but we will see in the validation phase that model errors are still
present. To improve the quality of the estimated model, the model order is
increased to 4/8. The result of the FRF and phase are shown in Figures 8.15
and 8.16. From a visual point of view, the new model sufficiently captures
and describes the behavior of the system. An quick first check how good the
model fits is to compare what we call the residual (G(fk , θ) − Gm (fk )) with
the noise floor. The result is shown in blue in Figure 8.15. The estimated
model seems to do a quite good job as the error lies around the noise floor.
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Figure 8.14: The estimated 4/6 model order parametric model G(fk , θ) (red) of
the measured FRF Gm (fk ) (black) of the Octave Filter with σn (fk )
(green) and G(fk , θ) − Gm (fk ) (blue)

Sound Amplifier Choosing a model order based on the result of the nonparametric identification for this system is trickier and requires more experience from the trainee. Due to the presence of high frequency dynamics at the
lowest frequencies and a rather static behavior at the higher frequencies as is
shown in Figure 8.12, we have chosen to estimate the system with a 3/3 model
order (one pole and zero are expected near DC, and an additional pole-zero
pair is needed to take care of the in-band delay). Our initial guess results in
a parametric model that performs well as is shown in Figures 8.17 and 8.18.
However, note that the residual (G(fk , θ) − Gm (fk )) as seen in blue is larger
than the noise floor σn (fk )!

8.4.5

Validation

Chapter 7 introduced some simple validation methods for the estimated models. In this work, we focus on the whiteness test residual (WTR).
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Figure 8.15: The estimated 4/8 model order parametric model G(fk , θ) (red) of
the measured FRF Gm (fk ) (black) of the Octave Filter with σn (fk )
(green) and G(fk , θ) − Gm (fk ) (blue)

Octave Filter In the parametric identification step, the Octave filter was
first estimated with a 4/6 model. We increased it as we explained that there
are still model errors present, but we could not show this right away as the
estimated model seemed a good fit. For this purpose, we compare both 4/6
and 4/8 estimated models with the WTR. The result is shown in Figures 8.19
and 8.20. It can clearly be seen that while the 4/6 model already gave quite a
good fit, the correlation analysis indicates that there are still modeling errors
present with respect to the noise. This is not the case anymore when looking
at the result of the WTR of the 4/8 model. There are still some errors above
the 95% bound shown in Table 8.1, but these are mainly to the high influence
of noise. It is up to the trainee to decide if the result of the WTR test is good
enough or not. We conclude that it makes no sense to increase the model
further and are happy with the results.
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Figure 8.16: The estimated phase of the 4/8 parametric model G(fk , θ) (red) and
the measured phase ΦF RF (○ ) (black) for the octave filter

Confidence Bound
Fraction outside

95%
18.2

50%
67.5

Table 8.1: Result of the Whiteness Residual test of the Octave Filter

Sound Amplifier The WTR of the estimated model 3/3 is shown in Figure
8.21. The Fractions are shown in in Table 8.2. It clearly shows that there are
modeling errors present. This does not come as a surprise as we saw earlier
that the error G(fk , θ) − Gm (fk ) is way higher than the std σn (fk ). Increasing the model order will not help. The main reason for this result is that
nonlinear distortion is present in the system. This was already shown in the
classification step.
Based on this test, once again the trainee could consider to apply the NLTI
identification techniques introduced in the next chapter. However, as the parametric model seems a good fit and the purpose of this system is educational
as seen before, the result of the WTR test is put aside and we still classify the
system as LTI.
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Figure 8.17: The estimated 3/3 model order parametric model G(fk , θ) (red)
of the measured FRF Gm (fk ) (black) of the sound amplifier with
σn (fk ) (green) and G(fk , θ) − Gm (fk ) (blue)

Confidence Bound
Fraction outside

95%
99.8

50%
99.7

Table 8.2: Result of the Whiteness Residual test of the Sound Amplifier

8.5

Analysis of the operating range

So far, we have modeled the system at one operating point. However, systems
are generally not operated at one single operating point, but have a certain
operating range. To this end, multiple measurements are taken to cover the
operating range and hereby form a complete picture on the behavior of the
system. A nonparametric model is generated at each level that is tested. In
Chapter 1, we introduced the homogeneity principle property that explained
103

8. Case Study: A Linear Time-Invariant system

Figure 8.18: The estimated phase of the 3/3 parametric model G(fk , θ) (red) and
the measured phase ΦF RF (○ ) (black) for the sound amplifier

that the FRF is independent of the input power of the excitation signal as long
as the system is LTI. This means that calculating the FRF of the two systems
at different power levels of the excitation signal should give the same results.
However, in the classification step and in the (non)parametric modeling step,
it was shown that while the Sound Amplifier was classified as LTI system,
nonlinear distortion is present. This test will analyze if there is any influence
of this nonlinear distortion.
The proposed general rule of thumb is to measure the system with the lowest
and the highest power of the operating range as well as the point of operation
where the system will be most active in. These three experiments will generally be enough to perform an initial analysis of the behavior of the systems.
Performing measurements in additional power ranges for the input signal lead
to an improved analysis of the behavior of the system over an operating region.
Be aware that while doing this it may be needed to reconfigure the ranges Vmax
of the measurement hardware. As the amplitude of the input signal changes
range adaptation may be necessary to obtain high quality measurements. Of
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Figure 8.19: Result of the whiteness test residual of the octave filter for the estimated 4/6 model normalized to the noise std σn (fk ). Observe the
model errors (blue) that lie significantly higher then the 95% bound
(dashed line) and the 50% bound (–

course, changing the range also changes the quantization noise and results in
a change of SNR if this noise source dominates. This will not be done during
the case studies performed in this thesis to show how the SNR changes when
exciting the system with the same signal, but with a different power.

Octave Filter The operating range of the Octave filter is defined by the
power of the excitation signal between 0.1 and 1 VRMS . The analysis of the
operating range is done by exciting the system in three ranges: 0.1, 0.5 and
1 VRMS . The result is shown in Figure 8.22. The result is typical for a LTI
system. The calculated FRF Gm (fk ) does not change with respect to the
power of the input signal while the noise influence σG (fk ) is decreasing due
to the increasing SNR.
We can conclude the system behaves as a LTI system within its range of
operation.
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Figure 8.20: Result of the whiteness test residual of the octave filter for the estimated 4/8 model normalized to the noise std σn (fk ). Observe the
model errors (blue) with respect to the 95% bound (dashed line) and
the 50% bound (–)

Sound Amplifier The operating range of the Octave filter is defined by the
power of the excitation signal which typically lies for the audio signal that is
applied to the EVUBBox between 0.1 and 0.14 VRMS . Therefore, the analysis
of the operating range is done by exciting the system in three ranges: 0.1,
0.12 and 0.14 VRMS . An extra power level 0.8 VRMS is also analyzed that lies
beyond the operating range of the sound amplifier. This is to show what
happened when students during the workshop increased the volume of their
mobile phone above the maximum input power that was defined by design.
The result is shown in Figure 8.22.
For the defined operating range of the sound amplifier, we can conclude that
the system behaves approximately as a LTI system. The estimated model in
the parametric modeling step describes the system well as long as the system
is excited within its operating range. However, the estimated model will not
suffice anymore when the power of the excitation signal becomes too high. The
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Figure 8.21: Result of the whiteness test residual of the sound amplifier for the
estimated 3/3 model normalized to the noise std σn (fk ). Observes
the model errors (blue) with the 95$ bound (dashed line) and the
50% bound (–)

calculated FRF from the measurements where the amplitude of the excitation
signal is 0.8 VRMS decreases with respect to the FRF within the operating LTI
range because of signal compression as is shown in Figure 8.23. Furthermore,
it is way more noisy than before while the SNR is much higher. This was also
noticed in the workshop as the music coming out of the EVUBBox was not
crisp and clear anymore.

8.6

Conclusion

The classical identification techniques work well as long as the system behaves
as a LTI system or the nonlinear distortion is not too high. When the input of
the sound amplifier was increased beyond its operating range, it was clear that
the estimated model in the parametric modeling phase was not valid anymore.
The question that could be asked is what if the high input was still within the
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Figure 8.22: The Octave filter measured with increasing power [0.1, 0.5, 1] VRMS
with Gm (fk ) (black → gray) and σG (fk ) (dark green → light green).
Note that σG (fk ) decreases with increasing power due to the SNR

operating range of the system. How do we deal with the non-linear distortion
then and how do we model the system? An answer to these questions are
given in the next chapter that deals with non-linear systems.
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Figure 8.23: The Sound Amplifier with increasing power [0.1, 0.12, 0.14], VRMS
with Gm (fk ) (black → gray) and σG (fk ) (dark green → light green).
Note that σG (fk ) decreases with increasing power due to the SNR.
When increasing the input power to 0.8 VRMS , the calculated FRF
Gm (fk ) (red) is decreased and more noisy while one should expect
that it should be smoother due to a better SNR
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Chapter

Case Study: A Nonlinear
Time-Invariant system
9.1

Introduction

In the previous Chapter, two Linear Time-Invariant systems were presented as
a test case. Although we have classified the sound amplifier as a LTI system,
the classification step in the identification process revealed that some nonlinear
distortion is present as energy appears on the spectral detection lines. This
was further confirmed in the validation step. This does not come as a surprise
as it is known that many systems in the real world behave as NLTI systems but
nevertheless remain approximately LTI around an operation point. However,
in some cases the nonlinear distortion becomes too prominent, or a highly
qualitative model for the system is needed.
This Chapter covers a case study on the identification process of two NLTI
systems to illustrate the difference with the LTI solutions.

9.2

The two test DUT’s

The case study introduced in this chapter analyzes the following systems:
• System 1: A nonlinear electronic system called the Silverbox
111
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Figure 9.1: System 1: The electronic device called the silverbox that simulates
a mass-spring-damper system with a nonlinear spring constant k.

• System 2: A low cost DIY mechanical mass-spring-damper system
(MSD System)

The first system, shown in Figure 9.1, is a NLTI system that simulates a
mass-spring-damper system with a nonlinear cubic spring constant F = k 3 in
the feedback loop. This system is used in courses at the VUB to demonstrate
how NLTI systems behave, and will therefore be used here as a reference
system. The second system is shown in Figure 9.2. It is a DIY mechanical
mass-spring-damper system. This system is introduced as part of the DIY kit
as a low cost NLTI vibrating system. A brief explanation of the construction
of the system is given below.
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Figure 9.2: System 2: The DIY mass-spring-damper mechanical system introduced in the self-study kit to perform hands-on training where the
speaker acts as the actuator

9.3

DIY: mass-spring-damper system

This section of the text is based on Vaes et al. [2018].

9.3.1

Concept

The idea behind the concept of the DIY mechanical mass-spring-damper system resulted from the desire to provide additional visual feedback on the behavior of (NLTI) systems to trainees. The behavior of the electronic system is
only visible once the data has been processed on a computer, while a mechanical vibrating system combines the processed result with the extra element of
direct visual feedback of the movement. Students can then see the response of
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the system to the excitation as the system output is the displacement of the
mass moving up and down. The concept proved to be successful and it was
decided to implement it in the self-study kit. The initial design of the MSD
system was improved to meet the requirements of the self-study kit as a DIY
system.

9.3.2

Design of the DIY system

The initial design of the DIY mass-spring-damper system consisted of a Brüel
& Kjær shaker causing a displacement of a wooden V-frame. The frame
movement resulted in a movement of the springs and eventually resulted in a
vertical movement of the payload mass as shown in Figure 9.3. Birch was used
for the V-frame to make it rigid while keeping the weight low. A rubber band
acted as the spring. The mass was initially a cylindrical piece of birch. Later,
it was changed to a Brüel & Kjær accelerometer to quantify the displacement.
The initial design had three problems. The first problem was the imbalance
of the mass causing a horizontal as well as an up and down movement. The
second problem was the use of a rubber band that broke after short time. The
final problem was the cost of the design. The goal of the self-study kit is to
introduce a low cost DIY system to encourage the trainee to get hands-on
experience, but the linear shaker and accelerometer of Brüel & Kjær cost a
few e 1000!
The first problem was fixed by adding a second V-frame in a plane that is perpendicular to the original V-frame to constrain the mass movement up and
down only.
The second problem was fixed by changing the rubber band. We tested the
system with real springs and fishing line wire and decided to use the latter.
We invite the trainee to be inventive and look around the workplace or garage
to see if anything else can act as a spring.
The last problem was mainly due to the use of an expensive shaker and sensor
from Brüel & Kjær. These had to be replaced by cheaper alternatives. After
some research, it was decided to replace the shaker by a broadband speaker
as the working principle is similar. Of course, the quality of the speaker used
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Figure 9.3: The initial concept of the mass-spring-damper system. Note that the
frame is actuated by a Brüel & Kjær linear shaker.

as actuator is lower. The accelerometer was replaced by a cheap, less accurate
alternative, a MEMS accelerometer test board (ADXL377).
The final result is a low-cost demonstrator (e 50/$60) that is usable for nonlinear system identification as is shown in Figure 9.2. All the components are
either found online, in hobby stores, and/or at home.

Remark: In the rest of the identification process, we will use [V ] as the
unit for the measured signals. When dealing with vibrating systems within
industry, forces and acceleration are used instead of voltages. As the nature
of the self-study kit is to explain the principle of the methods and because the
force conversion of the speaker that acts as the input is unknown in general, we
limit ourselves to the analysis of the system using voltage measurement only
resulting in a dimensionless FRF measurement. However, be aware that it is
possible to measure the real physical values if you know the voltage to force
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conversion constant of the actuator and the voltage to acceleration constant
of the sensor.

9.4

The identification process

The identification steps as introduced in Chapter 7 are used to identify both
systems. A familiar process is followed by the trainee. The procedure is the
same as for the case study of the two LTI systems in Chapter 8. The result
of each step is discussed with the help of visual feedback in the remainder of
this chapter.

9.4.1

The choice of the measurement hardware

The measurement hardware is the same as the one used for the LTI case.
Acquisition and generation are obtained from the the NI Elvis II with an
ADC resolution of 16 bit, a maximal sample rate of 1 Ms/s per channel and a
maximal input and output range of 10 V.

9.4.2

The choice of parameters

As the general specifications of the measurement hardware are now known, it
is time to choose the parameters for the experiment.
Silverbox The silverbox is an electronic system that simulates a mechanical mass-spring-damper system. Prior knowledge of the system learns that
the band of interest lies around 80 Hz where the resonance frequency of the
system lies. To fully capture the dynamical behavior around the resonance
frequency, it was decided to excite a frequency band F ranging from 22 to
140 Hz. To obey the Nyquist theorem, the sampling frequency fs should be
at least 280 Hz. However, this is not enough. In order to make sure that the
AA-filter attenuates all the possibly aliased spectral energy in the band of
interest as explained in Chapter 8, it was decided to increase the sampling
frequency to fs = 5 kHz.
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A mechanical system is often characterized by very narrow resonances because of the high quality factors of the poles. This is not the case the electronic system. Therefore, it was opted to go for a frequency resolution of
fr = fs /N = 1 Hz. To achieve this, N = 5000 samples are needed for the measurement of one period.
The nominal Root Mean Square (RMS) value of the input of the silverbox is
set to 0.16 VRMS . This nominal value is chosen as an input amplitude to set
the point of operation for the analysis.
MSD System The second system is a mechanical mass-spring-damper vibrating system. Vibrating systems are characterized by sharp resonance frequencies in (the lower end of) their response. After a quick broadband measurement with a full multisine excitation signal, it became apparent that the
dynamic behavior of the system mainly constitutes of two resonance frequencies around 13 and 45 Hz. Based on this experiment, it was decided to set the
excitation bandwidth to F = [1 − 100] Hz. Once more, to obey the Nyquist
theorem and to make sure the AA-filter is set up correctly, a sampling frequency fs = 5 kHz is chosen.
As stated previously, resonance frequencies in mechanical systems tend to be
very sharp and narrow because of the low damping of the poles. To make sure
the resonance around 13 Hz is well captured here, N = 40.000 data points are
measured per period to obtain a frequency resolution of 0.125 Hz.
The dynamic behavior of the system was analyzed with an excitation signal at 0.3 VRMS . It was chosen as the nominal value after performing several
measurement tests with different amplitudes.

9.4.3

Classification of the system

As the hardware has been chosen, the frequency range has been selected and
the measurement setup has been sized, the classification of the systems can
be undertaken. Both systems are excited with a random grid random phase
multisine (Pintelon and Schoukens [2012]) and 30 periods are measured. This
results in a frequency grid that is sparse enough to detect and differentiate the
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Figure 9.4: Silverbox: The (zoomed in) result of the difference of the periods with
the last period and the measurement noise boundary (blue). The first
measured period (dark red) contains transient. The system reaches
its steady-state after roughly 0.25 seconds. The rest of the subtracted
periods lie mainly between the noise error boundaries (light red).

time-variation effects from the nonlinear distortion. As explained in Chapter
7, the classification step is divided in two parts. The time domain analysis
detects and properly avoids the transients while the frequency domain analysis
is used to classify the system.
Silverbox When plotting all the measured periods at the output on top of
each other, it can be seen that the measured output is periodic. This is further
confirmed in the result of the time domain analysis as is shown in Figure 9.4.
The transient effect present in the measurement of the silverbox damps. The
system reaches its steady-state already during the first excitation period. Only
the first period has to be excluded for the rest of the identification process.
Next, the frequency domain analysis is shown in Figure 9.5. Compared to
the case of the LTI systems in Chapter 8, the energy at the nonlinear detection lines is clearly higher with respect to the noise floor. This distortion will
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Figure 9.5: Silverbox: Output spectral analysis. The output spectrum is shown
with excited spectral lines (black), non-excited nonlinear spectral detection lines (red), and the noise (green).

drastically impact the quality of the model when using the classic LTI identification tools. Here, other identification techniques need to be used. Note
that there is no energy present between the excited and detection lines. This
indicates that the system is time-invariant. As such we can conclude that the
system behaves as a NLTI system.
Note the presence of a slight increase in noise energy around the resonance frequency. This effect often occurs in the neighborhood of resonance frequencies
and is probably due to the generator noise that is amplified in the resonance
frequency.

MSD System The result of the time domain and frequency domain analysis
of the MSD system are shown in Figures 9.6, 9.7 and 9.8.
Figure 9.6 shows that the transient effect is significantly larger than the
noise floor during 4 seconds. After that, the system reaches its steady-state.
The long transient is typical for a lowly damped mechanical vibrating system.
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Figure 9.6: MSD System: The result of the difference of the periods with the
last period and the measurement noise boundary (blue). The first
measured period (dark red) contains transient. The system reaches
its steady-state after roughly 4 seconds. The rest of the subtracted
periods lie mainly between the noise error boundaries (light red)

The system still reaches its steady-state within one period of the applied
excitation. Hence, only the first period is removed during the processing of
the data in the identification process.
The output behavior is similar to the behavior of the silverbox. The frequency
domain analysis is shown in Figures 9.7 and 9.8. The spectral detection lines
contain an energy level that is well above the noise floor, especially near the
resonance frequency. No energy is present in between the excited and detection
spectral lines, but a higher noise floor is seen around the resonance frequency
similar to what was measured for the silverbox. This phenomenon is often seen
in mechanical system and is caused by a combination of the generator noise
and other environmental noise that is influenced by the resonance frequency.
We can conclude that this system also behaves as a NLTI system, and that
time-variation can safely be omitted.
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Figure 9.7: MSD System: Output spectral analysis. The output spectrum is
shown with excited spectral lines (black), non-excited nonlinear spectral detection lines (red), and the noise (green).

9.4.4

System Class Modeling

Next, a nonparametric and a parametric model will be extracted. The nonlinear distortion is obtained first using two nonparametric modeling techniques.
These techniques have been developed at the ELEC department of the VUB
(Pintelon and Schoukens [2012]). The first method qualifies the nonlinear distortion using only a single experiment while the second method uses multiple
realizations of the input signal to extract the nonlinear distortion. The idea is
to look at nonlinear distortion as if it were stochastic noise. These techniques
linearize the system around an operating point. The result is called the Best
Linear Approximation (BLA) and will also be used as the basis for the parametric identification.
This part is based on Vaes et al. [2015], Vaes et al. [2018], Pintelon and
Schoukens [2012] and Schoukens et al. [2012b].
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Figure 9.8: Silverbox: Output based on the spectrum of Figure 9.7 zoomed in
around the 13 Hz resonance. The excited spectral lines (black), nonexcited nonlinear spectral detection lines (red), and the noise (green)
are shown

9.4.4.1

The Fast Method to quantify the nonlinear distortion

The first method, called the Fast Method (Pintelon and Schoukens [2012]),
quantifies the nonlinear distortion using only one experiment. It separates the
odd x3 from the even x3 nonlinear distortions. To obtain this information, a
new random phase multisine is designed. Instead of using a full random phase
multisine signal where all the spectral components in the predefined frequency
band F are excited, only the odd lines (2k + 1)∆f are excited. Also, exactly
one randomly selected odd spectral line in each group of D user defined consecutive harmonics is eliminated. This leaves some of the odd lines unexcited
which allows for detection of the odd nonlinearities. The resulting spectral
grid of the signal is shown in Figure 9.9.
The idea behind this type of signal is simple and intuitive. Depending on
the type of the nonlinear distortion that is present in the system, the resulting
output spectrum will be different as is shown in Figure 9.10. When the system
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Figure 9.9: Frequency domain plot of a random phase multisine with detection
lines for the odd nonlinear distortion. One odd harmonic in each set
of D consecutive harmonics is eliminated. In this example, D = 3

is linear, the frequencies carrying energy in the output spectrum exactly match
the frequencies that are excited in the input, but have a different amplitude
and phase. No other frequencies are energized besides the ones present at the
input. However, when the system is nonlinear, the energy at one excited frequency at the input is spread over multiple frequencies at the output. Figure
9.10 sketches the output of an even (blue) and odd (red) nonlinear system that
is excited by an odd random grid random phase multisine. When the signal is
applied to an even nonlinear system, only the even output frequencies will be
excited. This happens because the sum of an even number of odd frequencies
is even. If the excited system is an odd nonlinear system, the frequencies at
the output are odd. This behavior can easily be checked by calculating the
response of a static nonlinear system (y(t) = u(t)2 and y(t) = u(t)3 ) to a sine
wave with odd frequency (2k + 1)f0 (u(t) = Asin(2π(2k + 1)f0 t + φ)).
Most systems in the real world contain a combination of a linear, an even and
an odd nonlinear part. If this is the case and all the odd spectral lines would
contain energy, it would be impossible to separate the linear from the odd
nonlinear contributions. For this reason, we remove one randomly selected
odd harmonic in each group of D consecutive harmonics. The result is an
excitation signal that allows one to quickly qualify the system. The price to
be paid to use this method compared to measuring with a full multisine is
the loss of frequency resolution by more than a factor of two. If a higher
resolution is required, more measurement data is needed increasing the time
of the experiment. It is advised to measure at least two periods that are not
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influenced by the transient Pintelon and Schoukens [2012].
So what can we do with this information? The first and main advantage
is that it can help the trainee to find the origin of the nonlinear distortion
in a system. This can be done by applying the method two times with the
same input signal with different amplitude. By doing this we can compare
the increase in level of the nonlinear distortion with respect to the amplitude
difference of the input signal. That way, it is possible to estimate the order
of the nonlinear distortion that can be linked to a certain component in the
system.
There is also a second advantage, but depends on the result obtained in the
measurement. Assume that the system is dominantly influenced by even nonlinear distortion while the odd nonlinear distortion is almost non-existent or
not present at all. When this is the case, exciting the system with a purely
odd multisine results in only the linear contribution to be present at the odd
spectral lines as was shown in Figure 9.10. This means that the underlying
linear behavior can be extracted in just one experiment!
The method is put to the test and applied to the two systems and the results are discussed. P = 20 periods have been measured. We restrict ourselves
to the analysis of the output behavior Y (fk ).
Silverbox The result of the Fast method at the output is shown in Figure
9.11. Even and odd nonlinear distortion is present in the system, but the
latter is dominant with respect to the first. This does not come as a surprise
as the system was designed to simulate a mass-spring-damper system with a
third order nonlinear spring k 3 in feedback. Also note that after averaging,
the output Ym (fk ) is still noisy. This is due to the nonlinear distortion as
discussed in the previous chapter where the Sound amplifier was analyzed at
a high operating point.
MSD System The result of the Fast method on the mechanical system is
shown in Figure 9.12. The observed behavior resembles that of the silverbox.
The odd nonlinear distortion is dominant with respect to the even nonlinear
124
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Figure 9.10: Output of a linear (green), an even order (blue), an odd order (red)
system and a combination of all three systems when using an odd
random phase multisine excitation with detection lines.

distortion, especially near the resonance frequency located at 13 Hz. Note
that the influence of the 50 Hz of the power supply is also present in the measurement output.

While this method offers great insight in the qualification of the nonlinear distortion, it can be seen in Figures 9.11 and 9.12, that the output of
the system is very noisy due to the influence of the odd-nonlinear distortion.
Averaging over multiple periods as is shown in Figure 9.13 will not solve the
problem as this noisy effect is due to nonlinear distortion and depends on
the excitation signal and not the measurement noise. This is certainly not a
disadvantage as will be shown below.
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Figure 9.11: Result of the Fast Method on the silverbox with the output spectrum
Ym (k) (black), the odd NL distortion (red), the even NL distortion
(blue) and the noise std σY (fk ) (green).

9.4.4.2

Quantifying the nonlinear distortion

The previous analysis showed that the ‘noisy’ behavior of the FRF is highly
correlated to the input signal. Assume that we repeat the experiment with
a different input signal to change this noisy behavior. The idea is to keep
the power, the probability density function (PDF), the power spectrum density (PSD) and the band of excitation of all the signals the same. Only the
phases of the excited lines are allowed to vary in a random way. In this case,
a number of realizations of the previous multisine excitation were obtained,
assigning different sets of randomly chosen phases to the excited lines. They
are drawn from a uniform distribution between 0 and 2π. A signal containing
one set of random phases is called a realization of the signal. The result of the
FRF measurement on the silverbox for two different realizations of the random
phase multisine is shown in Figure 9.13. Each realization clearly results in a
different ‘noisy’ FRF measurement. This shows that the nonlinear distortion
for each realization of the input signal depends on the phase spectrum of that
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Figure 9.12: Result of the Fast Method on the MSD system with the output Ym (k)
(black), the odd NL distortion (red), the even NL distortion (blue)
and σY (fk ) (green).

input signal.
Besides averaging the measurement spectra over multiple, successive periods
of the excitation signal, it now becomes possible to start averaging the spectra
over measurements taken with multiple realizations of the excitation signal.
The idea behind this ‘smart’ averaging is shown in Figure 9.14.
Taking the expected value of the FRF over all possible realizations yields an
approximated FRF that is called the best linear approximation Pintelon and
Schoukens [2012]. This technique does not only measures the ‘best’ linearized
frequency response in mean square sense. Calculating the variance of the spectra yields the PSD of the nonlinear contribution at the excited lines and the
detection lines. At the excited lines, the mean value of the BLA becomes less
√
and less noisy proportional to realization when the number of realizations
is increased. The ratio of the nonlinear standard deviation to the signal level
helps one to measure and estimate the deviation between the system behavior
and the behavior of the underlying linear system.
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Figure 9.13: The calculated FRF of three measured periods. The first two FRF
(dashed red and green) are obtained from two different periods of
the same realization. Note how the same noisy behavior is present
in both FRF. The third FRF (black) is obtained from one measured
period of a different realization.

The downside of this technique is the longer measurement time. When the
maximum likelihood estimator is used for the parametric modeling of the best
linear approximation, at least M ≥ 7 realizations and P ≥ 2 periods that
are not influenced by the transient are required. This requirement preserves
the property of the maximum likelihood estimator (Pintelon and Schoukens
[2012]). Also take into account that for every realization, the system excitation needs to be restarted. This means that one or more measured periods of
the signals measured for each realization contain a transient. these measured
periods containing the transient are to be removed before processing.
The technique, called the robust method (Pintelon and Schoukens [2012]) is
applied to both systems by exciting the system with M = 15 realizations and
measure P = 4 periods per realization.
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Figure 9.14: Principle of the Robust Method to find the Best Linear Approximation. Courtesy of Pintelon and Schoukens [2012].

Silverbox The result of the robust method is shown in Figure 9.15. It is
clear that the system behaves nonlinearly. The level of the estimated stochastic nonlinear distortion is clearly higher than the noise floor. This would not
be the case if the system were linear. With respect to the measurements
shown in Figure 9.11 and 9.13, it can be seen that the estimated GBLA is
much smoother. To increase the smoothness even further, more realizations
need to be measured at the cost of a longer measurement time.

MSD System The result of the robust method for the mass-spring-damper
is shown in Figure 9.16. A similar effect can be seen with the silverbox.
The nonlinear distortion is clearly present, especially around the resonance
frequency at 13 Hz. Once again, the influence of the crosstalk from the power
supply is visible at 50 Hz.
129

9. Case Study: A Nonlinear Time-Invariant system

20

0

-20

-40

-60

-80
20

40

60

80

100

120

140

Figure 9.15: Result of the Robust BLA estimation applied on the MSD system
with GBLA (fk ) (black), σn+N L (Fk ) (red) and σn (fk ) (green)
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Figure 9.16: Result of the Robust BLA estimation applied on the MSD System
with GBLA (fk ) (black), σn+N L (Fk ) (red) and σn (fk ) (green)
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9.4.4.3

Comparison of the Fast Method and the Robust method

The Fast method separates the odd nonlinear distortion from the even nonlinear distortion and requires one realization to be measured over multiple
periods. This results in a fairly short measurement time. The disadvantage
of this method is the larger uncertainty on distortion at the excited lines and
a lower frequency resolution is obtained due to the need for detection lines.
The Robust method has different properties. A high frequency resolution is
attained as no spectral lines have to be left unexcited within the excitation
bandwidth. As a consequence, the total standard deviation of the nonlinear
distortion is obtained, but the separation between the even and odd contributions is no longer possible. Another downside of the method is that more
realizations are needed (at least M ≥ 7 and P = 2)(Pintelon and Schoukens
[2012]). Hence, more measurement time is needed.
Note that both methods can also be combined to make use of the advantages
of both methods at the cost of a loss in spectral resolution. This has been
done during the F-16 measurement campaign that is discussed in Chapter 11.

9.4.5

Parametric Identification

In general, the Maximum Likelihood estimator that was introduced as our
parametric go to method is only valid for LTI systems. Here, we are dealing with NLTI systems and therefore one expects not to be able to use the
Maximum Likelihood estimator. However, the nonparametric identification
techniques that were just introduced estimate the best linear approximation
GBLA (fk ) which is a local linear isolation of the NLTI system. Thanks to
this technique, it is possible to use the same parametric modeling techniques
around the operating point as with the LTI study cases of Chapter 8 and
explained in Chapter 7. The results are shown below.
Silverbox From Figure 9.17, it can be seen that the silverbox behaves as a
typical second order mass-spring-damper system with a wide resonance. This
knowledge is used to estimate the initial model order which is selected to be
0/2.
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Figure 9.17: The magnitude of the estimated parametric BLA GBLA (fk , θ) (red)
with model order 0/2 together with the magnitude of the measured
FRF Gm (fk ) (black) of the Silverbox with the noise σn (fk ) (green),
the difference (GBLA (fk , θ) − Gm (fk )) (blue) and the total standard
deviation σn+N L (fk ) (red dotted).

The result of the ML estimation with model order 0/2 is shown in Figure 9.17.
While the model obtained with the initial order selection is already quite good,
it can be seen that the model has some difficulty at capturing the dynamics
in the neighborhood of the resonance frequency. Adding a zero to the model
order to obtain 1/2 provides a better fit as is shown in Figure 9.18. The phase
is shown in Figure 9.19
MSD System The initial choice for the model order is based on the number of resonances and anti-resonances visually located on the nonparametric
GBLA (fk ) seen in Figure 9.16. The order selected here is 4/5 and the result
of the estimated model is shown in Figures 9.20 and 9.21. It shows that the
estimated model fits quite well, especially around the resonance peak. It is
possible to increase the model order to get a better estimation in the upper part of the frequency band, but it was decided that the model is good
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Figure 9.18: The magnitude of the estimated parametric BLA GBLA (fk , θ) (red)
with model order 1/2 together with the magnitude of the measured
FRF Gm (fk ) (black) of the Silverbox with the noise σn (fk ) (green),
the difference (GBLA (fk , θ) − Gm (fk )) (blue) and the total standard
deviation σn+N L (fk ) (red dotted).

enough, especially since the model captures the resonance frequency well and
we wanted to keep the model order as low as possible. However, note that the
lesser quality of the estimated model will appear during the validation step
based on the Whiteness Residual Test.

9.4.6

Validation

The parametric models that have been estimated before are now validated.
Again the result of the whiteness test residual (WTR) is shown.
Silverbox The result of the WTR Rεε when normalized to the standard
deviation of the noise σn (fk ) is shown in Figure 9.22. It is clear that there
are errors still present as the expected value of the residual should be 1 if no
errors are present. One could say that the model order is not high enough,
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Figure 9.19: The estimated phase of the 1/2 parametric model G(fk , θ) (red) and
the measured phase ΦF RF (○ ) (black) for the silverbox

but increasing it will not really improve the result. When we apply the same
test, but instead we normalize to the total distortion σn+N L (fk ), it is seen
that the WTR test gives a more satisfying result as can be seen in Figure
9.23. However, there is still a model error present. Increasing the model order
could lead to an even better result of the WTR test, but the influence of the
nonlinear distortion on GBLA (fk ) is still present as it is not smooth. For this
reason, the nonlinear distortion will influence the estimator as it will try to
capture that noisy behavior. This shows that the WTR test does not always
have to be used as a binary validation test: right or wrong. It can be used as
an indicator to assess the quality of the model.
The Fraction with respect to σn+N L (fk ) , which give an idea about the error
levels outside the 50% and 90% confidence bound are shown in Table 9.1.
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Figure 9.20: The estimated 4/5 model order parametric model GBLA (fk , θ) (red)
of the measured FRF Gm (fk ) (black) of the MSD System with the
noise σn (fk ) (green), G(fk , θ) − Gm (fk ) (blue) and σn+N L (fk ) (red
dotted)

Confidence Bound
Fraction outside

95%
44.5

50%
92.1

Table 9.1: Result of the Whiteness Residual Test of the silverbox

MSD System From the WTR test analysis of the silverbox, it was seen
that applying the test normalized to σn (fk ) does not give valuable information as the main part of the variance in the residual is due to the nonlinear
distortion. Instead, the result of the WTR Rεε normalized to σn+N L (fk ) of
the MSD system is shown in Figure 9.24. It shows that there are still model
errors present. This is further confirmed by looking at the Fractions in Table
9.2. This does not come as a surprise as the estimated model G(fk , θ) does
not capture the dynamics of the system well at the lowest and the highest
frequencies. Fortunately, this part of the response is less important to us.
Increasing the model order will probably solve this, but, for our purpose, we
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Figure 9.21: The estimated phase of the 4/5 parametric model G(fk , θ) (red) and
the measured phase ΦF RF (○ ) (black) for the MSD System

can say that the gain in model accuracy is limited when compared to the increase in model complexity. Therefore we assume that the model errors can
be neglected. Also note that Rεε (0) is lower than that of the WTR test of the
silverbox, meaning that the error due to the nonlinear distortion is lower.
Confidence Bound
Fraction outside

95%
34.2

50%
74.4

Table 9.2: Result of the Whiteness Residual Test of the MSD System

9.5

Analysis of the operating range

An analysis over the operating power range was done in Chapter 8 for LTI
systems. For a LTI system, the result is independent of the power of the
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Figure 9.22: Result of the Whiteness Test for the residual of the silverbox normalized to the noise σn (fk ). Observe that model errors (blue) can
barely be compared with the 95% bound (–) and the 50% bound (full
line) due to the huge amplitude in Rεε (0) caused by the nonlinear
distortion that is still present.

excitation signal. This showed that only one parametric estimated model is
enough to describe the system over the complete operating range as is expected
for a LTI system. This is no longer valid for the NLTI case however.

Silverbox The power operating range of the silverbox lies within the range
of 20 mVRM S and 240mVRM S . The result of the robust method at various
levels in that range spaced 40mV apart is shown in Figure 9.25. The nonlinear distortion becomes more dominant with increasing power while the noise
variance decreases due to the increased SNR. It can also be seen that the resonance frequency shifts to the right, which is typical for a mass-spring-damper
system with a nonlinear hardening spring.
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Figure 9.23: Result of the Whiteness Test for the residual (blue) of the silverbox
normalized to the total distortion σn+N L (fk ). Observe that the result
of the test is much better compared to Figure 9.22. We can conclude
that the estimated model captures well the behavior of the system.
The 95% bound (–) and the 50% bound (full line) are also shown.

MSD System The MSD System was measured and identified in the chosen
operating range between 20 mVRM S and 500 mVRM S and the result is shown
in Figure 9.26. As with the silverbox, the level of the nonlinear distortion
increases with the power of the excitation signal as the damping of the system
increases. The same shift effect to the right is seen at the 13 Hz resonance
frequency (Figure 9.27). The resonance frequency at around 50 Hz however
shifts to the left.

While time consuming, measuring multiple power levels covering the operating range of the system allows the trainee to gain great knowledge about
the behavior of the system. It allows one to understand the influence of the
nonlinear distortion as a function of the power and the shift in frequency of
the resonances. This information could then be used to improve the system
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Figure 9.24: Result of the whiteness test residual for the MSD System. Observe
that the model errors (blue) are mainly above the 50% bound (-) and
around the 95% bound (–). As Rεε (0) is noteably present, increasing
the model order could lead to a better result.

itself or make sure that it will fit in the environment of operation.
While we have only shown the behavior of the system through the nonparametric method, it can be extended by estimating a parametric model for all
the measured ranges with the same model order. The result of this experiment allows the trainee to gain more knowledge by checking the evolution of
the poles and zeros. Advanced techniques could then also be used to model
the system in three dimensions (Magnitude x Frequency x Power of the input
signal), but these lie beyond the scope of this thesis.

9.6

Conclusion

New techniques have been introduced that deal with the influence of the nonlinear distortion in a simple and intuitive way. Although these techniques are
generally more time consuming, they are well worth the investment since a
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Figure 9.25: An overview of the behavior of the silverbox within the operating
range from 20 − 240mVRM S . The power of the excitation signal
is increased (dark to light color) for GBLA (fk ) (black), σn+N L (Fk )
(red) and σn (fk ) (green).

vast gain in information about the dynamic behavior of the system is attained.
This information can then be used to anticipate the behavior of the system
when actively used or the updates could be made to improve its behavior.
Up till now we have analyzed systems whose behavior did not change over
time, or at least not during the measurement campaign. When this is the
case, the system can be classified as time-varying. Next chapter deals with
these systems.
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Figure 9.26: An overview of the behavior of the MSD System within the operating range due to the increasing power of the excitation signal (dark
to light) with GBLA (fk ) (black/gray), σn+N L (Fk ) (red) and σn (fk )
(green).
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Figure 9.27: A zoom in on the behavior of the MSD System at 13 Hz resonance
frequency within the operating range due to the increasing power
of the excitation signal (dark to light) with GBLA (fk ) (black/gray),
σn+N L (Fk ) (red) and σn (fk ) (green).
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Chapter

10

Case Study: Linear/Nonlinear
Time-Varying systems
10.1

Introduction

So far, we have identified systems that are classified as time-invariant. Repeating an experiment on such systems yields the same output behavior whatever
the moment is that the experiment is conducted. Sometimes practitioners
in industry or academia are confronted with systems whose behavior changes
with time during system operation. We take a look at the detection of these
so called time-varying systems in this chapter. Again, a case study is used to
illustrate the behavior.

10.2

The two test case DUT’s

The following time-varying systems are to be analyzed:
• System 1: A Linear Time-varying system consisting of an active filter
with a variable resistor, implemented with a FET transistor (Demonstrator)
• System 2: A DIY ‘Passive’ Linear Time-varying system (Passive filter)
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Figure 10.1: The schematic of the LTV system that is used as our reference system. Figure by permission from Lataire [2011]

Figure 10.2: The DIY Passive Time-varying filter introduced in the self-study kit
used for identification of time-varying systems

The first system whose schematic is shown in Figure 10.1 is an electronic
custom-developed LTV system (Lataire [2011]). It is used to introduce the
students at the Vrije Universiteit Brussel to the characteristic behavior of
(linear) time-varying systems. Therefore, we will use the system as our reference system. The second system is shown schematically in Figure 10.2. It
consists of a DIY passive filter that has been developed for the self-study kit
and is discussed below.
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10.3

The Passive (MIMO) LTV system

10.3.1

Idea

The technical specifications of electronic components are always characterized at room temperature of 20○ C as a reference temperature and this works
perfectly for most applications. Sometimes, electronics are used in rapidly
changing environmental conditions that result in a change of the characteristic behavior of these components. A simple example of electronic systems that
are exposed to environmental changes are the systems that provide control in
construction equipment where either the environmental temperature changes
rapidly or the system is affected by a nearby heat source such as an engine.
The idea of the DIY system is to create a system with a low complexity that
can simulate the effect of a rapidly changing environmental variable such as
the temperature.

10.3.2

Design of the DIY System

The building block for the DIY LTV system is simple. It consists of a filter that
is designed using only two basic components: resistors and capacitors as can be
seen in Figure 10.2. To simulate the change in environmental conditions, two
resistors have been replaced by resistive opto-isolators: Low cost axial vactrols
of the type VTL5C1. By applying a scheduling signal S to the vactrols, the
trainee is able to control the time-varying behavior of the system according
to his/her needs. It is possible to obtain a periodic/aperiodic time-varying or
a time-invariant behavior.
The system has been designed to allow for Multiple Input, Multiple Output
(MIMO) experimentation in a later stage, but for now, the extra input U2 ,
output Y2 and the scheduling parameter S2 are not connected and left open.
This allows one to perform a Single Input, Single Output (SISO) analysis.
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10.4

The Identification process

10.4.1

The choice of Measurement hardware

The measurement hardware used here is the same the hardware used to characterize the LTI system and the NLTI systems: the NI Elvis II.

10.4.2

The choice of parameters

Demonstrator The Time-variation of the demonstrator is caused by the
Scheduling signal s(t). This scheduling signal needs to vary fast enough to
obtain the time-varying effects that can be measured. The choice of the experimental conditions was performed taking the design specifications of the
system into account. Of course, the selected parameters were validated to
make sure that they were compliant with the hardware specifications. The
sampling frequency fs was set to fs = 156 kHz, N = 3256 sample were measured and a frequency band of F = [1 − 20000]Hz was chosen as the excitation
band. The amplitude of the excitation signal in the time domain was set to
0.5 VRMS
The scheduling signal that is used for the experiments is a linear ramp up
signal between 0 V and −2 V with a period that is equal to the length of the
whole multisine experiment with the repetitions.
Passive Filter The passive filter was exposed to extensive testing to make
sure that the time-variation caused by the vactrol does appear as skirts in
the spectrum. Based on these tests, the design of the experiments was defined. The sampling frequency fs was set to 625 kHz and N = 3200 samples
were measured per period. The frequency band of interest was set to F =
[1 − 3000] Hz. The amplitude of the excitation signal in the time domain was
set to 1 VRMS
The scheduling signal that is used for the experiments is a ramp up signal between −1V to +1V in a time frame equal to the length of the whole multisine
experiment with the repetitions.
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Note that the chosen parameters for both systems were based on the design
of the system to enforce the effects that we wish to analyze. In reality however,
the practitioner always chooses the measurement parameters based on the
measurement hardware and what information has to be retrieved from the
Device Under Test.

10.4.3

Classification of the systems

Once the experiment is designed, it is time to measure and classify the system.
The system is excited with a random grid random phase multisine. 30 periods
are measured to create a sparse grid large enough to see the influence of the
skirts.
As is explained in Chapter 7, the classification is divided in two parts. The
first part is the time domain analysis and the second part is the frequency
domain analysis.
Demonstrator The result of the time-domain analysis for the demonstrator
is shown in Figure 10.3. It is clear that the error level is significant with respect
to the output signals. This is typical for time-varying systems as the system
never really reaches steady-state and hence the level of the measurement noise
is never reached. The noise level cannot be calculated out of repeated experiments, unless the experiment is done in the exact same conditions including
the time-variation.
The result of the frequency domain analysis is shown in Figure 10.4. It clearly
shows the presence of the skirts around the excited frequencies. However, from
the current result, it is impossible to see if there is nonlinear distortion. The
skirts are so wide that they influence the detection lines. One way to solve
this is to treat these skirts as a leakage effect. Adding a Hann window (Harris
[1978]) hopefully narrows the skirts enough such that their influence on the
nonlinear spectral detection lines is negligible. The result of this operation is
shown in Figure 10.4. It is clear that some nonlinear distortion is present in
the system. We can therefore conclude that the system behaves as a NLTV
system.
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Figure 10.3: Result of the time domain analysis of the demonstrator. A randomly
chosen measured period (fourth) (black) is compared with the subtraction of all the measured periods with the last measured period
(shades of red). There is clearly no convergence to the noise floor

However, we will consider that the nonlinear distortion to not be prominent
enough. Therefore, we approximate the system behavior as being a linear
time-varying system. It should be noted that this decision is enforced due to
the lack of knowledge on how to identify nonlinear time-varying systems as
will be seen later on.

Passive Filter The result of the time domain analysis of the passive filter is
shown in Figure 10.6. As is the case with the demonstrator, the system clearly
does not behaves similarly to a time-invariant system. There is no transient
visible that is seen damping. The result of the frequency domain analysis
is shown in Figure 10.7. It clearly shows that skirts are present around the
excited lines and that nonlinear distortion is present. However, they are less
wide which makes it possible to easily see that nonlinear distortion is indeed
present too. While we can classify this system as nonlinear time-varying as
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Figure 10.4: Demonstrator: Result of the output of the frequency domain analysis
method. Blue: excited spectral lines; Red: non-excited detection
lines; Green: noise

well, we assume that the level of the nonlinear distortion is not important
enough for this purpose. As such, we classify the system as a linear timevarying system.

10.4.4

Reaching the end of the line

The next step in the identification process should be the identification of the
nonparametric model of the system. However, this is where the content of the
self-study kit is currently limited. The research on Nonlinear Time-Varying
(NLTV) systems has only just begun and there are no easy to use techniques
available yet to fully identify this class of systems. As for the linear timevarying systems (LTV), there are three main reasons why (non-)parametric
modeling techniques for time-varying (LTV) systems are not implemented yet.
The first problem is that the currently available identification techniques are
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Figure 10.5: Demonstrator: Result of the output of the frequency domain analysis
method after applying a Hann window. Blue: excited spectral lines;
Red: non-excited detection lines; Green: noise

still very fresh. This comes to no surprise as research on time-varying systems has only started in the last decade. The problem with methods resulting
from new research is that the only references of these techniques can be found
in papers and PhD dissertations whose target audience is mostly academics
who are part of the identification community. The result is an abundance
of equations and mathematical proofs making it very hard for practitioners
in industry to extract all the information that is usable within an industrial
environment. The learning curve is extremely high, especially when the practitioner has been away from the academic world for a while.
The second problem lies in the more advanced manipulations. In the context
of NLTI systems, the working principle of the techniques is explained through
creative, yet simple manipulation of the data. In the case of the Time-varying
systems, more techniques are required that can not always be interpreted visually. At least, this is the case for now. The idea is to analyze the techniques
more profoundly and to see how they can be implemented in the self-study
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Figure 10.6: Result of the time domain analysis of the passive filter. The fourth
measured period (black) is compare with the errors from the subtraction of all the measured periods with the last measured period
(shades of red). There is clearly no convergence to the noise floor.

kit with the focus on keeping the learning curve acceptably steep.
The third problem is that there is no general identification technique to tackle
all the time-varying systems. Depending whether the time-variation is periodic or not and whether the cause of the time-variation is known and can be
quantified or not, different techniques have been developed. An small overview
of some linear time-varying identification techniques that have been developed
at the ELEC department of the Vrije Universiteit Brussel is given below.
• A nonparametric technique focuses on the identification of linear aperiodic time-varying systems. The cause of the time variation is unknown.
The goal is to obtain the FRF at each time instant, called the instantaneous FRF’s at any given time during the measurement to allow the
practitioner to better understand the change in behavior of the system
over time. The limitation to this technique is that the time-variation
should be slow enough to ensure that the skirts that typically appear
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Figure 10.7: Passive Filter: Result of the output of the Frequency domain analysis
method. Blue: excited spectral lines; Red: non-excited detection
lines; Green: noise

around excited spectral lines are separated when the system is timevarying. They can only be estimated if they do not overlap in between
the excited lines. The technique is described in Lataire [2011].

• Another identification technique focuses on the identification of linear
time-periodic systems (LTP) operating in open and closed-loop. The
technique is described in Louarroudi [2014].

• The previous time-varying techniques are applied when the time-variation
of the DUT is unknown. When the (scheduling) parameter variation is
known or can be measured, a Linear Parameter-Varying model (LPV)
can be identified. The technique is described in Goos [2016].
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Figure 10.8: The LTV system is represented as a series expansion in the time
domain. Figure by permission from (Lataire [2011]).

10.5

A toolbox to estimate a aperiodic linear
time-varying system

Although we have explained that the self-study kit is limited in content from
this point on, we want to mention that there are some toolboxes available
that incorporate the linear time-variation identification techniques mentioned
above. For the two first methods, two toolboxes exist. The problems when
using these toolboxes are that they still require high level prior knowledge,
are implemented for research and are only minimally documented. The result
is that for most practitioners in industry, they remain hard to use. This is
not the case for the third toolbox developed by Dr. Ir. John Lataire. Lataire
[2011]
This toolbox allows one to make a nonparametric estimate of an aperiodic LTV
system by estimating the skirts. Over the last years, it has been improved,
refined and more documentation has been added up to the point that it is
almost ready to be used by a wider public. It is currently in its testing phase.
Once the toolbox is ready, it will be added to the self-study kit such that,
if wished for, practitioners in industry will be able to use it to analyze the
behavior of their systems over time. Of course, when using the toolbox, we
have to accept that the toolbox is perceived as a black box as the underlying
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algorithms are unknown or need to be further explained.
To show the reader what can be expected of the toolbox, we use it to estimate
the instantaneous FRF’s of the two case study systems. For this reason, we
classified our systems to behave a LTV systems instead of NLTV. The result
is discussed below.

10.6

A nonparametric Time-Varying
estimation

Before diving straight into the results, a small introduction to the concept of
the technique is given. This allows the practitioner to at least get an idea of
the underlying algorithms. The technique introduced here is fully described
in Lataire [2011].

10.6.1

A general high-level introduction to the
technique

The toolbox uses a model structure to represented the LTV systems that is
shown in Figure 10.8. The model structure is a series expansion of the response
in a set of basis functions that describe the time-variation
Np

y(t) = ∑ L−1 {Gp (s)U (s)} bp (t)

(10.1)

p=0

where bp (t) is called a basis function.
The idea of the technique is to estimate each branch Yp′ (k) separately in the
Frequency domain
Yp′ (k) = (Yp ∗ Bp )(k)
=

1 N −1
∑ Gp (k ′ )U (k ′ )Bp (k − k ′ )
N k′ =0

(10.2)

and combine these branches to estimate the nonparametric response Y (k) of
the system as follows
Np

Y (k) = ∑ Y ′ p(k).
p=0
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Figure 10.9: Visual representation of series expansion representation for one
branch in the Fourier Domain. Figure by permission from (Lataire
[2011])

The graphical interpretation of a pth branch is shown in Figure 10.9.

10.6.2

Using the toolbox on the case study systems

10.6.2.1

The excitation signals

The idea is to make a nonparametric estimation based on the skirts. To this
end, the same experiment is done during the classification step, except that
all the spectral lines within the band of interest are excited. Based on these
measurements, the toolbox calculates the instantaneous FRF at different time
stamps.
155

10. Case Study: Linear/Nonlinear Time-Varying systems

0
-10
-20
-30
-40
-50
-60
-70
0

0.5

1

1.5

2
10

4

Figure 10.10: The result of the estimated instantaneous FRF of the LTV Demonstrator at different timestamps (dark to light)

10.6.2.2

The result of the toolbox

Demonstrator The result of the estimation of the instantaneous FRF using
the toolbox at different timestamps is shown in Figure 10.10. It is clear that
over time, the resonance frequency is shifting. When this has not been taken
into account, the model will not provide a behavior matching the measurements at the output.

Passive Filter The result of the estimation of the instantaneous FRF using
the toolbox at different timestamps is shown in Figure 10.11. While the timevariation caused the dynamical behavior to shift over the frequency in the first
example, a change in magnitude (dB) is now seen for the passive filter. This
does not come as a surprise as the scheduling system basically changes the
value of the resistor that defines the characteristic of the filter (10.2).
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Figure 10.11: The result of the estimated instantaneous FRF of the Passive filter
at different timestamps (dark to light).

10.7

Conclusion

So far, the content of self-study kit with respect to time-varying systems is
limited to the classification process. The techniques that are needed to tackle
the time varying systems are very complex and still need to be demystified to
make it more accessible for practitioners in industry. Until this is done, toolboxes will be provided that have been proven to work such that practitioners
can continue the identification process and estimate the systems at hand. The
downside of these toolkits is that the underlying algorithms will be unknown
to the practitioners.
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Chapter

From a toy system to a real
system: the F-16 Falcon Fighter
11.1

Introduction

So far, we have introduced identification techniques to tackle different systems
belonging to different classes. We applied these techniques on small scale,
mainly electronic, toy systems. But are these methods also valid on large
industrial systems? We put this to the test by doing a Ground Vibration Test
(GVT) measurement campaign on a real F-16 Fighter Falcon using the NLTI
identification techniques introduced in Chapter 9. The result of this campaign
is discussed here.
This chapter is based on Vaes et al. [2015].

11.2

A short introduction to GVT

A Ground Vibration Test (GVT) is typically done during the development
process of an airplane. Its purpose is to obtain an experimental validation
and/or improvement of the structural dynamical model of the plane to allow
for a better understanding of its behavior. One of the goals of this campaign
is to predict the flutter behavior of the aircraft and to plan the safety-critical
in-flight tests of the aircraft (Peeters et al. [2008]).
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Figure 11.1: The F-16 FA 03 Fighter Falcon of the Belgian Army

Most of the methods developed for GVT that are used in current industrial
tests use linear time invariant (LTI) identification methods. These methods
are well behaved as long as the excitation level of the input signal remains low
enough so that the system is excited in its linear domain. When the aircraft
excitation passes a certain level, they are known to be prone to nonlinear
phenomena. A specific challenge encountered with fighter aircrafts, besides
aero-elastic nonlinearity, is the modeling of the wing-to-payload mounting interfaces. For large amplitudes of vibration, friction and gaps may be triggered
in these connections and markedly impact the dynamic behavior of the complete structure.
When the nonlinear distortion becomes so prominent that it impacts the dynamic behavior of the structure, using the LTI identification methods can lead
to an incorrect interpretation of the measurement results and result to bad
decisions in the future steps of the development.
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11.3

The identification process of the F-16

In this chapter, we examine the effects of the wing-to-payload mounting interface of the F-16 Fighter Falcon FA-03 as owned by the Belgian Army (Figure
11.1). That specific F-16 unit was operational between 1979 and 1993 and is
now used for educational purposes at the ‘Royal Technical School Saffraanberg’.
The measurements were performed during a two-day measurement campaign
organized by LMS Siemens under the supervision of Bart Peeters in joint collaboration with the department ELEC (Vrije Universiteit Brussel, Belgium)
and the Space Structures and Systems Lab from the lTAS department (University of Lige, Belgium). The first part of the campaign consists of analysis
of a Single Input, Single Output (SISO) behavior to illustrate that the NLTI
techniques introduced in Chapter 9 are valid in this context. The second part
of the campaign consists of extending the techniques to the MIMO case to
simulate a real GVT.

11.3.1

Measurement Setup

Prior to the measurement campaign, a workshop was held by LMS Siemens.
The goal of the workshop was to introduce clients of LMS Siemens to the
techniques used in a GVT such as detection of the modes and estimate the
dynamic behavior of a mechanical system. To offer the best learning experience, LMS Siemens provided a test environment with the F-16 Fighter Falcon
as DUT to perfectly simulate a real GVT. The aircraft was excited by two
shakers placed underneath each wing and over 160 accelerometers were attached all around the aircraft for the MIMO identification process. The test
environment was left unchanged and gave us the opportunity to simulate our
own real GVT campaign.

11.3.2

Excitation Signal

Due to the limited measurement time available, it was decided to combine
the fast and robust nonparametric modeling techniques in one experiment.
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The F-16 was excited with an odd random phase multisine as is introduced in
Section 9.4.4.1 with the following specifications:
• Sampling frequency fs = 200Hz
• N= 8192 data samples per period
• F = [1, 60]Hz band of excitation
• D=3
• M = 10 realizations
• P = 3 periods
and one sensor that is attached to the dummy missile was measured (Figure
11.2). Three power levels were measured. Each measurement at one power
level took just over 20 minutes to complete. The result of these measurements
were processed using the NLTI techniques and shown below. Note that while
the frequency band of excitation F extended to 60Hz, it was decided to limit
the analysis in the 3Hz to 15Hz range to focus on the most interesting dynamical behavior of the F-16 Fighter Falcon.

Remark: The analysis of the measurements are done in voltages as the
conversion rate to Force/acceleration was not checked and known.

11.4

The nonparametric identification of the
F-16

11.4.1

Qualifying the nonlinearities

First, the presence of a nonlinear distortion is determined from the measurement data with a low input excitation. The result is shown in Figure 11.3.
The level of odd and even nonlinear distortions is close to the noise level at
almost all frequencies, except for the anti-resonance - resonance pair closest
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Figure 11.2: A wing-to-payload mounting interface from the measured F-16
Fighter Falcon.

to 9Hz. Still, the level of the nonlinear distortion is on average at least 20 dB
lower with respect to the excited spectral lines so we can assume the aircraft
behaves as a LTI system.

Increasing the input power results in an output where the nonlinear distortion becomes more prominently present over the complete frequency span,
as shown in Figure 11.4. At the resonance frequencies, the odd nonlinear distortion is dominant over the even nonlinear distortion. Using the signal levels
at the resonance frequencies allows one to estimate the degree of the nonlinear
distortion, and to check the even/odd behavior that is expected. From Figure
11.3 to 11.4, the excitation is raised by 9 dB. Hence, the even second order distortions should increase around 20 dB, while the odd third order ones should
increase with 30 dB. Comparing the even/odd distortion near the resonance
frequencies at 7 Hz and 9 Hz shows that this indeed seems to be the case.
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Figure 11.3: Output spectrum measured for a low power multisine excitation at
the input. Black = output spectrum, red = odd detection lines, blue
= even detection lines, green = measurement noise level

11.4.2

Quantifying the nonlinearities

The second method, the robust method, is now applied to the data for all
three power levels and the result is shown in Figure 11.5. If the system would
be LTI, the estimated GBLA (fk ) would be independent on the input power.
However, the presence of the nonlinear distortions results in the behavior of
the F-16 to dampen when the power of the excitation signal is increased. Also
note that there is a shift to the left visible in the resonance frequencies when
zooming in as is shown in Figure 11.6. The resonance frequencies shift to
lower frequencies.

11.4.2.1

Parametric modeling

One of the goals of a GVT is to also estimate a parametric model. This
parametric model is then typically used to update or compare with the simu164
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Figure 11.4: Output spectrum measured for a high power multisine excitation at
the input. Black = Output spectrum, red = odd detection lines, blue
= even detection lines, green = measurement noise level

lated Finite Element Method (FEM) model. To this end, we have estimated
a parametric model on the estimated GBLA from the data with the highest
excitation power. The result is shown in Figure 11.7. The model order (16/16)
was based on the number of resonances and anti-resonances and tweaked until
a good fit was obtained.

11.5

Extending to MIMO

So far, we have proven that it is clearly possible to apply the advanced modeling techniques on industrial systems. However, when the measurement campaign started, we disconnected the shaker attached to the left wing to limit
ourselves to the study of the behavior the system in the SISO case.
It was mentioned earlier that the GVT workshop that was held before the
measurement campaign used two shakers to excite the F-16 Fighter Falcon
to allow the practitioner to perform MIMO experiments. So the question we
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Figure 11.5: Result of GBLA (fk ) of the F-16 Fighter falcon with increasing power
(from dark to light) with σn (fk ) and σn+N L (fk )

ask ourselves is if the techniques to identify nonlinear systems as introduced
in Chapter 9 can be extended to the MIMO case? The answer is yes. The
technique to extend to the MIMO case is fully illustrated in Schoukens et al.
[2012a]. The general idea is to generate multiple experiments # where # is
equal to the number of inputs and make sure to randomize the orthogonal
multisine signal from one sub-experiment to the other. This avoids dependence on the nonlinear output distortion. This technique has not yet been
implemented into the self-study kit however. For this reason we use the toolbox designed by Rik Pintelon that is not only able to design the input signals
for a MIMO experiment, but also able to process the data by using the nonparametric nonlinear modeling techniques. The toolbox is found online on the
Wiley website http://booksupport.wiley.com (ISBN:9780470640371).
The two shakers that are attached to both wings were used to excite the F16 (2-inputs) and two randomly selected sensors out of the 160 sensors were
measured. The data was processed by the toolbox and its result is shown in
Figure 11.8.
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Figure 11.6: The result of GBLA (fk ) of the F-16 Fighter falcon with the lowest
(black) and the highest (light) excitation power zoomed in around
the resonance frequencies

11.5.1

Conclusion

It is shown that the influence of the nonlinear distortion when increasing
the power of the excitation signal changes the dynamic behavior of the F-16
Fighter Falcon. This was proven by successfully applying the NLTI identification techniques that were introduced in Chapter 9 and are a part of the
Self-study kit.
Also note that while it has not been implemented yet in the self-study kit,
it is effectively possible to use these techniques in the MIMO case making it
possible to use them for GVT campaigns.
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Figure 11.7: The result of the estimated parametric model GBLA (fk , θ) with
model order 16/16 with GBLA (fk ) (black), GBLA (fk , θ)(red), σn (fk )
(green) and σn+N L (fk ) (red –)

0

0

-50

-50

-100

-100
5

10

15

5

10

15

5

10

15

0
-50

-50
-100

-100
5

10

15

Figure 11.8: The result of the 2x2 MIMO experiment with GBLA (fk ) (black),
GBLA (fk , θ)(red), σn (fk ) (green) and σn+N L (fk ) (red –).
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Chapter

Conclusions
12.1

Main contributions

The goal of this work was to develop an educational tool for practitioners
in the industry and for academic students to introduce them to advanced
identification techniques. The main contributions are summarized as follows.
• The foundation blocks of the self-study kit have been designed based on
the content presented in this work. They have been written in a modular
way based on a wiki structure to allow practitioners to directly focus on
the content they wish to tackle. A linear path is also provided with a
step by step explanation to the system identification process to provide
a guidance for practitioners and students that are new to identification.
• The advanced techniques have been rewritten whenever possible to drastically lower the learning curve. This was done by having two explanation levels: the conceptual and the practical level. The conceptual level
introduces the techniques by mainly focusing on visual feedback to feed
the intuition and avoids mathematical equations as much as possible.
The second level introduces the actual techniques on a practical level
with the help of well documented MatLab code.
• Three low cost DIY systems have been developed that can be build by
the practitioners for direct hands-on training. This minimizes the gap
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between theory and practice.

12.2

Future research

The future research mainly consists of further expanding the self-study kit.
First, by adding more techniques to further improve the identification process
as long as it is useful for practitioners in industry. Secondly, we need to attract
more engineers from various disciplines by designing DIY systems that they
are familiar with.

12.2.1

Extending the technical content

Below, we introduce some of the techniques that should be added to the selfstudy kit. The main reason why they have not yet been implemented is that
not enough research has been done on how to explain these techniques in a
user-friendly manner for practitioners in the industry. So far, they are only
covered in papers and books whose target audience are academics that have
a solid knowledge of system identification.
12.2.1.1

Introduce the techniques to for MIMO experiments

So far, the techniques that have been introduced in this work and in the selfstudy kit were based on SISO experiments for its simplicity of understanding. However, it was shown in Chapter 11 that some classical identification
techniques that are used in the industry like the GVT are based on MIMO
experiments. While we have not yet extended the content of the self-study
kit to the MIMO case, it has been shown in Chapter 11 that it is possible to
apply the NLTI identification techniques for the MIMO case.
12.2.1.2

Extending the time-varying techniques

Chapter 10 introduced the identification process of time-varying systems, but
ended just after the classification step. Although we have shown that some
identification techniques have been developed over the last years, they have
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not yet been implemented due to the high learning curve. These techniques
should be ‘demystified’ and added to this framework.
12.2.1.3

Extending the parametric identification techniques

In Chapter 7, a parametric identification technique was introduced to estimate
the model of a LTI system. While it performs well in 95% of the cases,
sometimes other estimators may be needed such as the Total Least Squares
(TLS) estimator mentioned in Chapter 7. While the actual implementation is
not that difficult, it is more difficult to explain towards practitioners within
industry due to the more involved operations.
12.2.1.4

Expanding the content with engineering discipline
specific needs

Once the foundation of the self-study kit has been set, it would be interesting
to collaborate with enthusiasts in system identification from other engineering
disciplines. The idea here is to add some discipline specific topics with regards to system identification, such as the hardware choices and measurement
goals, to easily attract practitioners with different backgrounds. So far, we are
generally limited to applications in low frequent electronics and mechanical
vibrations.

12.2.2

Expanding the hands-on experience

So far, the DIY systems introduced in the self-study kit to provide hands-on
training are limited to two disciplines: mechanics and electronics. This means
that a mechanical or an electronic engineer will feel motivated when learning
the advanced identification techniques as they get direct feedback from systems
that they are familiar with. This is not the case for practitioners that are active
in different engineering disciplines. They might feel less attracted to tackle
the content as they do not see an application for it.
In order to make the self-study kit more attractive to engineers, more DIY
systems should be designed to cover more engineering disciplines.
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Mitigating the learning curve for system identification
Mark Vaes
Given the limited time an Academic Institution is given to educate engineering students and the ever expanding amount of knowledge, students are more
and more forced to choose between an early specialized in-depth engineering
track or a general but more superficial education. The result is that students
either graduate as specialists in one discipline or become generalists with a
more general knowledge in two or more disciplines.
Unless the students choose a specialization in system identification, they only
master Linear Time-Invariant system concepts and identification at best. This
general knowledge explains the basic linear time invariant system concepts and
introduces basic identification tools, but often falls short to tackle real world
systems that often possess a more rich behavior. Applying basic techniques
to real systems therefore often results in poor models, hampering the development and design of new products, while suitable methods exist but remain
out of reach for many potential users.
The goal of the PhD is to soften the learning curve for more advanced methods to improve their use in practical conditions. We design a self-study environment to provide practitioners within industry and non-identification professionals with a more practical and custom tailored learning approach for
system identification, with a focus put on hands-on training. We believe applying new tools and concepts directly to real world toy systems can bridge the
gap between the newly gathered abstract knowledge and practically applicable methods ready for real industrial use. We believe that academic students
also benefit from such an approach as it sharpens their practical skills and
prepares them better for our model-driven engineering world.

