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1. Summary
Measurements are dynamical processes where the unknown input value is estimated using the sensor’s transient response. The sensor response in its steady
regime is proportional to the input. However, waiting for the sensor steady regime
is impractical. For fast input estimation, the classic approach suggests filtering the
sensor’s transient response with another dynamical system, which compensates for
the estimation time. The compensator design uses a sensor model, aiming to revert
the sensor dynamics. Another approach estimates the input with data-driven
methods that are independent of the sensor model. The independence from the
sensor model allows the implementation of estimation methods in a wide variety
of sensors. Current digital signal processors (DSP) allow the implementation of
both model-based and data-driven estimation methods.
There exists a data-driven method that directly estimates the step input level from
the sensor step response. The data-driven method’s formulation is a minimization
problem equivalent to a Hankel-structured errors-in-variables (EIV) problem.
Moreover, the measurement noise enters the regression matrix and the regressor,
causing correlation. The recursive least-squares algorithm solves the structured
and correlated EIV problem, enabling real-time implementation.
The uncertainty of the step input estimation method is unknown and is not
straightforwardly evident. We studied the stochastic properties of the data-driven
step input estimation to validate the method for metrology applications. The
statistical analysis yields the estimation bias and variance, and thus, the estimation
uncertainty.
Both with simulations and experiments, the sample mean squared error (MSE)
of the step input estimation method is compared to its analytical Cramér-Rao
bound. The Cramér-Rao bound determines the minimum theoretical variance of
the estimation. In conclusion, the data-driven step input estimation is biased but
has a small variance, and the estimation MSE is less than one order of magnitude
larger than the Cramér-Rao bound. Moreover, in practical experiments, the step
input estimation method is robust when the measurement noise is not Gaussian
and white.
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2. Introduction

A measurement is a dynamic process, and a sensor is a dynamic system. The
physical quantities of interest are the inputs of the system, and the outputs are the
electrical signals collected from the sensor. The inputs interact with the sensor,
and there are energy transfers between them that modify the sensor state. The
sensor output response depends on the applied inputs and on the sensor’s initial
conditions.
Take for example the case of a thermometer. To measure temperature, the thermometer is put in contact with the substance or object of interest. According
to the Newton’s law of cooling, the temperature y of the thermometer changes
proportionally to its difference with the temperature u of the matter under study:
dy
= kT (u − y)
(2.1)
dt
where the proportionality constant kT is a parameter of the thermometer’s first
order model. The input u is unknown and its estimation is the objective of the
measurement. It is customary to take the reading from the thermometer once the
temperature stops changing.
Another popular example of a measurement is found in weighing. In most of
modern scales, the object of interest is placed on top of a weighing sensor. A simple
model of the weighing sensor is a second order mass-spring-damper model shown
in Figure 2.1. In this model, the unknown mass u(t), that can be time-dependent,
causes a displacement y of the scale and the dynamics of the sensor are described
by the differential equation:


d
dy
dy
(2.2)
(u(t) + m)
+ kd + ks y = (u(t) + m) g
dt
dt
dt
where m is the own mass of the scale, kd is the damping constant, ks is the elasticity
constant, and g = 9.81 m/s2 is the gravitational acceleration.
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For illustration purposes, Figures 2.2 and 2.3 show the responses of the thermometer and the weighing sensors, respectively, after the application of a constant
input u, which can be represented by a step input.
y
u(t)
m
ks

kd

Figure 2.1.: A second order mass-spring-damper model represents the weighing
sensor. The application of the mass u causes a change in the position y
of the scale.
67

23
0

2

4

6

8

10

Figure 2.2.: This simulation shows an example of the temperature change experimented by a thermometer, with kT = 0.5s−1 , caused by a step input of
67 ◦ C when the thermometer was initially at 23 ◦ C. In this example,
we should wait 10 s to have an estimation of the input with a relative
error lower than 0.5%.
In Eichstädt et al. [2012] an illustration on a force measurement sensor can be
found. The sensor is modeled as a cascade of two damped mass-spring systems.
The transfer function of the sensor is H(s) = H1 (s) H2 (s), where each of the two
transfer functions are described by
Hi (s) =

(2π f0,i )2
s2 + 2δi (2π f0,i ) s + (2π f0,i )2

(2.3)

where δ1 = 0.1, δ2 = 0.2, f0,1 = 1.9 Hz, and f0,2 = 7 Hz are the system parameters.
The response of this sensor to a unit step input, shown in Figure 2.4, takes at least
5 s to in which the transient response is predominant.

2

10-3

1

0
0

0.5

1

1.5

2

Figure 2.3.: This simulation illustrates the displacement observed when a constant
input u = 1kg is applied to a weighing sensor in equilibrium. The
sensor parameters are kd = 5 N s/m, m = 5 g, and ks = 10250 N/m.
In this conditions, the user has to wait more that 2 s to observe a
stabilization on the scale and to estimate the mass from reading the
final value of the displacement with a relative error smaller than
0.72%.

2

1

0
0

1

2

3

4

5

Figure 2.4.: The simulation of a force sensor based on a double mass-spring
system in cascade also shows that the stabilization after a unit step
input is not instantaneous. In the plot we infer that the user has to
wait 5 s to estimate the force from the sensor response that is 0.25%
far from its value in equilibrium.
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The handbook of sensors written by Fraden [2016] describes a pressure sensor
that detects sudden changes in the pressure inside a room. These changes can be
caused by the opening of a door or by the movement of a person. The principle of
operation of detecting minute pressure gradients is the flowmeter that compares
the pressure at both outlets of a tube. An experimental identification of such a
flowmeter is described in Wiklund and Peluso [2002], where a second order model
is proposed to explain the dynamics with the transfer function
H(s) =

e−τdelay s
(1 + τ1 s) (1 + τ2 s)

(2.4)

where τdelay = 0.07 s is the dead time, and τ1 = 0.01 s and τ2 = 1.6 s are two time
constants. The step response simulation of this dynamic model results in the
sensor step response shown in Figure 2.5. We have a response to a unit step
function that is mostly and increasing exponential that requires 7 s approximately
to reach a value that is 98.7% of its maximum value.
1

0
0

2

4

6

8

10

Figure 2.5.: The response of a flowmeter to a sudden change in its pressure gradient acrros the extremes of a tube is an overdamped transient response.
Ideally we would expect the the transient response follows closely
the shape of the unit step input applied, but instead an exponential
response is observed, that last for more than 7 s.
There is a trade-off between speed and accuracy when measuring with a linear
time-invariant sensor. The input excitation drives the sensor into a transient
regime, and when the transient response is below the noise level, we say that
the sensor is in steady state. During the sensor transient regime, the response
does not directly represent the input, but in steady state, the sensor response is
proportional to the excitation. The input can be estimated accurately from the
sensor steady state response using the sensor static gain. However, waiting for
the steady state is not always possible for practical applications that need fast
measurements. In these practical applications, the input must be estimated during
the transient regime.

4

One approach to get a fast input estimation is filtering the sensor transient response with another dynamical system that inverts the dynamics of the sensor.
The filter output is an input estimate that compensates for the time span of the
sensor transient regime. The transient duration of the compensation filter should
be smaller than that of the sensor. The compensator is designed after a sensor
model to deconvolve the sensor response.
Another approach relies on the use of digital signal processors (DSP) to estimate
the input value from the sensor transient response. DSPs offer an extra versatility
level since they allow to implement methods that do not necessarily simulate
the dynamics of linear systems, such as digital filters. A suitable data-driven
method in a DSP can provide faster input estimations than with the model-based
compensators.
An example of a data-driven method devised for a DSP is the direct step input level
estimation from the sensor step response introduced in Markovsky [2015a]. This
method formulates a Hankel structured errors-in-variables (EIV) problem with
correlation. The regression matrix has a block-Hankel structure. The correlation
exists because the transient response, perturbed by measurement noise, constructs
both the regression matrix and the regressor. The measurement noise is assumed
to have zero mean and finite variance. The method is implemented in real-time
using a recursive least-squares (RLS) solution of the structured EIV problem.
The main advantage of the data-driven step input estimation method is that it
does not identify the sensor model, but instead, it directly estimates the input.
The direct estimation differs from the standard two-stage methodology that first
identifies the sensor model and later estimates the input. In this approach, the
output-error (OE) problem is converted into an EIV problem that is harder to
solve, but the RLS solution is easy to compute. The range of application of the
data-driven input estimation method is extensive because it is independent of
the sensor model. The main disadvantage of the data-driven input estimation
method is that its stochastic properties are not straightforwardly evident. It is
more complex to find the stochastic properties of EIV problems when they have
structure and correlation.
The estimation uncertainty assessment is needed to validate the estimation methods for metrology applications. The uncertainty of the data-driven step input
estimation method described in Markovsky [2015b] is unknown. The estimation
bias and variance define the estimation uncertainty, as it is explained in Pintelon
and Schoukens [2012], and they can be obtained by conducting an elementwise
statistical analysis. The validation of the step input estimation method requires
also to demonstrate its effectiveness on real-life measurements. Temperature and
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mass sensors are suitable for real-life measurement experiments. One challenge
of using real-life sensor outputs is that the noise may not fulfill the whiteness
assumed in the estimation problem formulation and in the statistical analysis. The
experimental and simulation results permit to evaluate the step input estimation
method performance.
The step input estimation method concepts raise the curiosity towards the design
of estimation methods for other input models. The affine input model, for example,
is found in conveyor dynamic weighing systems. The dynamic weighing estimates
the mass of materials or products during their transportation. When the conveyor
belt moves at a constant speed, the weighing sensor is excited with an affine profile,
described by the slope and the intercept parameters. The affine input parameters
can be estimated by adapting the step input estimation method.

2.1. State of the art
The scientific literature contains metrology studies that deal with the dynamic
process effects of measurements. This subsection presents a list of relevant works
published in relation with the thesis topic. These works study theoretical aspects
like the estimation of inherent dynamical errors presented in Hessling [2006], the
dynamic correction in time domain proposed in Hessling [2008]; and experimental
aspects like the increment of the amount of sensors in production lines for quick
decision making in autonomous control described in Esward et al. [2009].
To implement input estimation methods in the practice, the compensation filters
based on deconvolution explained by Eichstädt et al. [2010] are the preferred
methodology to develop, for example, analog filters in Jafaripanah et al. [2005],
adaptive digital filters in Shu [1993], lattice adaptive filters in Hernandez [2006],
compensators for simultaneous responses of different sensors in Boschetti et al.
[2013], regularized deconvolution compensators in Dienstfrey and Hale [2014],
and a multiple choice set of filters in Huang et al. [2016]. All these methods have
in common the use of the measurement system model parameters to build the
compensator.
A list of measurement methods based on digital signal processors (DSP) include a
data-driven dynamic error correction and its impact on the measured temperature
studied in Saggin et al. [2001], a modulation quality measurement of microwave
access systems presented in Angrisani and Napolitano [2010], a real-time rotational speed estimation method using correlation introduced in Wang et al. [2014],
a biology-inspired electronic nose developed in Jing et al. [2016], and impedance
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measurements for material damage estimation method using cross-correlation
introduced in de Castro et al. [2019]. The data-driven step input estimation
method proposed by Markovsky [2015a] is added to this list, highlighting the fact
that it can be implemented for the measurement of different physical magnitudes
because it is model-independent.
In metrology, a measurement is an estimation, represented as a random variable.
The measurement noise always exists, and therefore, the input estimation is commonly expressed with its two first statistical moments as it is described in Ferrero
and Salicone [2006]. The guidelines listed in BIPM et al. [2008], and accepted
by the metrology community, recommend the standardization of the uncertainty
assessment. The typical measurement uncertainty analysis is reviewed in Hack
[2012]. The Monte Carlo method is an uncertainty evaluation tool according to
Cox and Siebert [2006], that supports the use of simulation techniques for quantifying measurement uncertainties as suggested by Esward [2016]. One example
of the Monte Carlo method application is a dynamic measurement uncertainty
evaluation of clinical thermometers described in Ogorevc et al. [2016].
Nevertheless, researchers like Esward et al. [2009], and Hessling [2010] still
pinpoint the need to study more the uncertainty assessment methods. Diniz et al.
[2017] recommends to consider the uncertainties of all the measurement chain
components, and to avoid the direct uncertainty propagation from the calibration
towards the to-be-measured quantity. Methods for evaluating the uncertainty
associated with the output of compensation filters have been investigated for a
discrete-time infinite-response filter in Link and Elster [2009], a discrete-time
finite-response filter in Elster et al. [2007]; Elster and Link [2008], and the Kalman
filter in Eichstädt et al. [2016]. All these works propagate the uncertainty through
the filter, but it is also necessary to upward the propagation up to the sensor model
to include all systematic error contributions, as it is explained by Hessling [2011].

2.2. Original contributions and organization of the
thesis
This thesis describes research work initiated after the data-driven step input estimation method proposed by Markovsky [2015a]. This method aims for metrology
applications but it lacked an uncertainty assessment, and, therefore, its appropriateness was questionable. A description of the data-driven step input estimation
method is presented in Chapter 3.
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2.2.1. Statistical analysis
Chapter 4 describes the first research work conducted that is a statistical analysis
of the data-driven step input estimation method, aiming to elucidate the bias and
the covariance of the input estimation. After obtaining these statistical moments,
the estimation uncertainty was assessed, and thus, the effectiveness of the method
was appraised.
The data-driven step input estimation method formulates a structured errors-invariables (EIV) problem. In linear estimation EIV problems, the measurement
noise perturbs the regression matrix and the regressor, as it is detailed in Van
Huffel and Vandewalle [1991] and Markovsky and Van Huffel [2007]. The regression matrix, in structured EIV problems, has a structure that depends on the
problem formulation. Hankel and Toeplitz matrices appear in several application problems such as those described by Markovsky [2015a] in metrology, by
Söderström [2007] in system identification, by Feiz and Rezghi [2017] in image
restoration, by Cai et al. [2016] in nuclear magnetic resonance spectroscopy, by
Pan et al. [2018] in direction-of-arrival estimation, and by Jia et al. [2018] in
time-of-arrival estimation.
The data-driven step input estimation method introduced by Markovsky [2015a]
directly estimates the input from the sensor transient response. The perturbations
in the formulated EIV problem come from the sensor output, since it is the only
observed signal, and from this signal both the regression matrix and the regressor
are built. The structure in the regression matrix is block-Hankel. The data-driven
direct estimation methodology estimates the input faster than the classical twostage approach described in Azam et al. [2015] and Niedźwiecki et al. [2016],
which first identifies a sensor model and later estimates the input using the sensor
model.
Instead of using a total least-squares (TLS), or an instrumental variables , solution
of the structured EIV problem, the step input estimation method uses the recursive
least-squares solution (RLS). In the review conducted by Markovsky and Van
Huffel [2007] it is shown that the TLS solution of unstructured EIV problems is
consistent when the perturbations have zero mean with a given positive definite
covariance, and the TLS solution is equivalent to the maximum likelihood (ML)
solution when the disturbances of the EIV problems are i.i.d. normally distributed.
The classical TLS solution is obtained using singular value decomposition of
the augmented matrix built from the regression matrix and the regressor as
additional columns. However, the studies presented in Van Huffel et al. [2007]
demonstrate that the structured TLS solutions cannot be generalized since each
structure in an EIV problem requires a specific treatment. Moreover, the ML
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estimator of structured EIV problems leads to non-convex optimization, and the
global optimum is not guaranteed Beck and Eldar [2010]. On the other hand, the
instrumental variable (IV) solution of EIV problems use an additional variable.
The additional variable is an instrument with the purpose of removing the bias of
the estimate. To do this, the construction of the instrumental variable has to be
done in such a way that it is uncorrelated with the perturbations and correlated
with the regressor, as it is described in Söderström [2018]. Unfortunately, the
computational complexity of the TLS, ML, and IV solutions inhibits their real-time
implementation.
The solution of the step input estimation problem is preferred to be online, since
its applications are in the field of metrology. In the literature there are references
for online implementations of TLS, ML or IV methods, which are are mainly
recursive versions of the solution methods. These recursive versions are developed
to solve EIV problems for system identification and fault detection. We have,
for example, the generalized recursive TLS solutions introduced in Rhode et al.
[2014b] and Rhode et al. [2014a], and the recursive IV solutions developed in
Djouambi et al. [2012], Shang et al. [2016] and Gil et al. [2015]. These methods
cannot be used as off-the-shelf solutions to the step input estimation EIV problem
because they need to be adapted to the specific requirements of the problem. One
is that the sensor output is the only measured signal, since the input is to-be
estimated, and the solution should be simpler, preferable with a linear complexity
O(n), instead of the cubic O(n3 ) or cuadratic O(n2 ) complexities of the mentioned
recursive methods, where n is the sensor order. The proposal of the data-driven
step input estimation method includes the recursive least-squares (RLS) solution.
Compared with recursive TLS or recursive IV solutions, RLS is a suboptimal but
more simple solution to the structured EIV problem with lower computational
complexity, suitable for real-time implementation.
The previously published works that propose LS estimators to solve structured EIV
problems do not study the required statistical moments to know the uncertainty of
the data-driven step input estimation method. In the literature we find the design
of a fast algorithm for matrices with small displacement rank in Mastronardi and
O’Leary [2007], the study of the LS estimator consistency in PalanthandalamMadapusi et al. [2010], the determination of the bias, and the mean squared
error of the parameter estimates in the identification of AR models in Kiviet and
Phillips [2012], Kiviet and Phillips [2014], and a discussion of the causes of bias
and inconsistency in homogeneous estimators in Yeredor and De Moor [2004].
The literature does not address the uncertainty of LS estimators for structured
EIV problems.
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The uncertainty of an estimation method is expressed in Pintelon and Schoukens
[2012] using the bias and covariance of the estimate. To know the uncertainty
of the data-driven step input estimation method, we quantified the bias and
covariance of the LS solution of EIV problems, for unstructured and structured
cases. The bias and covariance quantification extend the perturbation analysis that
was investigated in Stewart [1990] and in Vaccaro [1994]. The conducted analysis
provides insight into the impact that the structure and the correlation have on
the LS estimation uncertainty. The study presented in this thesis illustrates a
methodology to conduct statistical analysis for any structured EIV problem.
We derived expressions that quantify the bias and covariance by obtaining the
mathematical expectation of the LS estimate approximated by the second-order
Taylor series expansion. Using Monte Carlo simulations, we validated the accuracy
of the bias and covariance expressions. These expressions estimate the bias and
covariance that the data-driven step input estimation method will exhibit for a
given sample size and perturbation level. We compared in Quintana-Carapia
et al. [2019a] the mean squared error of the LS estimate to the minimum variance
specified by the Cramér-Rao lower bound of the structured EIV problem, to
determine the conditions under which the data-driven step input estimation
method is appropriate for practical applications.

2.2.2. Experimental validation
Chapter 5 describes the second research work that consisted in a series of experiments conducted to validate the data-driven step input estimation method in
real-life applications. The experiments were realizations of the step input excitation using a mass sensor. The step input estimation method showed robustness
when the measurement noise is not Gaussian and white, as it was assumed in the
theoretical analyses.
The validation of the data-driven step input estimation method in a practical
application was necessary to demonstrate the usefulness of the method. The
method performance was studied in Markovsky [2015a] using simulations and
temperature experiments on a digital signal processor (DSP) of low cost. The
method estimates the unknown level of step inputs by processing the sensor
step response, and avoiding the sensor modeling stage. The formulation of the
estimation method is a correlated errors-in-variables (EIV) problem with blockHankel structure.
Other methods for input estimation mainly compensate the sensor transient response, for example, by recursive estimation of the compensator parameters in Shu
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[1993], finite impulse response (FIR) filtering in Elster et al. [2007], Niedźwiecki
and Pietrzak [2016] and infinite impulse response (IIR) filtering in Pintelon et al.
[1990], Elster and Link [2008]. The uncertainty propagation for these model-based
compensators is based on the transfer function or state-space representations of
the LTI sensor and filter systems in Link and Elster [2009] and Hale et al. [2009].
Another way to assess the measurement uncertainty is by observing the results
of multiple practical measurements as it is described in Pietrzak et al. [2014] for
mass and in Ogorevc et al. [2016] for temperature sensors.
To validate the data-driven step input estimation method we built a weighing
system setup based on a load cell sensor. The weighing setup was constructed
to ensure repeatability and reproducibility, along with different experimental
realizations. Load cell sensors are versatile devices that are applied for heart and
breathing physiological signal monitoring in Lee et al. [2016], clinical analysis of
sleep quality in Zahradka et al. [2018], automobile safety studies in Ballo et al.
[2016], wind turbine design in Rossander et al. [2015], civil engineering structure
studies in Olmi [2016], and sport bicycle design in Casas et al. [2016], to name a
few.
The signal from the load cell sensor in the weighing system is conditioned using
operational amplifiers. The signal conditioning amplifier has a low-pass filter to
prevent aliasing from the noise. The observed measurement noise has non-white
noise properties, mainly due to the characteristics of the load cell sensor. One
of the assumptions of the step input estimation method formulation is that the
measurement noise is Gaussian and white. Nevertheless, the estimation results
discussed in Quintana-Carapia et al. [2019b] show that the method is still able to
provide useful input estimations.
The empirical bias and covariance obtained after repeating the weighing experiment was compared to the bias and covariance estimations obtained in our previous research work (Quintana-Carapia et al. [2019a]), and to the minimal variance
given by the Cramér-Rao lower bound (CRLB) of the structured EIV problem. We
found that the mean squared error (MSE) of the step input estimate is near the
CRLB, and the distance between the MSE and the CRLB provides a confidence
interval for the input estimate with respect to the level of the measurement noise.

2.2.3. Affine input estimation
Chapter 6 describes the third research work conducted to estimate the parameters
of an affine input, following the data-driven approach for real-time applications.
The data-driven method uses exponential weighing in the recursive least-squares
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solution of a structured errors-in-variables problem, to give preference to recent
samples over the older samples. The methodology and performance of the datadriven affine input estimation method were compared to those of a maximumlikelihood method.
A dynamic measurement is present when the fluctuations of the measurand impact
on the input estimation, such as when a low-bandwidth sensor is excited with a
fast changing input. The detection of input characteristics is of interest in several
scientific and industrial applications, such as those described for measuring
temperature in Saggin et al. [2001], pressure in Matthews et al. [2014], acceleration
in Link et al. [2007], force in Vlajic and Chijioke [2016], Hessling [2008], and mass
in Shu [1993], Boschetti et al. [2013].
We developed a method to estimate the parameters of inputs that vary at a constant
rate, influenced by the data-driven signal processing method that estimates the
step level value using subspace techniques introduced in Markovsky [2015a],
Markovsky [2015b]. An input varies at a constant rate in applications where
the magnitude of interest activates the sensor gradually. An example of this
affine activation is the measurement of mass while the to-be-weighted object is
transported by a conveyor belt, and the profile of the input is a saturated ramp.
Current solutions described in Tasaki et al. [2007], Pietrzak et al. [2014] use low
pass filters to estimate the mass in motion based on the saturated part of the ramp
input. The signal processing affine input estimation methods are motivated by the
need to obtain the mass of the object from the ramp before it reaches saturation.
We propose in Quintana-Carapia and Markovsky [2020] a data-driven method that
estimates the affine input, which is parameterized as a straight line model where
the slope and the intercept are the parameters of interest. The data-driven affine
input estimation method formulates a structured errors-invariables (EIV) problem,
similar to the one formulated for the step input estimation. An exponential weight
is added to the recursive least-squares. This is a forgetting factor that considers
that the newer samples are more relevant for the input parameters estimation.
The data-driven affine input estimation method is a recursive algorithm that can
be implemented in real-time since it has low computational cost.
The performance of the proposed method is compared to that of a maximumlikelihood (ML) estimation method based on local-optimization and a time-varying
compensation filter. The ML method simulates the response of a sensor model
to an affine input, and minimizes a cost function that is the sum of the squared
differences between the actual and the simulated sensor responses. The ML
method resembles the model predictive control approach, explained in Mayne
[2014], in the sense that a cost function is minimized iteratively to optimize the
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parameters of a sensor model using the observed sensor response in a receding
time horizon. The difference is that the ML method aims to estimate the unknown
value of the affine input parameters instead of identifying a model and controlling
the dynamic system.
After observing the simulation results, the data-driven affine input estimation
method is suitable for real-time applications since it requires low computational
resources. The ML method is more appropriate for off-line processing of the sensor
transient response, but it can estimate also the parameters of a sensor model, and
the initial conditions of the sensor. The main drawback of the ML method is the
need of high computational resources.

2.2.4. Main findings
Chapter 7 concludes this thesis work and summarizes the main results obtained
in the conducted research.
The data-driven step input estimation method reduces the input estimation time
compared with formulations based on models of the sensor. This is because the
estimation method does not require to invert the sensor dynamics. Instead, an
algorithm in a digital signal processor finds directly the step input value from the
sensor response. Since the method is not rescricted to a particular sensor model,
the method can process the step response of any sensor, and provides the input
estimation in different applications. Moreover, the method requires relatively low
computational power to process the signal of the sensor. For these reasons, the
data-driven method is suitable for real-time measurements.
After studying the statistical properties of the step input estimation, we know
the accuracy (bias) and the precision (variance) of the results. This knowlewdge
allows one to understand what is the uncertainty on the step input value that the
method estimates. We have derived formulas to quantify the bias and the variance
of the step input estimation. With these formulas we can foresee the bias and
standard deviation we will obtain with the method given the number of samples
processed and the level of the measurement noise.
The implementation of the bias and variance calculation is illustrated with a real
life sensor. A weighing system, that uses a load cell sensor, is used to generate real
life sensor step responses. The measurement noise observed from this weighing
sensor is not Gaussian white noise. The study of the estimation method performance with real data suggests what is the method order required to set a proper
implementation.
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It was explored the applicability of data-driven methods to estimate an affine
input from the sensor response. This input model is observed in measurements
where the input changes with a constant rate. The signal processing algorithm,
studied in the previous stages of the research, was extended to solve the affine
input estimation problem. The performance results of the extended method
is compared with a maximum-likelihood method that solves the affine input
estimation problem using optimization.
We learnt that the data-driven input estimation methods are simple-to-use methods that run on digital signal processors with few computational resources and
estimate the unknown inputs in real time, where the estimation uncertainty can
be deduced from the amount of data processed and measurement noise variance.
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The dynamic systems in the real world are non linear. Under certain intervals of
operation, the linear approximations can explain the dynamics of the systems. The
linear and time invariant systems have been studied in depth and the linear theory
is a solid collection of tools to analyze and explain the behaviour of dynamic
systems in a wide range of applications. On the other hand, the study of nonlinear systems is more complex and strongly depends on the type of non-linearity
that each particular systems exhibit. When the non-linear modeling does not
apport a big amount of benefits into the application study, such as significative
accuracy improvement or supporting wide ranges of operation, then is better to
resort to the utilization of LTI representations. A sensor is a dynamic system
whose operation range is preferred to be linear, to facilitate the repeatability and
reproducibility of the measurements. This means that every time the sensor must
deliver identical responses for the same input excitations.
In metrology, we use the concepts of linear systems theory to estimate the value of
an unknown quantity. A sensor is considered to be a causal linear time-invariant
(LTI) system. The unknown quantity is the input u of the sensor, and the consequences of this excitation are a change in the sensor state x, from the initial
conditions xini , and a transient response in the sensor output y, see Figure 3.1. A
measurement estimates the input value using the sensor response.
xini
u

Sensor

y

Figure 3.1.: Block diagram of an LTI sensor. The input u excites the sensor and
generates the sensor response y. To estimate the input value it is
necessary to process the response.
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The input estimation is a linear system problem, and can be done with or without
a sensor model. The discrete-time state-space representation of a single-input
single output (SISO) LTI system is
x(k + 1) = Ax(k) + Bu(k),

with xini = x(0)

y(k) = Cx(k) + Du(k) + ε(k),

(3.1)

where A ∈ Rn×n , B ∈ Rn , C ∈ R1×n , and D ∈ R, are the model matrices, ε is the
measurement noise, and n is the system order.
Under certain conditions on the input, a discrete-time representation of the
continuous-time dynamics H(s) is exact without any approximation. It is demonstrated in Ljung [1987] and in Middleton and Goodwin [1990] that when the input
is piecewise constant, then the step-invariant transformation




H(s)
(3.2)
H(z) = 1 − z−1 Z L −1
s
is a zero-order hold sampling of the continuous time step response that leads to
an exact representation of the system dynamics in discrete time with the transfer
function H(z). It worths stating this fact here since the method studied in this
thesis estimates the true value of a step input by processing samples of a sensor
step response.
The process noise is the representation of the uncertainty in the system state due
to unmodeled perturbations that affect the state evolution. The process noise
is modeled as an additional input to the system excitation. For a linear time
invariant (LTI) system, the response to a sum of two input excitations is the sum
of the two responses that correspond to the individual inputs. It is demonstrated
in Gubner [2006] and Smith [2011] that the response of an LTI system to a white
noise input is colored noise, since the power spectral density of the response is
not constant, but instead proportional to the squared magnitude of the system
frequency response. Nevertheless, in the operational bandwidth of a properly
designed measurement system (sensor and acquisition), the measurement noise
is approximately white. Under these conditions, the mean and variance of the
measurement noise ε describe implicitly the process noise entering the system.
The methodology presented in this work is explained with SISO LTI systems, but
can also be generalized to systems with multiple inputs and outputs. An example
of SISO LTI sensor is the temperature sensor, but there are sensors that have
single input and multiple outputs, like the gas sensors described in Munther et al.
[2019], and sensors that have multiple inputs and multiple outputs, like three-axis
accelerometers D’Emilia et al. [2016], radio-frequency intruder-detection sensors
Ushiki et al. [2013], and radar sensors Kueppers et al. [2017].
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The discrete-time state-space representation suggests that, when the model and
the initial conditions are known, and in absence of measurement noise, it is
sufficient to solve the system of equations
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to find the input. This system of equations y = Ox(0) + T u is constructed from
the recursions of (3.1), where O is the observability matrix of the system, and T
is a Toeplitz matrix of the Markov parameters of the system.
The input estimation problem is more complex when one or more of these assumptions are not fulfilled. If the initial conditions and the measurement noise
are unknown, the typical approach is to feed the output y to an additional system.
This additional system is built to invert the dynamics of the sensor by doing an
operation that is equivalent to deconvolution, see Figure 3.2. The output ub of the
additional system aims to estimate the input u. This system is called compensator
because the transient time of the input estimation ub is smaller than the transient
time of y.
xini
u

Sensor

xini,c
y

Compensator

ub

Figure 3.2.: Input estimation using a compensator that processes the sensor response y. The compensator is an additional system that inverts the
dynamics of the sensor.
In the next sections the input is modeled as a multiple of the unit step function,
to describe methods for estimating the input step level in two conditions: when
the model of the sensor is a-priori given and when the method is not available.

3.1. Step input estimation with system model
With a step input u, where u(k) = u, for k ≥ 0, and u(k) = 0, for k < 0, the discretetime state-space representation of the LTI sensor is equivalent to an augmented
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autonomous system
xa (k + 1) =



A B
xa (k),
0 1
| {z }

where xa (k) =



x(k)
, xini = x(0)
u(k)
(3.4)

Aa



y(k) = C D xa (k).
| {z }
Ca

The eigenvalues λ of the augmented autonomous system are found using


A B
|λ I − Aa | = λ I −
= |λ I − A| (λ − 1) = 0.
0 1
Therefore, the eigenvalues (poles) of the augmented autonomous system (3.4) are
the eigenvalues, poles, of the LTI system, with the additional eigenvalue λ = 1,
pole at (1, 0).
Since the input u(k + 1) = u(k), for k ≥ 0, is an augmented state of the autonomous
system, and the system is known, a state estimator is sufficient to estimate the
input. In these conditions, the Kalman filter estimates recursively the input value.

3.2. Step input estimation without system model
If a model of the sensor is not available, it might be needed to identify a model
using the inputs and outputs to design later a compensator using the identified
model. However, the input is unknown and the model should be identified using
only the sensor output.
A feasible method can be one that identifies a model of the sensor from the
step response, assuming we have exact data, and later estimates the input step
level using the identified sensor model. The model identification consists in
b a and C
b a , and the initial conditions b
the estimation of the matrices A
x(0). To do
n×n
this, consider that the Hankel matrix H(y) ∈ R , constructed from any linearly
independent n autonomous responses from the sensor’s initial conditions, is full
column rank. Then, we can express the following equality
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y(n) 


  Ca Aa  

 =  .  xa (0) xa (1) · · · xa (n − 1) ,
.
.
.
 ..
  ..  |
{z
}
..
..
|

y(n − 1) y(n) · · ·
{z
H(y)

y(2n − 2)
}

|

Ca An−1
a
{z }

Xini

Oa

(3.5)
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where Xini is a matrix with the initial conditions of the n free responses. A singular
value decomposition of H(y)
(3.6)

UΣV = H(y),

permits the estimation of the observability matrix Oa and the initial conditions
Xini , for example, by choosing
√
√
b a = U Σ, and X
b ini = ΣV.
O
(3.7)
b a and C
b a can be estimated, from O
b a , by solving a system of equaThe matrices A
tions. In order to estimate the input, it is necessary to find a minimal representation of the autonomous system, by doing a linear transformation that removes the
b B,
b and D.
b C,
b
pole at (1, 0), and recovers the matrices A,
A second method can estimate the step input when the model of the LTI sensor
is unknown but its static gain G is given. Using the static gain G, we can express
y = Gu, where u is the input exact value and y is the exact sensor steady state
response. The total response of the system is the sum of the transient and the
steady-state responses. Thus, considering the augmented autonomous model, we
can write
y = G u + Oa xa (0),
(3.8)
which in matrix form is


 

y(0)
G
Ca

 y(1)  G Ca Aa  

 
 u
.
 . =.
.. 
 ..   ..
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G Ca ANa
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(3.9)

K

Then, it is necessary to estimate the observability matrix of the augmented system,
followed by the estimation of the input u, and the initial conditions, using leastsquares

 
−1
ub
= K> K
K> y.
(3.10)
b
xa(0)
A third method can directly estimate the input step level from the step response,
without identifying a sensor model. To derive this method, we use the first difference operator ∆, defined as ∆y(k) = y(k + 1) − y(k). Applying the first difference
operator to the system state-space representation (3.1) results in the autonomous
system
∆x(k + 1) = A∆x(k),

∆y(k) = C∆x(k),

with

∆xini = ∆x(0),

(3.11)
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where ∆u(k) = 0, for k ≥ 0, and ∆x(0) = (A − I)x(0) + Bu.
If the response ∆y of this autonomous system is persistently exciting of order L,
then the rank of the Hankel matrix HL+1 (∆y) of L + 1 block rows constructed from
∆y satisfies


∆y(1)
∆y(2)
···
∆y(n)
 ∆y(2)

∆y(3)
· · · ∆y(n + 1)


rank (HL+1 (∆y)) = rank 
 ≤ L. (3.12)
.
.
.
 . .

..
..
∆y(L + 1) ∆y(L + 2) · · · ∆y(L + n)
If we assume that the autonomous response ∆y is persistently exciting with a suficiently high order, then the image of the columns of the Hankel matrix HN−n (∆y)
is a linear space that contains all the natural responses of the augmented autonomous system (3.4)
ynatural = HN−n (∆y) `,
(3.13)
for any vector ` ∈ Rn . Since the autonomous system was derived from the LTI
system by augmenting a state and considering that the step input is part of the
inital conditions, then the total response of the LTI system is the sum of the forced
response, due to the applied input u and the natural response spanned from the
Hankel matrix
y = yforced + ynatural = Gu + H (∆y) `,
(3.14)
that is equivalent to
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· · · ∆y(N − 1) θ
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(3.15)

where N is the number of samples. From this point of view, the vector ` is a linear
transformation of the system’s initial conditions. The solution to this system of
equations exist and is unique when we have exact data. Nevertheless, in practice,
the observations of the sensor step response are perturbed by noise.
Assuming that the observations of the vector y are perturbed by measurement
noise  of zero mean and given variance σ2 , we can express
e
y = y + ,

(3.16)

e = K + E.
K

(3.17)

and
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The matrix E is constructed with the noise data, and is given as

0
0

E = .
 ..
0


∆ε(1)
∆ε(2)
···
∆ε(n)
∆ε(2)
∆ε(3)
· · · ∆ε(n + 1) 

.
..
..
..

.
.
.
∆ε(N − n) ∆ε(N − n + 1) · · · ∆ε(N − 1)

(3.18)

e is expressed as
Therefore, the matrix K

G
G
e =
K
.
 ..
G


∆e
y(1)
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y(2)
···
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y(n)
∆e
y(2)
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y(3)
· · · ∆e
y(n + 1) 

.
..
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∆e
y(N − n) ∆e
y(N − n + 1) · · · ∆e
y(N − 1)

(3.19)

The underlying system of equations
(3.20)

e
e
y = Kθ
is another representation of the minimization problem
e
y − Kθ
θb = argmin e
θ

2
2

.

(3.21)

h
i>

>
where e
y = ye(n + 1) . . . ye(N) , and θb = ub `b> . This minimization problem
is an errors-in-variables (EIV) problem with Hankel structure, and correlation
e and the regressor vector e
between the regression matrix K
y.
The data-driven step input estimation method converts the output-error simultaneous model identification and input estimation problem into an errors-in-variables
(EIV) input estimation problem. The cost of avoiding the parametric sensor modeling is to deal with a more difficult stochastic framework.
The problem (3.20) admits a least-squares (LS) solution with normal equations
given by
e > Kθ
e =K
e >e
K
y.
(3.22)
The closed form of the LS solution can be expressed as
e †e
e > K)
e −1 K
e >e
y = (K
y,
θb = K

(3.23)

e † is the pseudo-inverse matrix of K.
e As the number of samples N inwhere K
e
creases, the number of rows of the matrix K grows, making the pseudo-inverse
computation inefficient since it requires larger flops, memory and time.
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For metrology applications, it is desired to have a fast solution that can be obtained in real-time. The recursive algorithm (RLS) is a least-squares alternative to
implement the step input estimation method in real-time. The RLS recursively
updates the solution of the system of equations, for each newly acquired sensor
response sample, considering the previous value of the estimation, instead of
performing a matrix inversion. An expression of the RLS equations is given in
Kailath et al. [2000] as


b = θ(k
b − 1) + κk ye(k) − k
b − 1) ,
ek θ(k
θ(k)


>
e>
e
e
κk = Ψ(k − 1)k
/
1
+
k
Ψ(k
−
1)
k
(3.24)
k
k
k


ek Ψ(k − 1),
Ψ(k) = I − κk k
ek represents the row of K
e that corresponds to the
for k = 2n + 1, 2n + 2, . . ., where k
k−th sample, κk is a gain scalar, and Ψ(k) is a covariance matrix. The estimates and
b + 1) =
the covariance matrix are initialized using the first n + 1 samples, i.e., θ(2n

−1

−1
e> K
e n+1
e> e
e n+1 is the matrix
e> K
e n+1
K
K
yn+1 and Ψ(2n + 1) = K
, where K
n+1

n+1

n+1

e with the first n + 1 rows, and e
yn+1 is the vector e
y with the first n + 1 elements.
K
Since the RLS is a recursive implementation of the least-squares computation, the
RLS solution is equivalent to the LS solution. Moreover, the statistical analysis
of the LS solution is valid also for the RLS solution, and is preferred since it is
simpler to express the statistics using the closed form of the LS solution.
The computational complexity

 of the RLS algorithm solution to the system of
equations (3.15) is O (n + 1)2 . The largest computational requirement is for
the initialization of the algorithm, where a matrix inverse is required when the
e n+1 . From there on,
number of samples is just enough to have a square matrix K
the RLS algorithm updates the solution with linear complexity. Therefore, even
though a large number of samples N makes the matrix in the system of equations
(3.15) increase in the number of rows, the estimation of the solution does not
increase in complexity. The data-driven step input estimation method is then
scalable for any sensor of order n, and can be executed in devices with limited
computational resources, provided that the computation of the (n + 1) × (n + 1)
inverse matrix is feasible.
The LS solution is used even though it might exhibit bias due to the correlation
e with the perturbation in e
of the perturbation in K
y. To conduct the statistical
analysis of the step input estimation method, it is more convenient to use the
standard least-squares terminology. The statistical analysis results obtained from
LS treatment are fully compatible with the RLS estimation results. The well known

22
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bias and covariance results for the LS estimator cannot be invoked because they
assume that the additive perturbation only affects the regressor, and that there is
no correlation between the regressor and the regression matrix.
Note. The formulation of the data-driven step input estimation method is based on
the behavioral theory introduced in Willems [1986]. A behaviour of a dynamical
system is any set of input-output trajectories that belongs to the system. It is
demonstrated in Willems et al. [2005] that when an input-output trajectory is
persistently exciting enough, a Hankel matrix constructed from this trajectory
represents the most powerful unfalsified model. This model is unfalsified because
it describes exactly all possible trayectories of the system, and is the most powerful
because it is the system representation with minimal complexity. The rank of the
Hankel matrix constructed from a trajectory is a metric used to find the order of
persistency of the trajectory. The rank-deficient Hankel matrix with the smaller
number of block rows indicates the trajectory order of persistency. When the
system is excited by a step input, the system is equivalent to an autonomous
augmented system, and a model for it can be obtained from the Hankel matrix
constructed only from the step response.
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The results of this chapter were published in Quintana Carapia, G., Markovsky,
I. Pintelon, R., Csurcsia, P.Z., and Verbeke, D., "Bias and covariance of
the least-squares estimate in a structured errors-in-variables problem",
Computational Statistics & Data Analysis journal, Vol. 144, 2020, ISSN
0167-9473, doi:10.1016/j.csda.2019.106893.

The linear estimation problems with perturbation in both the regression matrix
and the regressor are errors-in-variables (EIV) problems. The formulation of the
data-driven step input estimation problem is an EIV problem. This formulation
gives a Hankel structure to the perturbed regression matrix, which is correlated
with the regressor vector. The solution to the structured EIV problem is proposed
by means of a recursive least squares algorithm to benefit from its simplicity for
online implementations in devices with small computational resources. The properties of this least-squares (LS) approximation cannot be inferred from classical
results. The statistical analysis aims to calculate the statistical moments of the
least-squares estimate to evaluate these properties. The statistical analysis of the
LS estimate demands an additional effort when the regression matrix is structured,
and when it is correlated with the regressor, in a EIV problem.
The total least-squares methods reviewed in Markovsky and Van Huffel [2007] are
not appropriate to solve structured EIV problems. To overcome the challenges
imposed by the structure, methods such as the structured total least-squares described in Lemmerling and Van Huffel [2002] and the structured total maximum
likelihood presented in Beck and Eldar [2010] are proposed. Nevertheless, the
structured total least-squares requires optimization and even the recursive alternatives such as the one developed by Rhode et al. [2014b] are not suitable for online
applications in devices with reduced computational resources. Moreover, current
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versions of the structured total maximum likelihood method consider uncorrelated cases only. The instrumental-variables methods described in Söderström
[2018] are other alternatives to implement recursive algorithms that solve EIV
problems. The generalized instrumental-variables estimator is one example of
them, that is mainly used in the identification of linear systems from observed
input and output data. However, it is not straightforward to use the generalized
instrumental-variables estimator to implement the direct estimation of the input
from the observed output bypassing the model identification, like the data-driven
input estimation method does. Thus, the recursive LS method is proposed in
Markovsky [2015a] to get a real-time approximation to the structured EIV problem solution. Even though this estimation is suboptimal, we benefit from its
simplicity and suitability for implementation in devices with limited computational resources.
As it is described in the works of Ferrero and Salicone [2006] and Hessling [2013],
and in the review of Hack [2012], the measurement results are meaningful only
when the input estimation is provided together with an assessment of its uncertainty. For an unbiased estimator, the uncertainty is assessed from the estimation
variance. On the other hand, for a biased estimator the mean-squared error is the
main metric used to describe the uncertainty. Therefore, it is necessary to know
the first two statistical moments of the estimation.
This chapter describes a methodology to study the statistical moments of the LS
solution for the structured EIV problem introduced in Markovsky [2015a,b] for
the data-driven step input estimation method. The described statistical analysis
obtains the statistical moments of the LS solution, and they allow to assess the
estimation uncertainty in terms of the mean-squared error. The statistical analysis
results provide insight into the impact that the structure of the regression matrix
and its correlation with the regressor has on the uncertainty of the RLS estimate.

4.1. Statistical analysis of the data-driven step
input estimation method
For an overdetermined system of linear equations, constructed by the data-driven
step input estimation method (3.21), the least-squares (LS) solution is given by
3.23. The objective of the statistical analysis is to obtain the bias and the covariance
of the solution θb to the structured and correlated EIV problem (3.20). The bias
and the covariance are computed using the mathematical expectation operator
E{·}. First we substitute the expressions (3.16) and (3.17) in Equation (3.23) to
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obtain


−1
θb = (K + E)> (K + E)
(K + E)> (y + ),

which is equivalent to

 
−1 
−1
θb =
K> K I + K> K
K> E + E> K + E> E
(K + E)> (y + ),
and
θb = (I + M)−1 Q−1 (K + E)> (y + ),

(4.1)

where
Q = K> K,

and

M = Q−1 (K> E + E> K + E> E).

(4.2)

Applying a second-order Taylor expansion of the inverse matrix
(I + M)−1 ≈ I − M + M2 ,

(4.3)

that is valid when the SNR is sufficiently high, and therefore E and M are small,
satisfying the constraint on the spectral radius ρ(M) = kMk < 1. The neglected
term in the Taylor series expansion is of the order O(kMk3 ). An a priori bound on
the error introduced by the second order Taylor series expansion can be expressed
in terms of the spectral radius ρ(M). Considering that the Taylor series expansion
is an infinite sum we have that
(I + M)−1 = I − M + M2 − M3 + . . .

= I − M + M2 − M3 I − M + M2 − M3 + . . .
2

3

(4.4)

−1

= I − M + M − M (I + M)

Therefore we can obtain a bound for the second error expansion error if we take a
matrix norm as follows
k(I + M)−1 − (I − M + M2 )k = kM3 (I + M)−1 k
≤ kM3 kk(I + M)−1 k ≤

kMk3
ρ(M)3
=
1 − kMk 1 − ρ(M)

(4.5)

Using the second order Taylor expansion of the inverse matrix, we can express the
estimate as

θb ≈ I − M + M2 Q−1 (K + E)> (y + ).
(4.6)
Now that the perturbation variables  and E are no longer inside an inverse matrix,
we can compute the mathematical expectation of expressions derived from the
b The bias of the estimate θb is obtained from
Taylor series approximation (4.6) of θ.
 
 
b θb = µ θb − θ,
(4.7)
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n o
where µ θb = E θb , and θ = K† y = Q−1 K> y is the true value. The covariance of
the estimate θb is obtained from

 
  
 > 
b
b
b
b
C θ = E θ−µ θ
θ − µ θb
.
(4.8)
The terms derived from (4.6) that do not contribute to the bias and to the covariance are filtered out by the mathematical expectation operator, described in
Papoulis and Pillai [2002], considering the following general rules that are valid
regardless of the existence of structure in the regression problem:
• the expected values E{E} = 0, and E{} = 0, since E and  are zero-mean
random variables, and
• the expected values of odd order moments, such as E{E> EE> }, are zero.
Moreover, the second-order approximation disregards moments of order four and
higher.
The normality assumption of the perturbation noise is necessary to provide more
prior information into the method formulation. The second order Taylor series
expansion (4.6) is developed considering the perturbation noise that gets into the
regression matrix from the sensor transient response. Assuming only that the
perturbation noise is distributed with zero mean and variance σ2 is not enough.
If we additionally assume normality for the perturbation noise, then we benefit
from the knowledge of the third moment equal to zero due to symmetry, and the
fourth moment equal to three times the squared variance.
After removing the terms with negligible expected value, we have expressions that
are approximations of the LS estimation bias and covariance. These expressions
are different depending on the type of EIV problem considered. Subsections 3.1
and 3.2 describe the resulting expressions for the unstructured and structured
EIV problems, respectively. The perturbations in the considered unstructured
EIV problem are independent. Comparing the expressions that result from the
statistical analysis, we get an insight of what is the impact that the structure and
the correlation have on the LS solution of the structured EIV problem.

4.1.1. Bias and covariance of the LS estimator for an
unstructured EIV problem with uncorrelated noise
First, the statistics of the least-squares estimator (3.23) of an unstructured EIV
problem is discussed, provided that the perturbations of the regression matrix
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and the regressor are i.i.d. normally distributed with zero mean, and variances
σE2 and σ2 , respectively. Therefore, the terms in the Taylor series expansion that
contain products of E and  have zero expected value. After removing the terms
without contribution to the bias, and to the covariance, with the mathematical
expectation operator, the analytic approximation of the bias (4.7) is given by
 
bp θb ≈ σE2 (2 + 2n − N) Q−1 θ,
(4.9)
and the covariance (4.8) is approximated by
 


Cp θb ≈ σ2 Q−1 + σE2 trace θθ > Q−1 − σE4 (2 + 2n − N)2 Q−1 θθ > Q−1 ,

(4.10)

where the subscript p stands for prediction of the bias and covariance. The
derivation of equations (4.9) and (4.10) is described in Appendix 1. We use the
results described in Vaccaro [1994] §3 and Stewart [1990] §2.1 for the expected
values of products of unstructured matrices with perturbations. Equations (4.9)
and (4.10) depend on the unobservable true values θ, K, and on the variance of the
b It is
e and from them we compute θ.
y, K,
perturbations. The observed variables are e
proposed to directly substitute the observed variables in the analytic expressions.
The substitution gives an approximation of the estimation bias and covariance
using the observed data. We have then
 
b
e −1 θ,
ep θb ≈ σE2 (2 + 2n − N) Q
b
(4.11)


 

e p θb ≈ σ 2 Q
e −1 + σ 2 trace θbθb> Q
e −1 − σ 4 (2 + 2n − N)2 Q
e −1 θbθb> Q
e −1 .
C
ε
E
E

(4.12)

In order to have a prediction of the estimation bias and covariance, the variances
e and θb are needed.
σE2 and σ2 and the observed variables e
y, K,

4.1.2. Bias and covariance of the LS estimator for a structured
EIV problem with noise correlation
This subsection describes the statistics of a structured EIV problem with correlation between the perturbations of the regression matrix and the regressor. The
structured EIV problem is given by the step input estimation method (3.21). The
correlation is a consequence of the construction of the block-Hankel matrix in the
e with the first difference of the elements in the regressor e
regression matrix K
y.
The mathematical expectation operator is applied to the Taylor series expansion of
the LS estimate (4.6). After removing the terms with negligible expected value, and
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considering the structure of matrix K, the estimation bias (4.7) is approximated
by
 




bp θb ≈ Q−1 K> B1 − B2 x − K> B3 − B4 ,

(4.13)

whereas, the estimation covariance (4.8) is approximated by
 


   
†>
b > b
Cp θb ≈ K† σ2 IN−n + C1 − C2 − C>
K
−
b
p θ bp θ ,
2

(4.14)

n
o
n
o
n
o
n
o
where B1 = E EK† E , B2 = E E> P⊥ E , B3 = E EK†  , B4 = E E> P⊥  , C1 =
n
o
n
o
E Eθθ > E> , C2 = E Eθ> , P = KK† , and P⊥ = I − P. The derivation of equations (4.13) and (4.14) is described in Appendix 1. The expected values B1 , B2 , B3 ,
B4 , C1 and C2 are obtained using the results of Lemma 1.

Lemma 1. Let E ∈ R(N−n)×(n+1) be the partitioned matrix
h
E = 0N−n×1

i
H ()D1,0
n+1×n ,

where H () ∈ R(N−n)×(n+1) is the block-Hankel matrix of N − n rows and n columns

ε(0)
ε(1)
···
ε(n)

ε(1)
ε(2)
· · · ε(n + 1) 


H () = 
,
..
..
..


.
.
.
ε(N − n − 1) ε(N − n) · · · ε(N − 1)


constructed from samples of the i.i.d. normally distributed random variable  ∼
2,d
N (0, σ2 ). Let D1,d
r×c and Dr×c be the first and second-order finite differences matricial
operators of dimensions r × c starting from the subdiagonal d, for example,


0
−1
1,−1
D4×3 = 
1
0
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0
0
−1
1



0
−1
2
0
2,0
, D
=
0  4×3 −1
−1
0

0
−1
2
−1


0
0
.
−1
2
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For a compatible deterministic matrix A, or vector a, the following expected values hold.
 h
E {EAE} = Z, where zi1 = 0, and zi j = σ2 Tr A 0N−n

j−i
D2,
N−n×n

i

,

for i = 1, · · · , N − n, and j = 2, · · · , n + 1.
n
o


2, j−i+1
E E> AE = Z, where z1 j = 0, zi1 = 0, and zi j = σ2 Tr A DN−n×N−n
,
for i = 2, · · · , n + 1, and j = 2, · · · , n + 1.
"
n
o
0
>
2
E EAE
= Z, where zi j = σ Tr A
0n

0>
n

#!

j−i+1
D2,
n×n

,

for i = 1, · · · , N − n, and j = 1, · · · , N − n.
 h
i
E {EA} = z, where zi = σ2 Tr A 0N−n D1,n+1−i
,
N−n×n
for i = 1, · · · , N − n.


n
o
E E> A = z, where z1 = 0, and zi = σ2 Tr A D1,n+2−i
N−n×N−n ,
for i = 2, · · · , n + 1.
o
n
j
E Ea> = Z, where each column Z j = −σ2 D1,−
N−n×n+1 Rn+1 a,


Rn
for j = 1, · · · , N − n, with Rn+1 =
,
0
where Rn is a reversal matrix.
The proof of the lemma is given in Appendix A.2.
The matrices B1 , B2 , B3 , B4 , C1 and C2 are considered in the different cases of
Lemma 1. Each expected value in the lemma is a matrix, or a vector, whose
elements are found following the indicated operations. These operations mainly
compute the trace of a product of the corresponding deterministic matrix A, and
a matrix constructed from the finite differences matricial operator, which can be
of first order D1 or of second order D2 . The total number of operations in the

computation of the bias and the covariance is O N 3 + n2 , but this order can be
reduced since the D matrices are sparse.
The formulas for the bias and covariance (4.13) and (4.14) depend on the perturbation variance and on the unobservable variables θ and K. The substitution of the
observed variables in the expression gives an approximation of the estimation bias
and covariance based on the observed system response. We have then
 




e −1 K
e >B
e1 − B
e 2 θb − K
e >B
e3 − B
e4 ,
bep θb ≈ Q

(4.15)
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and
 


   
e1 − C
e2 − C
e> K
e † σ2 IN−n + C
e †> − bep θb b> θb ,
Cep θb ≈ K
2
e
p

(4.16)

o
o
o
o
n
n
n
n
e1 =
e 1 = E EK
e †E , B
e 2 = E E> P
e⊥ E , B
e 3 = E EK
e † , B
e 4 = E E> P
e⊥  , C
where B
n
o
n
o
b > ,C
e 2 = E Eθ
e =K
e > K,
e P
e=K
eK
e † , and P
e⊥ = I − P.
e
E Eθbθb> E> , C

4.1.3. Cramér-Rao lower bound of the structured
errors-in-variables problem
The Cramér-Rao lower bound (CRLB) provides the lower limit on the estimation
variance. For a biased estimator of the minimization problem (3.21), the CRLB is
given by
  >
 

∂ b θb
∂ b θb
 Fi−1 (θ) In+1 +
,
CRLBb (θ) = In+1 +
∂θ
∂θ


(4.17)

b is the estimand for an unbiased estimator it is CRLBub (θ) = Fi−1 (θ), where b(θ)
b
ation bias and Fi(θ) is the Fisher information matrix described in Pintelon and
Schoukens [2012].
The Fisher information matrix is defined as the expected value of the Hessian of
the negative likelihood function
(
)
b
∂ 2 l(θ)
Fi(θ ) = −E
,
(4.18)
∂ θb2
where the partial derivatives are evaluated in θb = θ.
The minimization problem (3.21) can be expressed as a linear in the measurements
problem, as it is described in Pintelon and Schoukens [2012],
"
#
h
i
e
y
>
b e
b z) = M1 (θ)
e(θ,e
z = IN−n −θb ⊗ IN−n
(4.19)
e = 0,
|
{z
} vec(K)
| {z }
M (θb)
1

ez

where e
z = z + z is a vector constructed by stacking the perturbation noise of
the regressor and the regression matrix, and the true model must satisfy the
equality M1 (θ) z = 0. Since the true measurements z are unknown, they have to be
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estimated and are parameterized as b
z. Under the assumption of the measurement
perturbation z being normally distributed with zero mean and covariance matrix


1,n−1
1,1
IN−n
0N−n D1,n
N−n×N−n DN−n×N−n · · · DN−n×N−n

0N−n
0N−n
0N−n
···
0N−n 
 0N−n 

>
 1,n

2,1
2,0
2,2−n
 D

0
D
D
·
·
·
D
N−n
N−n×N−n
N−n×N−n
N−n×N−n 
 N−n×N−n
>

2 
Cz = σ  1,n−1
2,1
2,3−n
 (4.20)
0N−n D2,2
 DN−n×N−n
N−n×N−n DN−n×N−n · · · DN−n×N−n 




..
..
..
..
..


.
.
.
.
.


>
2,n
2,n−1
2,1
D1,1
0
D
D
·
·
·
D
N−n
N−n×N−n
N−n×N−n
N−n×N−n
N−n×N−n
the loglikelihood function of the structured EIV problem is
b = − 1 (e
ln l(e
z,b
z, θ)
z −b
z)> C−1
z −b
z) + constant,
z (e
2

(4.21)

The size of the Fisher information matrix Fi(θ, z) depends on the number of to-bez, that grows with the sample size. In Chapter 19 of Pintelon
estimated parameters b
and Schoukens [2012] it is shown that the Fisher information matrix Fi(θ) that
depends only on θ can be obtained after doing inversion by parts, resulting in
!>
!

−1 ∂ e(θ,
b z)
b z)
∂ e(θ,
>
Fi(θ) =
M1 (θ) Cz M1 (θ)
.
(4.22)
∂θ
∂θ

4.1.4. Instrumental variables formulation of the data-driven
step input estimation method
The errors-in-variables problem formulation (3.21) of the data-driven step input
estimation method can be converted into an instrumental-variables problem. A
guide to do this conversion is found in Söderström [2018] and in Pintelon and
e has to be selected so that the
Schoukens [2012]. The instrumental variable Z
normal equations (3.22) are expresed instead as
e > Kθ
e =Z
e >e
Z
y.

(4.23)

The selection of the instrumental variable has to be done in such a way that is
e and uncorrelated with the perturbations
correlated with the regression matrix K,
e (3.19) with N = 2n + 1,
. Considering the block-Hankel matrix K


G
∆e
y(1)
∆e
y(2)
···
∆e
y(n)
G
∆e
y(2)
∆e
y(3)
· · · ∆e
y(n + 1)

e =
K
(4.24)
.
,
.
.
..
..
..
 ..

.
G ∆e
y(n + 1) ∆e
y(n + 2) · · ·

∆e
y(2n)
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e should not contain the elements that construct
then, the instrumental variable Z
e
K, i.e., the elements of the vector (e
y(1), . . . , ye(2n + 1))> . A possibility to generalize
this ideas is expressing the instrumental variable as


G
∆e
y(t − 4n)
∆e
y(t − 4n + 1) · · · ∆e
y(t − 3n − 1)
G ∆e
y(t − 4n + 1) ∆e
y(t − 4n + 2) · · ·
∆e
y(t − 3n) 

e =
Z(t)
(4.25)
.
,
..
..
..

 ..
.
.
.
G
∆e
y(t − 3n)
∆e
y(t − 3n + 1) · · · ∆e
y(t − 2n − 1)
for a regression matrix


G ∆e
y(t − 2n + 1) ∆e
y(t − 2n + 2) · · ·
∆e
y(t − n)
G ∆e
y(t − 2n + 2) ∆e
y(t − 2n + 3) · · · ∆e
y(t − n + 1)

e =
K(t)
.
,
..
..
..
 ..

.
.
.
G ∆e
y(t − n + 1) ∆e
y(t − n + 2) · · ·
∆e
y(t)

(4.26)

for t = 4n + 1, . . . , N.
The difference with the EIV formulation is that this implementation of the IV
method requires to wait more, until 4n + 1 samples of the sensor response are read,
instead of 2n + 1 samples. For sensors of small dynamic order this twice-the-time
waiting does not represent a big change, but as the sensor order increases, the
need for waiting can turn the method into impractical since a lot of time should
pass before starting to estimate the input.
Recursive generalized instrumental variables method
There exists a generalized instrumental variables method (GIVE) that was proposed to identify dynamic models from input/output data. GIVE is a biaseliminating method that uses a generalized instrumental vector constructed from
delayed values of the input and output signals Söderström [2018]. Since the aim
of this thesis is to analyze a method that directly estimates the input from the
observed sensor output, without identifying explicitly a dynamic model of the
sensor, the GIVE method is out of the scope of this work. Future research can
include studying the formulation of a data-driven input estimation method in the
spirit of the GIVE method. Nevertheless, a brief description of the recursive GIVE
method is given in the following paragraphs.
Generalized instrumental variables method
For an errors-in-variables problem expressed as
e
ye(t) = φ(t)θ
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where ye(t) is the output perturbed by measurement noise, θ is the vector of to-bee is the regressor vector constructed from delayed
estimated parameters, and φ(t)
samples of the measured input ue(t) and output ye(t). The least-squares estimate
θbLS is the solution of the normal equation
b e θbLS = b
R
rφeye,
φ

(4.28)

b e is the sample covariance matrix of the regressor vector, and b
where R
rφeye is the
φ
sample cross-covariance matrix of the regressor vector and the output. When the
number of samples becomes infinitely large, these covariances matrices can be
expressed as a sum of the contributions from exact data and measurement noise
contributions
eφ
e> } = Rφ + Rη
b e = E{φ
lim R
N→∞ φ
(4.29)
ey> } = rφy + rη ,
lim b
rφeye = E{φe
N→∞

e = φ + η, and rφy = Rφ θ. The bias of the
where we are assuming that ye = y + , φ
least-square solution can be expressed as


Rφe θbLS − θ = rφeye − Rφe θ = rη
(4.30)
e − Rη θ,
If we assume that the measurement noise is white for both the input and output,
 2

σ Iny
0
>
rη
=
E{η
}
=
0
and
R
=
,
(4.31)
η
e
0
σu2 Inu
where σ2 and σu2 are the variances of the output and the input, respectively. The
normal equation (4.28) implies that


(Rφ + Rη ) θbLS − θ 6= 0,
(4.32)
and the estimate θbLS is not consistent. Instead, a bias-compensating least squares
estimation can be obtained with

−1 

θbBCLS = Rφe − Rη
rφeye − rη .
(4.33)
To formulate the generalized instrumental variable estimator, a generalized instrumental vector z(t) is built from delayed samples of the input and the output
z(t) = (y(t), y(t − 1), . . . , y(t − ny ), u(t), u(t − 1), . . . , u(t − nu ))> .
The dimension of the generalized instrumental vector should be nz ≥ dim(ϑ ) =
>
nu + ny + 2, because the total parameter vector ϑ = θ > , ρ > considers also the
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>
variances of the measurement noise ρ = σ2 , σu2 . Since the generalized instrue
mental vector z(t) and the equation error ye(t) − φ(t)θ
must be correlated, we can
express the system of equations as



Rezφe − Rζη (ρ) θ = rezye − rζ (ρ) ,
(4.34)
where e
z = z + ζ.
Recursive generalized instrumental variables method
If we define
h (ρ, θ) = rζ (ρ) − Rζη (ρ) θ = J (θ) ρ,
R (t) =

1 t
∑ ez (τ) φe> (τ) ,
t τ=1

1 t
z (τ) ye(τ)
q (t) = ∑ e
t τ=1

(4.35)

b (t) = q (t) − h (ρ, θ) ,
then the equation (4.34) is equivalent to
R (t) θ = b (t) .

(4.36)

This representation allows a recursive form

1 
e> (t + 1) − R (t) ,
e
z (t + 1) φ
t +1
1
b (t + 1) = b (t) +
(e
z (t + 1) ye(t + 1) − b (t) − h (ρ, θ)) ,
t +1

−1
θb (t + 1) = R> (t + 1) R (t + 1)
R> (t + 1) b (t + 1)

R (t + 1) = R (t) +

(4.37)

1
q (t + 1) = q (t) +
(e
z (t + 1) ye(t + 1) − q (t))
t +1



ρb (t + 1) = J† θb (t) q (t) − R (t) θb (t) ,


where J† θb (t) is the pseudo-inverse of J (θ).
The complexity of this recursive generalized instrumental variables estimator
is O(n3 ), which is larger than the O(n2 ) of the recursive least squares. Another
drawback of the recursive generalized IV estimator is that it computes a pseudoinverse matrix in each iteration step. If we would need to formulate the data-driven
step input estimation problem in the generalized IV framework, it would require
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to study the formulation in detail because currently the IV framework is based
on the assumption that both measurements of the input and output are available,
but for the step input estimation problem only the output is available. Therefore,
it is not straightforward to implement the recursive generalized IV estimator to
estimate the step input, and this can lead to future research.

4.2. Simulation results
Two Monte Carlo (MC) simulation studies were conducted to test the obtained
bias and variance formulas. There are two sets of formulas. One set was obtained
for the unstructured and uncorrelated EIV problem, and, the other set, for the
structured and correlated EIV problem. The problem solved by the data-driven
step input estimation method (3.21) belongs to the second set. The objective of
the MC simulations is to compare the results of the bias and variance formulas in
these two cases. The comparison is an evaluation of the effect that the structure
and correlation have in the problem solution. To make a fair comparison, the same
exact data and the perturbation variance is used in both types of EIV problems.
The exact data is the system of linear equations (3.15) built by the data-driven step
input estimation method. To build the system of equations, the processed signal
y is the exact response of a sensor to the input 0.1s(t), where s(t) is the unit step
response. The sensor is modeled as a linear time-invariant mass-spring-damper
system of order n = 2, that is given by


0
x(k + 1) =  −ks
m+M


 
1
0
u(k),
−kd  x(k) +
−g
m+M


y(k) = −1


0 x(k),

(4.38)

where m = 0.015 kg, ks = 500 kg/m, kd = 0.5 kg s/m, M = 0.1 kg, and g = 9.81 m/s2 .
The exact sensor response is shown in Figure 4.1.
In the simulations, the sample size considered is N = 200, since there the transient
regime of the sensor model is still evident. In the case of the structured EIV
problem, this sample size satisfies the requirements of the data-driven step input
estimation method.
The MC simulations performed NMC = 106 runs of the LS solver with different
realizations of the additive perturbations [E ]. The perturbation variance σ2
was selected to have a signal-to-noise ratio (SNR) in the interval [30 dB, 80 dB],
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Figure 4.1.: The exact response of the model is used in the simulations of the two
EIV problem types. For the structured EIV problem, it is important to
consider the transient response. Thus, we use the first 200 samples.
The dashed lines show the values of y that are 2% above and below
the steady-regime output value.
according to
s
SNR = 20 log10

1 N
∑ y(t)2
N t=1
σ

.

(4.39)

The constraint kMk < 1 and the Taylor series expansion (4.3) hold for SNR sufficiently high, and in this conditions, the derived expressions predict the LS
estimation bias and variance. Thus, it is relevant to monitor the evolution of the
largest M eigenvalue to detect the lower limit of the SNR that allows the validity
of the predictions.
The MC simulations provide empirical values of the bias and variance, through
b The results presented
the sample mean and sample variance of the LS estimate θ.
b because in the structured
in this Section focus the interest in the first element of θ,
b
EIV problem, the step input estimate is ub = θ[1] .

4.2.1. Monte Carlo simulation results for an unstructured EIV
problem with uncorrelated perturbations
The MC simulation of the unstructured EIV problem solution was conducted
using the following settings. The perturbations E and  are normally distributed
with zero mean and variances σE2 = 2σ2 . This relationship between the variances is
also present in the structured EIV problem, and then we have similar assumptions.
However, for the uncorrelated and unstructured EIV case, the perturbations E
and  are independent.
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The difference between the sample mean of the estimate θb[1] and its true value θ[1]
is the empirical bias be .
be =

1
NMC

NMC 

∑

θb[1]

i=1


i

 
− θ[1] ≈ µ θb[1] − θ[1] .

(4.40)

The standard deviation of the estimate θb[1] is used to obtain the standard error
σe,err of the MC simulation, which decreases with respect to the square root of the
number of MC runs NMC as it is explained in Hammersley and Handscomb [1975]:
 
σe θb[1]
σe,err = √
,
NMC

 
where σe2 θb[1] =

1
NMC − 1

NMC 

∑

θb[1]

i=1


i

 2
. (4.41)
− µ θb[1]

In each of the NMC runs we also obtain the aproximations of the estimation bias
bep[1] and variance Cep[1,1] from observed data, using Equations (4.11), and (4.12).
Similarly as before, we get the sample mean of the aproximations to have bias and
variance predictions from observed data
bep =

1

NMC

NMC

i=1

∑


bep[1] i ,

and

vep =

1

NMC

NMC

i=1

∑


Cep[1,1] i .

The standard error of the bias prediction bep is given by
v
u
NMC 
 2
u

1
σep,err = t
−
b
b
∑ ep[1] i ep θb[1] .
NMC (NMC − 1) i=1

(4.42)

(4.43)

The predicted bias bp = bp[1] and variance vp = Cp[1,1] from exact data are obtained
with one evaluation of the expressions (4.9) and (4.10).
Figure 4.2 shows the empirical bias and the bias predictions, with their corresponding standard errors, for the unstructured EIV problem. The simulation settings
for the structured and correlated EIV problem are described in the following subsection. In the figure, it can be observed that the empirical bias be is proportional
to the perturbation noise variance while the standard error σe,err is proportional
to the perturbation noise standard deviation. The bias predictions bp and bep are
accurate since they coincide with the empirical bias be in all the SNR interval
for unstructured EIV problems. In both unstructured and structured EIV cases,
the standard errors of the MC estimates σe,err and σep,err are smaller than the bias
estimates be and bep . The bias estimates are spread near their sample means. The
uncertainty is smaller than the bias, therefore, the MC simulation is meaningful.
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Figure 4.2.: We observe the results of the LS solutions for the unstructured EIV
problem. These results are the empirical bias be , the predicted bias
from exact data bp , the predicted bias from observed data bep , the empirical standard error σe,err , and the standard error from the estimations
using observed data σep,err . The estimation biases are proportional to
the perturbation variance and the estimation standard errors are proportional to the perturbation standard deviation. Since the standard
errors are smaller than the biases, the MC simulation is meaningful.

The absolute and relative errors between the predicted and the empirical bias are
shown in Figure 4.3. The absolute errors decrease with respect to the perturbation
variance. The relative errors are lower than 5% for SNR between 30 dB and 70
dB. There is an increment in the relative errors for SNR above 55 dB. As the SNR
increases, the empirical and the predicted bias decrease, as well as the bias error
between them. In order to reveal the bias error, more Monte Carlo runs are needed
to reduce the uncertainty of the Monte Carlo simulation that depends on the
square root of NMC , see Equation (4.41). If NMC is insufficient, the uncertainty of
the Monte Carlo simulation hides the bias error and we see this increasing effect
of the relative errors.
The errors between the predicted and the empirical variance are shown in Figure
4.4. The absolute and relative errors decrease with respect to the perturbation
variance. The relative errors are lower than 5% for SNR above 40 dB.
Figure 4.5 shows the absolute and the relative errors between the predictions
computed from observed data and those computed from exact data. The absolute
errors between both predictions are proportional to the perturbation noise variance. The bias and variance predictions, from either exact data or observed data,
are equivalent for SNR above 35 dB since the relative errors are lower than 5%.
The substitution of observed data on the prediction formulas is a valid procedure
that allows the prediction of the estimate statistics.
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Figure 4.3.: The MC simulation shows that when we solve an unstructured EIV
problem with LS, the absolute errors (top) between the predicted
bias and the empirical bias are proportional to the perturbation noise
variance as it is expected, and the relative errors (bottom) are smaller
than 5% for SNR below 70 dB. The bias prediction computed from
exact data bp is very similar to that computed using observed data bep .

4.2.2. Monte Carlo simulation results for a structured EIV
problem with correlated perturbations
The MC simulation of the structured EIV problem (3.20) solution was conducted
using the step response ye of the sensor model (4.38). We use the same exact data
response as for the previous subsection, but in this case the perturbations of the
e have Hankel structure and are correlated with the perturbaregression matrix K
tions of the regressor vector e
y. The perturbations  are normally distributed with
zero mean and variance σ2 , and are also used to build the perturbations E. Due to
the Hankel structure in Equation (3.18), the variances of the perturbations E and
 are related by σE2 ≈ 2σ2 .
The spectral radius of the matrix K in Equation (4.3) is observed for the SNR
values in the interval of interest. As can be observed in Figure 4.6, for SNR values
larger than 35 dB, the perturbation levels make the spectral radius kMk < 1, and,
therefore, ensure the approximation given by the Taylor series expansion of the
inverse matrix. Below an SNR of 35 dB, the spectral radius of K grows above 1. In
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Figure 4.4.: The MC simulation shows that when we solve an unstructured EIV
problem with LS, the absolute errors (top) between the predicted variances and the empirical variance are proportional to the perturbation
noise variance, and the relative errors (bottom) are smaller than 5%
for SNR higher that 40 dB. The variance prediction computed using
exact data vp is very similar to that computed from observed data vep .
the rest of this subsection we will evaluate the effect of the error introduced by
the approximation.
We are interested in the mean-squared error of the of the step input estimation,
obtained empirically with the Monte Carlo simulation. The empirical bias is the
sample mean of the NMC estimates minus the true value
be =

1

NMC

NMC

i=1

∑ ubi − u ≈ µ (bu) − u.

(4.44)

The standard error associated to this empirical bias estimation is defined in
Hammersley and Handscomb [1975] as
σe (b
u)
σe,err = √
,
NMC

where σe2 (b
u) =

1
NMC − 1

NMC

∑ (bui − µ (bu))2 .

(4.45)

i=1

The plots in Figure 4.7 show the empirical bias, the bias predictions (4.13) and
(4.15), and their corresponding standard errors, for the structured EIV problem.
The empirical bias be is proportional to the perturbation noise variance, and the
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Figure 4.5.: The MC simulation shows that when we solve an unstructured EIV
problem with LS, the absolute errors (top) between the prediction with
observed data and the prediction with exact data are proportional to
the perturbation noise variance. The use of observed data instead of
exact data in the prediction formulas is valid when the SNR is above
35 dB since the relative errors (bottom) are smaller than 5%.
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Figure 4.6.: The spectral radius kMk is evaluated for different perturbation levels.
The approximation of the inverse matrix with the Taylor series expansion gives small error when kMk < 1. The SNR values that increase
the spectral radius above one are those below 35 dB.

bias predictions bp and bep coincide with the empirical bias be only for SNR above
40 dB. This indicates that the SNR drops to a point where the constraint kMk < 1
is no longer satisfied. At an SNR of 30 dB the perturbation noise affects the bias
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prediction from observed data and it is three times smaller than the empirical
bias.
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Figure 4.7.: We observe the results of the LS solutions for the structured EIV
problem. These results are the empirical bias be , the predicted bias
from exact data bp , the predicted bias from observed data bep , the
standard error σe,err of the empirical bias, and the standard error
σep,err of the the estimations bias computed using observed data. The
estimation biases are proportional to the perturbation variance and
the estimation standard errors are proportional to the perturbation
standard deviation. Since the standard errors are smaller than the
biases, the MC simulation is meaningful.
The absolute and relative errors between the predicted and the empirical bias are
shown in Figure 4.8. It can be seen that the absolute errors are proportional to the
perturbation variance, and the relative errors are lower than 5% for SNR higher
than 40 dB.
The absolute and relative errors between the empirical and the predicted variance,
equations (4.14) and (4.16), are shown in Figure 4.9. These absolute errors are
proportional to the perturbation noise variance, whereas the relative errors are
lower than 5% for SNR higher than 45 dB.
The absolute and relative errors between the two predictions from observed data
and from exact data, are shown in Figure 4.10. These absolute errors are also
proportional to the perturbation noise variance, and the relative errors show that
the bias and variance predictions from either of the two alternatives are equivalent
for SNR higher than 45 dB.
The simulation results show that the LS solution of the structured and correlated
EIV problem is more sensitive to the perturbation. This represents a low limit in
the SNR interval imposed by the noise level. In practical applications it is common
to have SNRs of 40 dB and the user needs to be aware of the prediction error that
the method has. We measure this prediction error with the mean squared error
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Figure 4.8.: The MC simulation shows that when we solve a structured EIV problem with LS, the absolute errors (top) between the predicted bias and
the empirical bias be are proportional to the perturbation noise variance, and the relative errors (bottom) are smaller than 5% only for
SNR above 40 dB.
(MSE), defined as
MSE = σ 2 + b2 .

(4.46)

By comparing the different MSEs to the CRLB of the structured EIV problem,
Figure 4.11 shows that the MSEs has the same proportionality as the CRLB with
respect to the disturbing noise variance. The MSEs are three times larger than the
CRLB. Since the difference between MSEep and the CRLB is lower than one order of
magnitude, the LS estimation of the structured EIV problem produces results that
are comparable to the ML estimation. The MSEep computed from observed data
approaches the CRLB for SNR below 40 dB. This is due to the constraint violation
of the Taylor series expansion.

4.2.3. Simulation results observed when the perturbation
noise does not concord with the type of perturbation
assumed by the derived expressions
In this section, the numerical study of the expressions that calculate the step
input estimation bias and variance considers the situation when the perturbation
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Figure 4.9.: The MC simulation shows that when we solve a structured EIV problem with LS, the absolute errors (top) between the predicted and the
empirical variance are proportional to the perturbation variance, and
the relative errors (bottom) between the predicted and the empirical
variance are smaller than 5% for SNR above 45 dB.
noise is not in agreement with the assumptions made during the analysis and
the derivation of the predicting expressions. In other words, the unstructured
perturbation is used in the expressions derived for the structured case, and the
structured perturbation is used in the expressions derived for the unstructured
case. Two Monte Carlo simulations, each one with NMC = 106 runs, were conducted
and the relevant results are illustrated in Figures 4.12 and 4.13. It is expected that
the performance in these conditions is very far from that obtained when using
the expressions in concordance with the perturbation type they were derived for.
The results confirm this argument, since the relative errors are in general close
to 100%. An exception is the variance prediction computed with the formulas
derived for the unstructured case, but using structured perturbation. Only in this
combination, the relative error of the variance prediction is aroun 10% for SNR
below 70 dB.

4.2.4. Simulation results for the structured IV solution
The structured IV problem, with instrumental variable (4.25), and normal equations (4.23), admits also a recursive least-squares solution. A Monte Carlo simula-

46

4.2. Simulation results

10 -5

10 -15
30

40

50

60

70

80

40

50

60

70

80

10

5

0
30

Figure 4.10.: The MC simulation shows that when we solve a structured EIV
problem with LS, the absolute errors (top) between the predictions
computed from observed data and those from exact data are proportional to the perturbation noise variance. According to the relative
errors (bottom), the substitution is valid for SNR higher than 45 dB.
10 -6

10 -12
30

40

50

60

70

80

Figure 4.11.: The mean squared errors of the LS estimate are close to the CramérRao lower bound. This is a positive indication of the goodness of
the LS estimator for the structured EIV problem. The mean squared
error of the empirical estimates is represented by MSEe , and those
of the predictions are MSEp and MSEep . The MSEep is smaller than
CRLB below 40 dB of SNR because of the introduced bias error, but
the difference between MSEep and the CRLB is lower than one order
of magnitude.

tion was conducted to find the empirical bias and variance of the solution to the
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Figure 4.12.: We observe the results obtained from the Monte Carlo simulation,
when the perturbation noise is structured and we use the predicting
expressions that were derived assuming the perturbation noise is
unstructured. A comparison of the empirical and the predicted
bias and variance of the input estimation shows that the prediction
formulas fail, since the relative errors between the empirical and the
predicted statistical moments are larger than 10%.

100

10
30

40

50

60

70

80

Figure 4.13.: We observe the results obtained from the Monte Carlo simulation,
when the perturbation noise is unstructured and we use the prediction expressions that were derived assuming the perturbation noise
is structured. A comparison of the empirical and the predicted bias
and variance of the input estimation shows that in these conditions,
the derived expressions fail to predict the statistical moments. If
the perturbation noise does not have the structure assumed by the
prediction expressions, the relative error remains high above 10% in
all the SNR interval.
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IV problem. This simulation is conducted using the same conditions as for the
structured EIV problem, in the previous subsection, and aims to compare the EIV
and the IV problem solutions. In Figure 4.14 we can observe, for different SNR
levels, the empirical bias (top), variance(center), and mean-squared error (bottom)
of the solutions to the EIV and the IV problems. The empirical bias the IV solution
is two orders of magnitude smaller than that of the EIV solution. Nevertheless,
the empirical variance of the two solutions are very close together, making the
mean-squared error almost identical.
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Figure 4.14.: In a simulation, the solutions of the structured EIV and IV problems
are empirically compared. The bias from solving the IV problem is
noticeable smaller, by two orders of magnitude, than the one from
solving the EIV problem. This argument is valid for SNRs higher that
35 dB. The obtained variances, on the other hand, are very similar in
the same SNR interval. As a consequence, the mean-squared errors
almost coincide.
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4.3. Conclusions
We conducted a statistical analysis of a structured errors-in-variables (EIV) estimation problem with correlation to find the first and second moments of its
least-squares solution. This estimation problem occurs in metrology when we
estimate the value of a measurand directly from the sensor transient response. The
data-driven estimation of the physical quantity is formulated as a structured EIV
problem with correlation that uses the observed transient response to construct
both the regression matrix and the regressor. The real-time implementation of
the method uses a recursive least-squares algorithm that is simple and has low
computational complexity. The assessment of the uncertainty is done using the
estimation bias and variance.
The conducted statistical analysis produced expressions that predict the estimation
bias and variance for given sample size and perturbation level of the observed
response. The Monte Carlo simulation validated the predictions. We compared the
results of solving an unstructured and uncorrelated EIV problem with a structured
and correlated EIV problem to understand how the structure and the correlation
impacts in the estimation. We found that the predictions in the structured case are
more susceptible to perturbations. This is due to the two approximations involved,
a second-order Taylor series expansion of the estimate, and the substitution of
perturbed data on the prediction expressions. The relative error results indicate
that the estimation bias, and variance are predicted using the derived expressions,
and the observed data. The mean squared error of the estimate is close to the
results of the maximum likelihood estimate given by the Cramér-Rao lower bound.
The bias and variance can be accurately predicted, provided that the Taylor series
expansion is valid. This constraint has to be taken into account to ensure the
effectiveness of the method in practical applications. In the example, it was
observed that when the SNR lies outside the validity region, the bias and variance
estimation was at most three times larger than the empirical values.
The methodology presented in this chapter can be applied to estimate the uncertainty of the solutions to other structured EIV problems. The bias and variance
expressions obtained after the statistical analysis depend on each specific structure.
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step input estimation method

The results of this chapter were published in Quintana Carapia, G., Markovsky,
I. Pintelon, R., Csurcsia, P.Z., and Verbeke, D., "Experimental validation
of a data-driven step input estimation method for dynamic measurements",
IEEE Transactions on Instrumentation and Measurement Journal, vol. 69,
no. 7, pp. 4843-4851, July 2020, doi: 10.1109/TIM.2019.2951865.
A measurement is a dynamic process and a sensor is a dynamic system that is excited by the unknown and to-be-measured input. The input application drives the
sensor into a transient regime response. The input excitation influences the sensor
output, and the input has to be estimated using the sensor transient response. If
the sensor reached its steady-state, the input would be straightforwardly estimated
from the sensor output making use of the sensor static gain. As is discussed in
Dienstfrey and Hale [2014], the lower is the sensor bandwidth, the higher is the
need for methods based on processing the sensor transient response to obtain fast
input estimation.
A common approach is to filter the sensor transient response with another dynamic
system that inverts the sensor dynamics, aiming to compensate the sensor transient
time. Examples of this compensation approach are the FIR filter described in Elster
et al. [2007], the time-varying continuous-time filter conceived in Piskorowski
and Barcinski [2008], and the IIR filters presented in Link and Elster [2009]
and Eichstädt et al. [2010]. The main drawback of these approaches is that the
compensator design is based on a sensor model. The sensor model requirement
implies that the uncertainty on the parameters contributes to the uncertainty
budget, as it is explained in Hessling [2011]. The uncertainty propagation through
the compensation systems has been studied in Elster et al. [2007]; Link et al. [2007]
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for the estimated model parameters, in Eichstädt et al. [2016] for a Kalman filter
estimator, and in D’Emilia et al. [2016] considering the models of the different
elements in the measurement system.
An approach different to compensation uses digital signal processing methods
that are independent of the sensor model. This is especially relevant when the
measurement system is inaccessible as the temperature sensor on board of a spatial
probe described in Saggin et al. [2001], or when the formulation of the estimation
method bypasses the model identification and estimates directly the input as in
the method introduced in Markovsky [2015a] that estimates the unknown level
of step inputs. This data-driven method step input estimation method did not
have a metric to describe its uncertainty, but in the previous chapter of this work
a methodology is described to obtain the bias and the variance of the step input
estimation. The methodology yields expressions for the bias and variance, and
the expressions are validated via Monte Carlo simulation as is suggested in the
work of Cox and Siebert [2006]. The estimation uncertainty is then described
with the estimation first two statistical moments. This chapter describes the
experiments performed to assess the uncertainty of the data-driven step input
estimation method under real life data. The estimation method processed step
responses from a weighing sensor experimental setup. The experimental results
are put in perspective to the simulations and validate the data-driven step input
estimation method, showing which intervals of SNR and sample size ensure the
reliability of the method.
The weighing system is constructed using a load cell as the sensing element. The
load cell is a popular and versatile device that has been used in weighing systems
in the works of Piskorowski and Barcinski [2008], Boschetti et al. [2013], Kesilmiş
and Baran [2016], and Guo et al. [2018]. Other magnitudes can also be measured
with a load cell, examples of these are found in the works of Rossander et al.
[2015] that measure forces in the blades of a wind turbine, Hernandez [2006] that
improve the quality of confort of bus seats measuring the forces they are subjet to,
Alaziz et al. [2017] and Zahradka et al. [2018] that monitor the quality of sleep by
sensing the body motion on the bed, Ballo et al. [2016] that measure accelerations
on a dummy in frontal impact tests.

5.1. Simulation results
The simulations described in Chapter 4 were conducted with an illustrative example that is assumed to be a second order weighing sensor. A weighing sensor
was implemented to relate experimental results with the simulations. As it will
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be detailed later, the order of the practical sensor is at least is fifth order. Thus,
the simulations presented in this section are useful to get insight on the impact
of that increasing the model order has on the accuracy of the bias and variance
predictions.
A Monte Carlo (MC) simulation was conducted to test the bias and covariance
expressions (4.15) and (4.16). The MC simulation performed NMC = 104 runs of the
data-driven step input estimation with different realizations of the measurement
noise . The MC simulation was conducted processing N = 5000 samples of a
y generated by a stable linear time-invariant
simulated transient step response b
(LTI) system of order n = 5, with a sampling frequency of fs = 4 kHz. This
system is a state-space model obtained with the System Identification Toolbox
using the measured step response of the actual sensor described in the Practical
Implementation Section. This model represents a weighing sensor, and in the
simulations the sensor is excited with a mass of 138.32 g following a step input
profile. As can be seen in Figure 5.1, the steady state response of the weighing
sensor model is practically reached after 500 samples because from there on the
relative error between the transient response and the steady-state response is
smaller than 0.2%.
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Figure 5.1.: Above: example of a simulated response b
y and its step input estimation ub assuming measurement Gaussian noise with 50 dB of SNR.
Below: the relative error |b
u − u|/u is below 1% after 100 samples. We
take the estimate at 500 samples because there the relative error is
smaller than 0.2%.
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A sensor is a dynamic system, therefore, a fast measurement process must necessarily cope with the system transient response. In that respect we must distinguish
between the transient response of the system under test, and the transient phase
of the measurement process (i.e. before the process has settled on a final measurement outcome). Notice that the transient phase of the measurement process is
considerably smaller than the settling time of the system under test, and this is a
major advantage of the step input estimation method.
b which is the input estimate ub. The
We are interested in the first element of θ,
measurement noise variance was selected to have a signal-to-noise ratio (SNR) in
the interval [30 dB, 80 dB], according to (4.39).
bu of the step input estimates and the
The difference between the sample mean µ
true value u is the empirical bias be .
be =

1 NMC
∑ ubi − u = µbu − u.
NMC i=1

(5.1)

bu2 of the step input estimates is used to obtain the standard
The sample variance σ
error of the MC simulation σe , which decreases with respect to the square root of
the number of MC runs NMC .
NMC
bu
σ
1
bu2 =
, where σ
σe = √
∑ (bui − µbu )2 .
NMC − 1 i=1
NMC

(5.2)

In each of the NMC runs, we compute the predictions of the step input estimation
bias and variance from measured data using Equations (4.15) and (4.16). The
step input bias and variance predictions from observed data bep and vep , and the
associated standard error σep,err , are obtained from
1 NMC i  b
1 NMC i  b
bep θ [1] , vep =
∑
∑ Cep θ
NMC i=1
NMC i=1
v
2
u N   
u ∑ MC bi θb
−
b
e
p
t i=1
e
p
[1]
and σep,err =
,
NMC (NMC − 1)
bep =

[1,1]

,
(5.3)

 
 
e i θb
eip θb
where b
is
the
first
element
in
the
bias
vector
and
C
is the first
p
[1]
[1,1]
element in the covariance matrix obtained in the i − th approximations. The
predicted bias and variance from exact data are obtained with one evaluation of
the expressions (4.13) and (4.14)
bp =
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1 NMC  b
∑ bp θ
NMC i=1

, and vp =
[1]

1 NMC  b
∑ Cp θ
NMC i=1

[1,1]

.

(5.4)

5.1. Simulation results
The uncertainty of the step input estimate is defined as the spread of the estimates
that is given by the predicted variance vp .
Figure 5.2 shows the empirical bias, the bias predictions and the standard errors of
the MC simulation. It can be seen that the empirical bias be and the predicted bias
bep are proportional to the perturbation noise variance while the standard errors
σe,err and σep,err are proportional to the perturbation noise standard deviation. For
SNR below 40 dB there is a difference of a small order of magnitude between the
empirical bias be and the bias prediction bep .
The standard errors of the MC simulation σe,err and σep,err are smaller than be and
bep . The estimates are spread near the sample mean and the uncertainty is smaller
than the bias. Therefore, the empirical bias of the MC simulation is meaningful.
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Figure 5.2.: The results of the Monte Carlo simulation of the step input estimation
method are the empirical bias be , the predicted bias using exact data
bp , the predicted bias using measured data bep , the empirical standard
error σe,err , and the predicted standard error σep,err . The estimation
biases are proportional to the perturbation variance and the estimation standard errors are proportional to the perturbation standard
deviation. Since the standard errors are smaller than the biases, the
MC simulation is meaningful.
The mean squared error (MSE) of the step input estimate, defined as
MSE = b2 + v,

(5.5)

where b and v are the bias and the variance of the step input estimate, can be
applied to the obtained empirical and predicted results and can be compared to
the Cramér-Rao lower bound (CRLB). Figure 5.3 shows that MSEe = b2e + ve and
MSEep = be2p + vep have the same proportionality with respect to the measurement
noise variance as the bound for an unbiased estimator CRLBub . For SNR above 35
dB, MSEe and MSEep are equivalent, and below 35 dB the difference between them
is of less than a factor of 10.
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We obtained an approximation of the CRLBb for our biased estimator using the
partial derivative of the bias in expression (4.15). Figure 5.3 shows that the
bounds for the unbiased and biased estimators are almost equal because the
partial derivatives of the bias are negligible w.r.t. 1 in Equation (4.17). By adding
the square of the predicted bias to the biased estimator bound CRLBb we obtain
an approximation of the minimum MSE that the biased estimator can achieve.
This minimum MSE is close to the CRLBs for large SNR but the square of the bias
causes an increase of the MSE around 35 dB. The differences between the CRLBs
and MSEe and MSEep are of one order of magnitude for large SNR and become
small for SNR lower than 40 dB. This difference is the cost of solving a structured
EIV problem with a simple LS method.
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Figure 5.3.: The observation instant is fixed at 500 samples. The bias and the
MSEs decrease for large SNR. The empirical MSEe and the predicted
MSEep of the step input estimation are one order of magnitude larger
than the Cramér-Rao lower bound. Adding the CRLB for a biased
estimator with the predicted bias squared we have the minimum MSE,
that grows in the interval [25 dB, 45 dB]. Below 35 dB the difference
between MSEep and the CRLB is less than a factor of 10.
There are two features of the system step response that make the CRLB small. One
is the measurement noise variance and the second is sample size. The estimation
from step response perturbed with small noise variance has lower uncertainty.
Also, using larger sample size to perform the estimation boils down to smaller
estimation uncertainty.
In order to get more insight into the step input estimation method we conducted
another simulation study. The step input estimation method assumes the order n
is given in (3.21). In this simulation, the step input estimation method processed
the step response generated by a 5 − th order system using different values of n in
the interval from 2 to 100.
The step response is perturbed with Gaussian white noise with SNR values in the
interval [20 dB, 80 dB]. For each order n and SNR value, 100 step input estimations
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are performed from independent noise realizations. Figure 5.4 shows the average
of the squared biases and the variances, and the MSEs of the input estimate using
the first 500 samples. It is evident that the estimation variance and MSE depend
on the SNR.
Increasing the order n is equivalent to adding more regressors in the regression
problem. It is well known that increasing the order n causes a monotonic decrement of the estimation bias and increment of the variance. This is the asymptotic
behavior of the estimation statistical moments with respect to the number of
regressors. Nevertheless, the simulation results presented in Figure 5.4 show
that the variance first increases for small values of n, followed by a decrement
and finally after n ≈ 40 the variances exhibit a slow and steady increment. This
apparent contradiction does not prove the invalidity of the estimation method
since the results presented correspond to a finite sample size and the asymptotic
results cannot be applied. The theoretical explanation of the estimation statistics
for finite sample sizes is out of the scope of this document.
There is a bias-variance tradeoff and the MSEs exhibit local minima with respect
to n. The principal contribution to the MSE is the squared bias for the smaller
values of n and the variance for the larger values of n. However, the higher orders
do not produce overfitting since the MSEs do not grow fast and remain close to
the minimum values.
The optimum value of n is not necessarily equal to the order of the generating
system and varies for each SNR. According to the plots in Figure 5.4, there are
orders that provide local minima of the step input estimation MSEs. From the
right hand side of Figure 5.4, the orders that give the first two MSE minima were
identified and those values are listed in Table 5.1. For each SNR, there is a first
minimum at a low order and a second minimum at a high order. For SNR of
30 and 40 dB, it is recommended to use the order that gives the first minimum
since the MSE at the second minimum is less than one order of magnitude smaller
than at the first minimum. Depending on the requirements, the user can choose
between the simplicity of an estimation with a low order or an estimation with
higher computational complexity and a smaller MSE. In a calibration stage, during
the setup of the estimation method, the user can search and set the order that
enables the estimation method to provide a required MSE.
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Figure 5.4.: The simulated step responses of a 5−th order system are processed
by the step input estimation method using different orders n and
independent noise realizations. The perturbation of the step responses
is Gaussian white noise with SNRs of 30, 40, 50, and 60 dB. The square
of the empirical bias (solid) and the empirical variance (dashed) are
shown on the left hand side and the MSE is shown on the right hand
side, for n between 2 and 100. These results suggest that, during the
setup of the estimation method, we have to search the order that gives
the minimum MSE without increasing unnecessarily the complexity
of the estimation method.
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Table 5.1.: Orders n that provide local minima for the MSE of the step input estimate. It is recommended to use the order that gives the first minimum
when there is a difference of small order of magnitude with respect to
the MSE at the second minimum.
SNR [dB]
30 40 50 60
order at first minimum
11 7
4
3
order at second minimum 40 35 40 31

5.2. Practical implementation
An experimental setup was constructed to test the step input estimation method.
The implementation is a weighing system that uses a load cell Tedea Huntleigh
1004, whose specifications are found in Tedea-Huntleigh [2015]. The maximum
rating of the load cell is 600 g. A cylindrical aluminium object of 138.32 g of
mass was used to excite the load cell. This value was found by calibration using
a balance KERN PCB 200-2 that has an uncertainty of 0.01 g. The step input
excitation was provided by a magnet that holds and releases a mass from above
the load cell. The magnet is located sufficiently far from the load cell to avoid
magnetic interference in the sensor response.
Mass

ye ADC
load cell
Tedea 1004

16 bits

amplifier and filter

Figure 5.5.: Diagram of the load cell and the conditioning amplifier that provide
the sensor response.
A two-stage linear conditioning amplifier performs amplification and filtering
of the load cell signal. The first stage is a precision instrumentation amplifier
INA114 that has high common mode rejection ratio. The second stage is a thirdorder low-pass Butterworth filter with cut-off frequency of 100 Hz. The low-pass
filter prevents the aliasing noise in the measured transient response. The signal obtained from the conditioning amplifier is considered to be the response
of the sensor. The sensor responses to step excitations were sampled with a
frequency of fs = 4 kHz, and therefore the Nyquist frequency is 2 kHz. The
step responses were collected and stored as datasets for further analysis. The
datasets, and the code used to generate the results in this section are publicly
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available in the sense of reproducible research research in the following url:
https://drive.google.com/drive/folders/1EfQb4nccg6x4kGcZropKRug3WkeNGXm?usp=sharing. The number of samples collected for each step response is
N = 20000. For practical purposes, we consider that the last 10000 samples
correspond to the steady state response.
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Figure 5.6.: Above: a typical measured sensor transient response ye takes more
than 1.25 s (5000 samples, fs = 4 kHz) to converge to the steady state
response. Below: the relative error of the input estimate ub is smaller
than 0.2% from 300 samples. We consider that at 500 samples the
relative error of the estimate ub is small enough to consider that ub is
close to its expected value u.
The step input estimation method processed 100 measured sensor step responses,
assuming the sensor is of 7−th order. Figure 5.6 shows a typical measured transient
response ye and an example of the estimated input ub.
The empirical bias be is the difference between the average of the 100 estimates
ub and the mass calibration value u = 138.32 g, at each instant of time, and the
standard error σe,err is the standard deviation of the mean estimate of the responses
processed, i.e.,
be =
µ

1 100
∑ ubi ,
100 i=1

σbe
,
σe,err = √
100

60

be − u,
be = µ

and

1 100
where σbe =
∑ (bui − µbe )2 .
99 i=1
2

(5.6)

5.2. Practical implementation
The bias e
bp and variance vep predictions from the measured data were obtained
by processing off-line the 100 measured sensor transient step responses with
expressions (4.15) and (4.16). These expressions require the measurement noise
variance σε2 to obtain the bias and variance prediction. One way to estimate the
measurement noise variance is computing the variance of each sensor steady state
response, see Figure 5.7. Later in this section we will explore another way to
estimate the measurement noise variance. Computing the noise variance from the
steady state response we observed that the SNR of the measured step responses is
55 dB in average.
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Figure 5.7.: From the sensor steady-state response an estimation of the measurement noise variance is obtained.
Figure 5.8 shows the empirical bias be and the standard error σe,err that result after
y. The
processing the first N = 500 samples of the 100 measured step responses e
standard error is smaller than the bias. As it was observed in the MC simulation,
this is the uncertainty of the estimation method. The oscillations observed in
the bias are mainly due to the transient response and not to the measurement
noise. The measurement noise effects are partially removed since we averaged the
100 transient responses, which is a small number compared with the NMC runs
averaged in the simulation section.
It is expected that the empirical bias is large when a small number of samples is
processed. The data-driven input estimation method is recursive and it is implemented in real-time. The estimation errors decrease as more data is processed.
The measurement noise is not white since there is evidence of frequency components in the sensor steady state response that are observed as oscillations in Fig 5.7.
To get insight into the properties of the measured sensor response e
y, a 7−th order
model was identified from input-output data assuming that the input is a step of
level u. A response b
y was simulated from the identified model and the residual
r=e
y−b
y was obtained. We can observe these signals in the frequency domain
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Figure 5.8.: The results of estimating the step input level after processing 100
measured step responses are the empirical bias be and the empirical
standard error σe,err . The estimation bias and the estimation standard
error decrease as more samples are processed. The estimation bias is
affected by the transient effects of the sensor response. The values of
be and σe provide the estimate accuracy and uncertainty for a given
sample size.
using the discrete Fourier transform, that for the signal e
y is defined as
1 N−1
Ye ( f ) = √ ∑ ye(k) e− j2πk f /N
N k=0

(5.7)

where f = 1, . . . , N/2 are the frequency lines and N is the total number of samples.
e dB = 20 log10 |Y|.
e
The power spectrum of the signal e
y is given in decibels by Y
e dB , the
Figure 5.9 shows the corresponding power spectra of the sensor response Y
b dB , and the residual RdB . There are frequency components
simulated response Y
near the main resonance peak in the magnitude spectrum of the residual. The
presence of frequency components near the main resonance peak is commonly
found in mechanical devices. The vibrations captured from the environment
explain the accumulation of energy near the main resonance modes.
Even when the residual r is not white, it provides an alternative way to estimate
the measurement noise variance. The average of the residual power spectrum
approximates the measurement noise variance as follows
bε2 ≈
σ

2
N

N/2

∑ |R ( f )|2 .

(5.8)

f =1


bε2 level of the measurement
The dotted line in Figure 5.9 indicates the 10 log10 σ
noise variance estimated from the residual. This level is higher than the mean
value of the residual power spectrum RdB in the frequencies above 120 Hz.
Using the residual power spectra that correspond to the measured step responses,
we obtained the measurement noise variance and the SNR for each experiment.
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Figure 5.9.: The power spectra of a measured response Y
b
YdB , and the residual RdB is not flat and then the measurement noise is
not white. The average of the residual power spectrum provides a conbε2 , represented
servative estimate of the measurement noise variance σ
with the dotted line.
Figure 5.10 shows the estimated SNRs from the residual power spectra. The SNR
mean value is 50 dB. Therefore, we assume that the SNR of the measured transient
responses is 50 dB instead of 55 dB, as it was estimated from the steady state
response.
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Figure 5.10.: The mean value of the signal-to-noise ratios estimated from the
residual power spectra is 50 dB. We consider that this is the estimated
SNR of the measured step responses.
The 5 dB difference provides a conservative bound since the bias and variance
computed from 50 dB of SNR are higher than those obtained using the variance
estimation from the steady-state response. Figure 5.11 shows a comparison of
the results obtained with both measurement noise variance estimations after
processing the first N = 500 samples of the step response e
y. Using expression
(4.15), the bias prediction bep2 obtained using an SNR of 50 dB approximates more
closely the empirical bias than bep1 obtained using an SNR of 55dB. In accordance,
the standard error of the bias predictions σep,err2 is larger than σep,err1 and is a
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conservative measure of the input estimation uncertainty. In conclusion, using
the noise variance estimated from the residual prevents underestimating the step
input estimation uncertainty.
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Figure 5.11.: Comparative view of the bias prediction using two different noise
variance estimations. Estimating the variance from the step response
residual gives a bias prediction bep2 and a standard error σep,err2 that
are slightly higher than bep1 and σep,err1 which correspond to computations that use the noise variance estimated from the steady state
response. The bias prediction bep2 approximates better the empirical
bias. The standard error σep,err2 provides a conservative value of the
input estimation uncertainty.
We investigated another aspect of the step input estimation method performance
when processing measured step responses. The step input estimation method
requires an assumption of the generating system order in the formulation of the
estimation problem (3.21). The estimation method performance is assessed under
different assumptions of the values of n in the interval from 2 to 100. For each
value of n, 100 step input estimations are computed from measured transient
responses and the empirical MSEs are compared. Figure 5.12 shows that, similar
to the observations made in the simulation study, the MSEs have two local minima
at n = 7 and n = 48. It is recommended to use n = 7 in the estimation method to
provide a small estimation MSE without the higher computational complexity
that n = 48 implies.
There exist methods for estimating the performance of different models that are
useful to choose among the models. Two classes can be distinguished. The first
class of methods uses the identification data set, such as the Akaike information
criterion (AIC) introduced in the paper of Akaike [1974], and the minimum
description length (MDL) iniciated by the work of Rissanen [1978]. The second
class of methods uses an independent validation data set, such as crossvalidation
Cawley and Talbot [2010]. While the first class of model selection criteria is
applicable to step input estimation problem, this is not the case for the second
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Figure 5.12.: The hundred measured sensor step responses are processed by the
step input estimation method for different values of the order n. The
empirical squared bias (solid) and the empirical variance (dashed) are
shown on the left and the empirical MSE on the right. The MSE has a
local minimum at n = 7 and another at n = 48. It is recommended to
use the estimation method with n = 7 because at n = 48 the decrement
of the MSE is not significant.

65

5. Experimental validation of the step input estimation method
class. Indeed, since the step input estimation starts from transient data, not
enough samples are available to split the data record into an identification and a
validation data set. Here, the second class of methods can be used off line in case
independent repeated experiments are available.
The AIC is defined for a class of models fit by maximum likelihood. For a linear
regression problem with Gaussian perturbation, such as (3.20), the AIC is given
by
 
b
AIC = 2 (n + 1) − ln L
(5.9)
b is the maximum value
where n + 1 is the number of estimated parameters, and L
of the likelihood function of the model. The AIC rewards the goodness of fit by
considering the maximum likelihood value, and adds a penalty term that increases
the cost with respect to the number of parameters to prevent overfitting. In the
opinion of McElreath [2020], the AIC is reliable when the priors overwhelmed by
the likelihood, the posterior distribution is approximately multivariate Gaussian,
and the sample size is much larger than the number of parameters. Using this
criterion for model selection is simple, Hastie et al. [2009] suggest just picking the
model that provides the smallest AIC value.
The MDL approach is motivated from an optimal coding viewpoint, aiming to
choose the most parsimonious model, that, according to Hastie et al. [2009], is the
simplest model that can encode the data for transmision of messages. If we have a
model with parameters θ , and data (K, y), with the conditional probability of the
outputs P(y|θ , K), and assuming the receiver knows the inputs and we transmit
the outputs, then the message length required to transmit the outputs is
length = −ln (P(θ )) − ln (P(y|θ , K)) .

(5.10)

The length is the sum of the code length required for transmitting the model parameters with the code length required for transmitting the discrepancy between
the model and the actual target values. The recommended model is the one that
minimizes (5.10). McElreath [2020] arguments that model fitting is a form of data
compression, where parameters explain the relationships among the data. The
parameters compress the data into a simpler form, with some loss of information
about the samples, and can be used to generate new data by decompression. Learning about the data requires using a simpler model that achieves some compression,
but not too much.
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5.3. Conclusions
In this chapter we investigated the statistical properties of a data-driven step input
estimation method in a real-life application. The step input estimation method
is a structured and correlated errors-in-variables problem that is solved with
recursive least-squares. A statistical analysis was conducted using the ordinary
least-squares condensed notation. This statistical analysis of the input estimate
provides expressions that approximate the estimation bias and variance assuming
that the measurement noise is Gaussian white noise. The variance approximation
is useful to assess the uncertainty of the input estimate. In simulation we observed
that the mean squared error of the input estimate is close to the theoretical
minimum that uses the Cramér-Rao lower bound for biased estimators. Since the
data-driven step input estimation method is not statistically efficient, there is room
for improvement. This is a topic for future research. In the practical experiments,
the measurement noise is not white. The noise variance obtained from the sensor
steady state response underestimates the measurement noise variance, that was
observed 5 dB larger in the power spectrum due to nonlinearities of the sensor.
Considering this difference in the measurement noise variance, we introduced a
conservative bound of the measurement noise variance so that the first and second
moments of the input estimate are more accurately predicted. Using the variance
approximation, we can assess the uncertainty of the input estimate with respect to
the number of samples processed by the data-driven step input estimation method.
The step input estimation method is useful in practical applications where the
whiteness assumption of the measurement noise is not fulfilled.
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The results of this chapter were published in Quintana Carapia, G., and
Markovsky, I., "Input parameters estimation from time-varying measurements", Measurement Journal, Vol. 153, 2020, ISSN 0263-2241,
doi:10.1016/j.measurement.2019.107418.

In this thesis document we have discussed that a measurement estimates the unknown value of a physical quantity, also called measurand. The physical quantity
of interest is applied as an input signal to a dynamic system, the sensor, and its
state changes from the initial conditions into a transient state. The input value is
estimated using the sensor response in transient state. A dynamic measurement
occurs when the input fluctuations impacts on the input value estimation. A
typical example of a dynamic measurement problem is a low-bandwidth sensor
excited with a fast changing input as is explained in Dienstfrey and Hale [2014].
In this case, the sensor transient response is slower than the variation of the input,
making it difficult to track the input evolution. The variation of some input characteristics, like the minimum or maximum or the effects of the environment, are
considered in applications such as measurements of temperature in Saggin et al.
[2001], pressure in Matthews et al. [2014], acceleration in Link et al. [2007], force
in Vlajic and Chijioke [2016]; Hessling [2008], and mass in Shu [1993]; Boschetti
et al. [2013].
The data-driven step input estimation method, introduced by Markovsky [2015a]
and described in Chapter 3, estimates the unknown step level of an input directly
from the sensor step response. Since most inputs have variations, contrary to the
step response that is constant after its application, sets the need for methods for
estimating more input models. One of such input models are affine inputs that
vary at a constant rate, and they are found in applications where the measurand
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activates the sensor gradually. An example of gradual activation is the mass
measurement of objects in motion, that exists in along conveyor belts.
Current solutions to the weighing in motion are low pass filters that estimate
the mass using a saturated ramp as it is proposed by Tasaki et al. [2007], and by
Niedźwiecki and Pietrzak [2016], and also time varying filters are developed in
Piskorowski and Barcinski [2008] and in Pietrzak et al. [2014]. Nevertheless, the
signal processing affine input estimation methods are motivated by the need to
obtain the mass of the object from the ramp before it reaches saturation. The ramp
is parameterized as a straight line model where the slope and the interception are
the parameters of interest of an affine input model. This chapter describes two
methods for the estimation of the affine input parameters.
One method is an extension of the data-driven step input estimation method, and
then it is a recursive algorithm of low computational cost that can be implemented in real-time. The second method is a maximum-likelihood (ML) estimation
method based on local-optimization that is proposed for off-line processing of the
sensor transient response. The ML method is similar to the model predictive control approach, as discussed in Mayne [2014], because a cost function is minimized
iteratively to optimize the parameters of a sensor model using the observed sensor
response in a receding time horizon. The difference is that the ML method aims to
estimate the unknown value of the affine input parameters instead of identifying
a model and controlling the dynamic system. Nevertheless, the ML method can
estimate the parameters of the affine input, the parameters of a sensor model, and
the initial conditions of the sensor.
The uncertainty of the subspace method is assessed in Quintana-Carapia et al.
[2019a] using a Taylor expansion of the estimate and Monte Carlo random sampling
approach. The Monte Carlo approach requires a large set of generated random
samples, and according to Cox and Siebert [2006], for simple systems it is the
recommended method. The uncertainty of the ML method is assessed using the
derivatives of the residual error that constructs the to-be-minimized cost function.
The covariance of the optimization method estimate is found in Pintelon and
Schoukens [2012] using the inverse of the Hessian matrix.

6.1. Affine input estimation problem
The affine input is modeled as a straight line u(t) = at + b with parameters the
slope a and the intercept b. The affine input estimation problem is formulated as
a signal processing problem as follows.
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Problem Given the sequence of measured output observations e
y = (e
y(1), . . . , ye(N)),
with ye(t) ∈ R, of a stable linear time-invariant system of order n, and static gain
G, generated by an affine input u(t) = at + b, estimate the parameters of the affine
b ∈ R such that ub(t) = abt + b
b apinput, i.e., find the values of the parameters ab, b
proximates u(t). The measured observations e
y = y +  are exact sensor responses y
perturbed by additive noise  assumed to be independent and normally distributed
of zero mean and given variance σε2 .

Motivating example Dynamic weighing is an application example where the
affine input can be observed. The weighing of objects in a conveyor belt gives
the sensor input an ideal straight line profile when the conveyor belt moves at a
constant speed. The straight line represents the mass coming gradually into the
weighing scale sensor in the conveyor belt, and the mass can be estimated from
the slope a of the straight line model. The mechanical vibrations of the conveyor
belt perturb the input and the sensor response is affected by measurement noise.
Estimating the mass of the object using the sensor response observations is the
ultimate goal.
Consider the weighing scale modeled as a second order mass-spring-damper
system, such as the one shown in the diagram of Figure 6.1.
y
u = at + b
m
ks

kd

Figure 6.1.: A second order mass-spring-damper model represents the dynamic
weighing system. The dynamics of the system depend on the affine
input. The weighing system is time-varying when the applied input
changes with respect to time.
The application of an affine input turns the linear time-invariant system into a
linear time-varying system, whose dynamics depends on the input u(t) = at + b, as
it is described by the differential equation:
d
dt



dy
dy
(at + b + m)
+ kd + ks y = (at + b + m) g
dt
dt

(6.1)
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where m is the mass of the scale, kd is the damping constant, ks is the elasticity
constant, and g = 9.81 m/s2 is the gravitational acceleration.
The weighing system admits a state-space representation where the states x1 = y
and x2 = ẏ are the position and the speed of the weighing scale:


 
0
1


0


, y = 1 0 x.
(6.2)
ẋ =
−ks
−(kd + a) x +
g
at + b + m at + b + m
In this chapter we use the dynamic weighing example to illustrate the implementation of the affine input estimation methods.

6.2. Solution methods
This section describes the subspace method for solving the affine input estimation
problem. The procedure is motivated by the step input estimation method that is
formulated as a structured errors-in-variables (EIV) problem and is solved using
recursive least-squares (RLS). The exponentially weighted recursive least-squares
is a generalization of RLS that allows for the extension of the estimation method
to reconstruct the affine input.
A maximum-likelihood (ML) method that performs simultaneous system identification and input estimation is described and its results are used as a reference
for the subspace method results.
An example of the subspace method is illustrated with a weighing system. An
existing time-varying (TV) compensation filter that was designed for weighing
applications is described briefly. This TV filter is also used to compare the results
of the proposed subspace method.

6.2.1. Subspace method
The errors-in-variables (EIV) minimization problem (3.21) is extended to estimate
the affine input parameters. The profile of an affine input excitation can be
reconstructed by solving the structured EIV problem

 2
e
θb = argmin Ω1/2 e
y − Kθ
.
(6.3)
θ

2

e is defined in (3.17), and the matrix
where e
y is the observed affine response, K
(N−n)×(N−n)
Ω∈R
is a diagonal matrix of descending powers of the weight factor
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ω ∈ [0, 1), i.e., Ω = diag ω N−n , . . . , ω 2 , ω 1 . The weight factor ω is a data selection
e
y − Kθ.
forgetting factor since it enables to apply different weights to the residuals e
The exponentially weighted RLS solution to the problem (6.3) is implemented to
facilitate the online implementation of the affine input estimation method.
The exponentially weighted recursive least-squares (RLS) can solve recursively
the estimation problem (3.21). In Kailath et al. [2000] the exponentially weighted
RLS algorithm is described as follows


b = θ(k
b − 1) + κk ye(k) − k
b − 1) ,
ek θ(k
θ(k)


−1 e
e>
e>
κk = ω −1 Ψ(k − 1)k
k / 1 + ω kk Ψ(k − 1)kk


ek Ψ(k − 1),
Ψ(k) = ω −1 I − κk k

(6.4)

ek represents the row of K
e that corresponds to the
for k = 2n + 1, 2n + 2, . . ., where k
k−th sample, κk is a gain scalar, and Ψ(k) is a covariance matrix. The estimates
and the covariance matrix are initialized using the first n + 1 samples, i.e.,

−1
b + 1) = K
e>
e
e>
θ(2n
K
yn+1 ,
n+1 ΩKn+1
n+1 Ωe

−1
e>
e
Ψ(2n + 1) = K
,
n+1 ΩKn+1

and

(6.5)

e n+1 is the matrix K
e with the first n + 1 rows, and e
where K
yn+1 is the vector e
y with
the first n + 1 elements. When ω = 1, the exponentially weighted RLS solution is
identical to that of the RLS. When ω < 1, the older residuals are weighted with
lower values than the residuals of recent observations. In this way, the solution of
the minimization problem depends more on newer data, and less on older data.
In Figure 6.2 we can see an example of the affine input u that excites a weighing
sensor, and the generated response e
y. After the transient effects have diminished,
the sensor response is a ramp of the same slope as the input, but with a different
intercept due to an offset o. The offset o is explained by the parameter m in the
sensor representation given in Figure 6.1. This is the mass of the sensor itself, that
is added to the mass of the object under measurement. From the point of view of
the subspace method, the value of m is unknown, and there is no interest in its
estimation.
The exponentially weighted RLS solution to the problem (6.3) provides an affine
b. The affine input parameters a and b are estimated, in a second
input estimation u
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b to a straight line using linear regression, as follows
step, by fitting u


1
 ..
.
N




1 " #
ub(1) − o

..  ab = 
..

,
. b
.
b
1
ub(N) − o

(6.6)

where it is considered the existance of the offset o.
b is updated followed by the RLS
For each new observation y(t), the estimation u
update of the slope ab and the intercept b
b. The values of the tuning parameters ω
and o can be obtained in the calibration of the method using the response of the
sensor.
The calibration procedure consists in the measurement of an object with a reference mass. During the calibration, ω and o are tuned by changing their values
aiming to reduce the estimation errors of ab and b
b. This reduction of the estimation
errors is observed in the convergence of the affine input parameters towards their
true values.
110

50
10
0
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0.1

Figure 6.2.: When the transient part of the sensor response e
y asymptotically
decreases, a ramp with the same slope a of the affine input u(t) = at + b
predominates. The intercept of the prevailing ramp is the intercept b
added to and offset o.
The subspace method estimates the input applied to a dynamic system directly
from the caused transient response. This is a recursive method that can be implemented in real time to estimate the input using low cost digital signal processors.
The method is a model-free approach and can be used in a variety of physical
measurements. The method tracks any arbitrary time-varying input and can
estimate the parameters of the input when it is associated to a particular input
model.
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Statistical analysis of the subspace method
b, we need to
To obtain the first and second moments of the step input estimate u
study the solution
e > ΩK)
e −1 K
e > Ωe
θb = (K
y,
(6.7)
of the overdetermined structured errors-in-variables EIV problem (6.3). Using a
second order Taylor series expansion of the inverse matrix we can approximate
the LS solution as

θb ≈ I − M + M2 C−1 (K + E)> Ω(y + ).
(6.8)
where
C = K> ΩK,

and

M = C−1 (K> ΩE + E> ΩK + E> ΩE).

(6.9)

The Taylor series approximation of θb enables the calculation of the estimation bias
and covariance since the measurement noise  and E are no more subject to matrix
inversion. The bias and the covariance of the estimate θb are obtained from the
definitions (4.7), and (4.8). Considering the structure of the EIV problem, the bias
and the covariance of the estimate approximation (6.8) can be expressed as
 




bp θb ≈ C−1 K> ΩB1 − B2 θ − K> ΩB3 − B4 ,
(6.10)
 


   
†>
b
Cp θb ≈ K† Ω σε2 IN−n + C1 − C2 − C>
ΩK
−
b
θb b>
(6.11)
p
2
p θ ,
n
o
n
o
n
o
n
o
where B1 = E EK† ΩE , B2 = E E> ΩP⊥ E , B3 = E EK† Ω , B4 = E E> ΩP⊥  ,
n
o
n
o
C1 = E Eθθ > E> , C2 = E Eθ> , P⊥ = I − KK† Ω, and K† is the pseudo-inverse
matrix of K.
The bias and covariance given by expressions (6.10) and (6.11) depend on the
unobservable true values θ and K. The measured observations are in the sensor
b The
e and compute θ.
step response e
y, and from its observations we construct K
substitution of the measured data in the expressions gives an approximation of
the estimation bias and covariance. We have then
 




e −1 K
ep θb ≈ C
e > ΩB
e1 − B
e 2 θb − K
e > ΩB
e3 − B
e4 ,
b
(6.12)
 


   
†> e
b e> b
e p θb ≈ K
e1 − C
e2 − C
e > ΩK
e † Ω σε2 IN−n + C
e
C
−
b
(6.13)
p θ bp θ ,
2
n
o
n
o
n
o
n
o
e 1 = E EK
e † ΩE , B
e 2 = E E> ΩP
e⊥ E , B
e 3 = E EK
e † Ω , B
e 4 = E E> ΩP
e⊥  ,
where B
n
o
n
o
b > , and P
e 1 = E Eθbθb> E> , C
e 2 = E Eθ
e⊥ = I − K
eK
e † Ω.
C
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The results of the expected values B1 , B2 , B3 , B4 , C1 , and C2 can be found using
Lemma 1, on page 30. The bias and covariance were obtained to extend the
previous analysis conducted on EIV estimation problems without an imposed
structure in Vaccaro [1994] and Stewart [1990]. It was shown that the bias and
variance expressions (6.12) and (6.13) are valid predictions of the first and second
moments of the LS estimate of a Hankel structured EIV problem. The problem
formulated by the step input estimation method belongs to this type of structured
EIV problems and we can use the derived expressions to find the bias and 
variance

ep θb and
b is the fist element of b
of the input estimate ub. The bias of the estimate u
 
e p θb .
b is the first element in the main diagonal of C
the variance of u

6.2.2. Maximum-likelihood method
Using a model of the sensor, the maximum-likelihood ML method simultaneously
estimates the parameters of the applied affine input u(t) = at + b, and some of
y. This method
the sensor model parameters, using the observed sensor response e
fits iteratively the response of the model b
y(θ) to the sensor response by searching
for the parameters θ that reduce the error difference between both responses.
Algorithm 1 describes the formulation of an objective function f = r> r, where r is
the residual r(θ) = e
y −b
y(θ), that is minimized through the iterations. The objective
function is the sum of the squares of the differences between the samples of both
responses. Since the measurement noise is assumed Gaussian distributed with zero
mean and variance σ2 , where the samples of this perturbation are independent and
identically distributed, the minimization of the objective function f maximizes
the likelihood of fitting the actual sensor response with the model response.
The Jacobian matrix of the residual Jθ = ∂ r(θ)/∂ θ can be analytically derived
using the sensor model. With the Jacobian matrix, the ML method searches the
direction in which the residual decreases towards a local minimum. Unfortunately,
this ML method cannot guarantee the global minimum since it depends strongly
on the initialization of the optimization parameters, as it is discussed in Nocedal
and Wright [2006]. Therefore, it is proposed to initialize the to-be-optimized
parameters a and b using the results of the subspace method obtained after a
convenient number of samples so that the affine input parameters are set close to
the optimal values. The initialization of the remaining model parameters under
study can be done using the sensor model representation. An illustrative example
of the ML will be provided in a posterior subsection.
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Algorithm 1 ML Affine input estimation.
Require: e
y, and required sensor model parameters
Initialize θ = (a, b, and the to-be-estimated model parameters)
for each Ns observations of e
y do
Simulate model response b
y(θ)
Obtain residual r(θ) = e
y−b
y(θ)
Minimize f = r> r over θ
using analytic Jacobian matrix Jθ = ∂ r(θ)/∂ θ
Update θ
end for
Ensure: Optimized parameters ab, b
b, and estimated model parameters.
Covariance of the ML method estimates
The ML method simulates a dynamic system, and computes the Jacobian of the
residual error in each iteration. The analytic formulation of the Jacobian benefits
the estimation method in two ways: it speeds up the minimization and gives direct
access to the variance of the estimates. The covariance matrix of the ML estimates
can be expressed as in Pintelon and Schoukens [2012]
 >  !−1
 
∂r
∂r
2
C θb = σ
.
∂θ
∂θ

(6.14)

The ML estimation method is asymptotically efficient, and the ML estimation
variance values are the mininum values that any estimator can attain. Therefore,
the variance of the ML method estimates should be smaller than the CRLB of the
structured EIV minimization problem (4.22).
ML affine input estimation example
The previously described dynamic weighing system is used to illustrate the ML
method implementation. In this case, the problem can be formulated as:
Minimize over a, b, xini r> r, subject to:
"
#
 
0
1
0
ẋ =
x
+
,
−(a+kd )
−ks
g
at+b+m
at+b+m


b
y = 1 0 x.

(6.15)
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where the optimization variables θ = (a, b, xini ) are the affine input parameters a,
b, and the sensor model’s initial conditions.
The model parameters m, kd , and ks cannot be estimated simultaneously due to
identifiability issues. In the state equation of the time-varying sensor model, the
parameters kd and a are entangled and cannot be explicitly separated. The same
occurs for the parameters m and b, and for ks with respect to a and b.
To define the initial value of the optimization variables a, b, the subspace estimation method can be used with, at least, the first 2n + 2 transient response samples,
where n = 2 is the order of the sensor model. With the initial affine input parameters, a sensor response can be simulated, and, since we are using few samples, the
first samples of the simulated response also are an approximation of the initial
conditions xini . The optimization variables are updated every Ns new observations. The minimization algorithm can be, for example, the Levenberg-Marquardt
algorithm described in Nocedal and Wright [2006].
The analytic Jacobian matrix J of the residual r(θ) can be obtained from the first
derivative of the state-space representation (6.15), with respect to the optimization variables θ. The residual r(θ) = e
y−b
y(θ) is the error difference between the
y and the simulated sensor response b
y(θ) to the affine
observed sensor response e
input. More details of the Jacobian matrix calculation, for the sensor model under
study, are given in the appendix.

6.2.3. Time-varying compensation filter
The time-varying (TV) filter described in Pietrzak et al. [2014] was designed to
compensate the measured responses of a conveyor weighing system, considering
they are modeled as a saturated ramp. The TV filter consists of three low-pass
infinite impulse response (IIR) filters in cascade, where the i − th IIR filter is given
by
ybi (t) + k1 (t)b
yi (t − 1) = k2 (t) (b
yi−1 (t) + ybi−1 (t − 1))
(6.16)
for i = 1, . . . , 3 and t = 0, . . . , N. The sensor response is fed to the filter, then
yb0 (t) = ye(t), and the output of the TV filter ubltv (t) = yb3 (t) is an estimation of the
affine input. Since in our case we are processing only the ramp without the
saturation, the estimates abltv and b
bltv of the input parameters are obtained by
fitting a straight line to the estimated input ubltv using linear regression.
The time-varying coefficients k1 (t) and k2 (t) are computed in Pietrzak et al. [2014]
from
q
k3
√
fc (t) − πT
1 + k1 (t)
3
s
k1 (t) =
,
k
(t)
=
,
k
=
2−1
(6.17)
2
3
k3
2
fc (t) +
πTs
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where Ts is the sampling time and fc (t) is a heuristic "cutoff" frequency
t−1

fc (t) = fu + ( fl − fu ) β α(N−1)

(6.18)

that changes between the lower fl and upper fu limits, where the coefficient β is
lower than one, and α is the decay rate. The lower frequency value fl and the
coefficient β are fixed and the variables fu and α are optimized off-line by solving
the minimization problem


η 
µaeltv µebltv σaeltv σebltv
i
minimize
over fu , α
max
,
,
,
(6.19)
+ max
µspec µspec σspec σspec
N
where µaeltv , µeb , σaeltv and σeb are the mean values and the standard deviations of
ltv
ltv
the estimation errors aeltv = abltv − a, and aeltv = b
bltv − b, and where a and b are the
true values of the input parameters. The values µspec and σspec are specified in the
OIML recommendation R51 defined in International Recommendation OIML R
51 1 [2006] for mass measurements that use a conveyor belt.

6.3. Simulation results
The results of the affine input parameters estimation are discussed in this section.
We performed a simulation study using the weighing system presented as an
example. We compared the performance of the proposed subspace method to a
conventional time-varying (TV) filter, that was conceived for weighing applications, and to the maximum-likelihood (ML) method.
A second order weighing system was excited with an affine input to get the
transient response. The parameters of the weighing system are m = 15 g, kd = 5.5
Ns/m and kgs = 10250 N/m. The applied affine input u(t) = 100t + 10 represents
a mass that changes from 10 g to 110 g, at a constant rate, in a time interval of
0.1 s. This change of mass represents one example of the weighing input in a
conveyor weighing system when an object of 100 g is measured while it is moving
at constant speed. A total of 1000 samples of the sensor response are acquired
with sampling time Ts = 0.1 ms. In Figure 6.3 the input u is represented with
the black dotted line, the red oscillatory curve is the corresponding sensor ramp
b is a typic al input estimate obtained with the
response e
y, and the blue curve u
subspace method.
In each simulation, the sensor response was perturbed with an independent
realization of additive normally distributed measurement noise. The added perturbation noise has signal-to-noise ratio (SNR) in the interval [20 dB, 60 dB]. These
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y to an affine input excitation u(t) = at +
Figure 6.3.: The sensor transient response e
b is processed by the estimation methods to estimate the parameters
a and b. In the figure we observe an example of the input estimate
b obtained with the subspace method. The input parameters are
u
b − o using linear regression.
calculated from u
SNR values are realistic in practical applications. The SNR is defined as the ratio
of signal power to the noise power, that is equivalent to the root-mean-square
(RMS) value of the true signal to the standard deviation of the perturbation noise,
and in dB is given by (4.39).

6.3.1. Results of the subspace method
The subspace method processed online the sensor transient response. The first
estimation was obtained with 2n + 1 samples, where n = 2 is the assumed order of
the sensor. The method updated recursively the value of the estimated parameters
for each new collected sample, using the forgetting factor ω listed in Table 6.1. In
b obtained when
Figure 6.4 we observe the relative errors of the estimates ab and b
SNR = 40 dB. The relative errors are smaller than 5% after 400 and 500 samples
are processed, i.e., 0.04 s and 0.05 s, respectively. As more samples are collected,
the parameter estimation improves. Figure 6.5 shows the final value of the relative
errors, found at t = 0.1 s, for the different SNR values considered. The relative
errors are smaller than 2% regardless of the measurement noise level.
The Cramér-Rao lower bound (CRLB) of the errors-in-variables problem formulated by the subspace method was numerically computed for different sample size
using Equation (4.22). The CRLB is the minimum variance that the estimates ab
and b
b can have from the solution of the structured EIV minimization problem.
The average of 104 runs with independent noise realizations allows to find the
empirical mean squared error (MSE) of the estimates, defined as
2
MSEab = bp (b
a) + vp (b
a) , and MSEbb = (bp (b
b))2 + vp (b
b),
(6.20)
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Figure 6.4.: The relative errors of the affine input parameters estimates decrease
as the subspace method processes more samples. The relative errors of
the estimates ab and b
b are smaller than 5% after 400 and 500 samples,
respectively (Ts = 0.1 ms).
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Figure 6.5.: The minimum value of the estimation relative errors obtained with
the subspace method is less than 2% regardless of the SNR between
20 dB and 60 dB.
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Table 6.1.: Here are listed the selected values of the forgetting factor ω and the
offset o that configure the subspace method for the different values of
SNR. These values were obtained after calibration of the method and
were fixed during the simulation study.
SNR [dB]
20
30
40
50
60
ω
o [g]

0.939
15

0.940
15

0.955
17

0.959
14

0.959
20

where bp (b
a) and bp (b
b) are the bias, and vp (b
a) and vp (b
b) are the variances of the
input parameters. Figure 6.6 shows that the mean squared errors MSEâ and MSEb̂
are near to their theoretical minimum CRLBa and CRLBb within two orders of
magnitude, when SNR = 40 dB. Figure 6.7 shows the final value of the Cramér-Rao
lower bounds and the empirical mean-squared errors, found at t = 0.1 s, for the
different SNR values considered. Both MSEâ and MSEb̂ are less than one order
of magnitude near to CRLBa and CRLBb , respectively, for SNR ≤ 30 dB. The
difference increases for larger SNR but the maximum is two orders of magnitude
for SNR = 60 dB.
Table 6.2 shows a comparative view of the estimation mean-squared-errors maximum values when the ramp that excites the sensor corresponds to different
masses and time durations. For each mass and duration, the sensor responses
were perturbed with measurement noise of SNR in the interval [20 dB, 60 dB].
The sensor parameters and sampling frequency are fixed and are the same described in the first paragraph of this section. The maximum values of the MSE are
mainly found at low SNR values between 20 and 40 dB. The higher levels of noise
increase the uncertainty of the estimation defined in terms of the MSE. For fast
ramp excitations, the MSE’s increase considerably. The used sampling frequency
constrains the estimation method effectiveness for the ramp input duration of 0.05
s or shorter and there it is recommended to use a higher sampling frequency that
will reduce the estimation MSE.
A numerical sensitivity analysis of the subspace method was conducted by adding
uncertainty to ramp input generation and looking into the estimation results. The
uncertainty σs of the speed in which the ramp increases, and the uncertainties of
the input parameters, represented by σa,b , were selected to be 0%, 5% and 10% of
their true values. A Monte Carlo simulation with 104 runs was performed for each
SNR and the maximum values of the estimation uncertainty are shown in Table
6.3. According to these results, the input parameters uncertainties σa,b affect more
the uncertainty of the estimation than the speed uncertainty σs . The parameter
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Figure 6.6.: When the SNR of the sensor response is 40 dB, the mean squared
b, obtained
errors of the slope estimate ab and the intercept estimate b
by the subspace method, are two orders of magnitude above the theoretical minimum variance given by the Cramér-Rao lower bound.
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Figure 6.7.: The Cramér-Rao lower bounds of the estimates CRLBa and CRLBb determine the minimum uncertainty that can be achieved and increases
with the measurement noise. The empirical mean squared errors
MSEâ and MSEb̂ are near to the Cramér-Rao lower bounds within one
order of magnitude for SNR smaller than 30 dB, and within two orders
of magnitude for SNR between 40 dB and 60 dB.
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Table 6.2.: The maximum values of the estimation mean squared errors observed
when the subspace method processed the sensor transient responses
caused by ramp excitations of masses 0.1, 0.3, 0.5, and 1.0 kg, that last
0.05, 0.1 and 0.5 s, with signal to noise ratios in the interval [20 dB, 60
dB] occur mainly at 40 dB and for lower SNR. There is an increment in
the MSE values when the ramp excitation is faster.
Mass
Time
0.05 s
MSEâ
MSEb̂
0.1 s
MSEâ
MSEb̂
0.5 s
MSEâ
MSEb̂

0.1 kg

0.3 kg

0.5 kg

1.0 kg

[g2 ]
[g2 ]

3.5x100(@40 dB)
3.1x10−3
(@40 dB)

13.5x100(@50 dB)
1.1x10−2
(@40 dB)

3.8x100(@20 dB)
1.1x10−2
(@40 dB)

8.3x100(@50 dB)
1.9x10−2
(@60 dB)

[g2 ]
[g2 ]

3.1x10−2
(@30 dB)
6.0x10−5
(@30 dB)

1.1x100(@40 dB)
1.2x10−1
(@50 dB)

8.3x10−1
(@60 dB)
2.1x10−2
(@40 dB)

1.3x100(@50 dB)
3.7x10−2
(@40 dB)

[g2 ]
[g2 ]

3.0x10−2
(@20 dB)
3.1x10−5
(@50 dB)

3.0x10−1
(@20 dB)
9.8x10−4
(@40 dB)

3.2x100(@20 dB)
2.0x10−5
(@50 dB)

8.6x10−2
(@20 dB)
1.7x10−5
(@20 dB)

that is more affected by the input parameters uncertainty is the intercept b
b, since
the uncertainty of the slope ab is smaller.

6.3.2. Results of the maximum-likelihood method
The maximum-likelihood (ML) method estimates the affine input parameters
from the sensor model transient response. A total of 100 runs of the method were
obtained, using different realizations of the measurement noise. The measurement
noise variance was set to have an SNR of 40 dB. The ML method used the first 50
samples to initialize the optimization variables and updated the variables every
Ns = 5 samples. Figure 6.8 shows the average of the observed relative errors in
the estimation of the parameters ab, b
b, xbini,1 , and xbini,2 . The convergence of the ML
estimates gives relative errors below 5% after three iterations. The largest relative
error observed is in the scale velocity xbini,2 estimate, which is more sensitive than
the other optimization variables.
The estimation covariance was computed using the analytic Jacobian and the
Equation (6.14). Figure 6.9 shows the average of the variances that were observed
on the diagonal of the covariance matrix J. We can see that the estimation variances
decrease as more samples are processed. Moreover, the estimation variances of ab
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Table 6.3.: A sensitivity analysis of the subspace method was conducted by adding
uncertainty to the ramp input. The speed σs , and the input parameters
σs uncertainties are 0%, 5%, and 10% of their true values. The table
shows the maximum values of the estimation uncertainty. The speed
uncertainty causes a smaller spread of the estimates than the input
parameters uncertainty.
σa,b
σs : 0%
5%
10%
0%
ab [kg/s]
b
b [g]
5%
ab [kg/s]
b
b [g]
10%
ab [kg/s]
b
b [g]

1.0 ± 9.6%(@50 dB)
10.0 ± 10.3%(@20 dB)

1.0 ± 8.2%(@20 dB)
9.9 ± 14.2%(@30 dB)

1.0 ± 8.2%(@50 dB)
10.0 ± 21.7%(@60 dB)

1.0 ± 9.7%(@50 dB)
10.0 ± 22.4%(@50 dB)

1.0 ± 11.3%(@20 dB)
10.0 ± 33.2%(@30 dB)

1.0 ± 8.0%(@50 dB)
9.9 ± 16.6%(@50 dB)

1.0 ± 20.3%(@40 dB)
9.9 ± 46.8%(@40 dB)

1.0 ± 22.0%(@50 dB)
9.8 ± 58.8%(@50 dB)

1.0 ± 17.7%(@40 dB)
9.9 ± 41.6%(@40 dB)
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Figure 6.8.: The affine input parameters and the sensor’s initial conditions are
estimated with the ML method. After three iterations, the average
of the relative error is smaller than 5% for each and every of the
estimates. The estimate xbini,2 has the larger relative error near to 1%.

and b
b obtained with the ML method are lower than the corresponding estimation
MSE errors obtained from a Monte Carlo simulation of the subspace method (see
Figure 6.7).
The ML method is computationally more expensive than the subspace method
because the ML method simulates the response of a sensor model to optimize the
input parameters and the sensor’s initial conditions.
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Figure 6.9.: The variances of the ML estimates are calculated using the information provided by the analytic Jacobian. The estimates xbini,1 and ab have
the smaller and larger variances, respectively.
A typical run of the ML method takes 30 s to complete. With this execution time,
the ML estimation can only be performed offline. Nevertheless, the ML method
objectives are to give the best estimation possible and to serve as a reference to
assess the results of the other methods. An efficient implementation of the ML
method to make it feasible for real-time implementation is not trivial and requires
additional research that is considered a topic for future research.
A numerical sensitivity analysis of the ML method was conducted by adding
uncertainty to the ramp input, and to the parameters of the time-varying model.
The ramp input was perturbed with uncertainty of the speed in which the ramp
increases σs , and with uncertainty on the input parameters σa,b . The perturbation
uncertainty of the model parameters m, d, and k is represented by σm,d,k . The
perturbation uncertainty was simulated by adding normally distributed random
noise with standard deviation equal to 0%, 5% and 10% of the corresponding true
values of the perturbed parameters. A Monte Carlo simulation with 103 runs was
conducted for each SNR in the SNR interval of interest, and in Table 6.4 are shown
the maximum values of the observed estimation uncertainties. The results show
that the speed uncertainty σs has a small impact on the estimation uncertainty.
On the contrary, the input parameters uncertainties σa,b , and the uncertainties
of the model parameters σm,d,k cause a large increment in the uncertainty of the
estimation.

6.3.3. Results of the time-varying filter
We fixed the frequency lower value fl = 0.01 Hz and the base β = 0.01. The upper
value fu and the decay rate α were found using optimization (6.19). We chose
the values µspec = 0.5 and σspec = 0.24 as they are specified in the OIML recom-
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mendation defined in International Recommendation OIML R 51 1 [2006] for a
mass of 100 g measured in a conveyor belt. The optimized values of the frequency
upper value and the decay rate, using a dataset of 100 transient responses, were
fu = 26.94 Hz and α = 5.71.
Figure 6.10 shows the relative errors of the estimates ab and b
b computed with the
TV filter after processing the sensor transient response. The relative error of the
slope estimate is below 5% after 300 samples but the relative error of the intercept
estimate is near 10%. The convergence rate of the estimate ab was similar to that of
the subspace method.
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Figure 6.10.: The relative errors of the time-varying filter estimation converge
slower than with the subspace method. The relative errors of ab and
b
b are smaller than 5% only after 800 and 950 samples, respectively.
With the subspace method the relative errors are below 5% after 400
and 500 samples.

6.3.4. Discussion of the observed results
The subspace method obtains an estimation of the affine input parameters with
a recursive least-squares solution of a structured errors-in-variables problem.
Updating the parameter estimates without matrix inversion simplifies the method
implementation on digital signal processors of low cost. The price we pay by
computing the least-squares solution of an errors-in-variables problem is an
increase in the bias of the estimates. Nevertheless, the empirical mean squared
errors of the estimates are at most two orders of magnitude larger than the CramérRao lower bound, meaning that the estimation uncertainty is low, even when the
SNR is lower than 40 dB.
The proposed subspace method is a general method that can be used in different
applications, with realistic signal-to-noise ratios. It is suitable not only for mass
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measurements. The weighing example shows that the subspace method can be
used even when the measurement system is linear time-varying.
It was shown that the time-varying (TV) compensation filter can be modified
to estimate the mass only from the increasing section of the saturated ramp,
without the need of processing the saturation part. The modified TV filter can
be implemented in real-time as the subspace method after a previous off-line
coefficients optimization stage with sensor measured data. Nevertheless, the
estimation results of the subspace method are better than the TV filter since they
are twice as fast and one order of magnitude more acurate.
The subspace method can estimate the affine input parameters from the sensor
response using few parameters, the sensor order n, the sensor static gain G, and
the RLS forgetting factor ω. The subspace method does not necessarily requires
optimization of ω using a dataset of measured sensor responses. It is required
to tune ω online during the calibration of the system and later ω remains fixed
during the measurements.
The results of the sensitivity analysis show how the uncertainty of the subspace
method estimates is affected when the ramp input is subject to perturbation. The
impact on the uncertainty on the slope ab and the intercept b
b parameters is different.
The ramp speed uncertainty σs is added to the uncertainty of the parameter b
b,
but does not contribute to the uncertainty of the parameter ab. On the other hand,
the ramp parameters uncertainty ramp speed uncertainty σa,b is added to the
b. This is not surprising
uncertainty of the estimates of both parameters ab and b
since the estimation parameters are linked to the ramp input parameters.
The maximum-likelihood (ML) method is an approach that requires larger computational resources. This is an iterative method and in each iteration computes
a simulation of a dynamic system followed by the evaluation of the residual error Jacobian matrix. The advantage of the ML method is that we can estimate
simultaneously sensor parameters and the initial conditions of the sensor. In the
weighing case presented as an illustrative example it was not possible to incorporate other parameters of the sensor because they are not identifiable. According to
the estimation relative errors, that are lower than 0.01 after 100 samples, from
there on the ML method estimates are near to the true values and we may not
require to run the method along all the measurement period. With only the first
100 samples we have an accurate parameter estimation and variance assessment.
However, the main drawback of the ML method that prevents online implementations is the required computational power to iteratively simulate the response of a
sensor model. It takes an average of 30 s to complete an estimation with the ML
method, and this time is too large for fast changing inputs. The development of an
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efficient ML method, suitable for real-time implementation, is not straightforward,
and is proposed for future research.
The results of the sensitivity analysis of the ML method show that the uncertainty
of the ramp input speed σs does not have an impact on the estimation uncertainty.
Similar to the subspace case, the uncertainty of the ramp input parameters σa,b
is additive to the uncertainty of the estimated parameters ab and b
b, but does not
contribute to the uncertainty of the first element of the initial conditions. On the
other hand, the estimation uncertainty is affected by the perturbation on the model
parameters σm,d,k . It is observed that the uncertainty of the estimated parameters
ab and b
b increases two and three times the uncertainty of the model parameters.
This implies that we need to have an accurate model of the dynamic system to
have a small uncertainty on the estimated input parameters. Unfortunately, the
uncertainty of the second element of the inital conditions is always very high and
this is not because of the perturbation of the ramp speed or the model parameters.
This issue requires more investigation to see if it is due the identifiability of the
parameter in the particular example we have.
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Table 6.4.: A sensitivity analysis of the ML method was conducted by adding uncertainty to ramp input, and to the model parameters. The perturbation
uncertainty was selected with standard deviation of 0%, 5%, and 10%
of the parameters true values. The observed maximum estimation uncertainties are shown in the table. The speed uncertainty σs affects less
the input estimation, but the uncertainties of the input parameters σa,b ,
and the model parameters σm,d,k cause an increase of the estimation
parameters spread around their mean values.
σa,b
σs : 0%
5%
10%
0%
ab [kg/s]
b
b [g]
xbini,1 [g]
xbini,2 [g/s]
5%
ab [kg/s]
b
b [g]
xbini,1 [g]
xbini,2 [g/s]
10%
ab [kg/s]
b
b [g]
xbini,1 [g]
xbini,2 [g/s]
σm,d,k
0%
ab [kg/s]
b
b [g]
xbini,1 [g]
xbini,2 [g/s]
5%
ab [kg/s]
b
b [g]
xbini,1 [g]
xbini,2 [g/s]
10%
ab [kg/s]
b
b [g]
xbini,1 [g]
xbini,2 [g/s]
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1.0 ± 0.7%(@20 dB)
10.0 ± 1.1%(@20 dB)
0.1 ± 0.6%(@40 dB)
0.1 ± 122%(@40 dB)

1.0 ± 0.7%(@20 dB)
10.0 ± 1.1%(@20 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 130%(@40 dB)

1.0 ± 0.4%(@30 dB)
10.0 ± 0.5%(@30 dB)
0.1 ± 0.2%(@30 dB)
0.1 ± 38%(@50 dB)

1.0 ± 9.0%(@50 dB)
9.9 ± 25.4%(@50 dB)
0.1 ± 0.6%(@20 dB)
40.1 ± 116%(@40 dB)

1.0 ± 5.2%(@40 dB)
10.0 ± 5.2%(@20 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 128%(@40 dB)

1.0 ± 5.6%(@40 dB)
10.0 ± 4.7%(@40 dB)
0.1 ± 6.2%(@30 dB)
0.1 ± 115%(@40 dB)

1.0 ± 10.4%(@30 dB)
9.9 ± 10.5%(@20 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 108%(@50 dB)
σs : 0%

1.0 ± 10.3%(@20 dB)
9.9 ± 10.4%(@20 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 110%(@40 dB)
5%

1.0 ± 10.3%(@20 dB)
10.0 ± 10.5%(@20 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 137%(@50 dB)
10%

1.0 ± 0.7%(@20 dB)
10.0 ± 1.1%(@20 dB)
0.1 ± 0.6%(@40 dB)
0.1 ± 122%(@40 dB)

1.0 ± 0.7%(@20 dB)
10.0 ± 1.1%(@20 dB)
0.1 ± 0.2%(@30 dB)
0.1 ± 130%(@40 dB)

1.0 ± 0.3%(@30 dB)
10.0 ± 0.4%(@30 dB)
0.1 ± 0.2%(@30 dB)
0.1 ± 38%(@50 dB)

1.0 ± 15.3%(@20 dB)
10.3 ± 79.4%(@20 dB)
0.1 ± 0.2%(@30 dB)
0.1 ± 113%(@40 dB)

1.0 ± 0.7%(@20 dB)
10.0 ± 1.2%(@20 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 119%(@40 dB)

1.0 ± 21.5%(@20 dB)
9.9 ± 19.0%(@20 dB)
0.1 ± 0.2%(@20 dB)
0.1 ± 323%(@30 dB)

1.0 ± 22%(@30 dB)
0.1 ± 26%(@30 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 121%(@40 dB)

1.0 ± 16%(@30 dB)
9.9 ± 14.8%(@30 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 136%(@40 dB)

1.0 ± 28%(@50 dB)
10.4 ± 93%(@50 dB)
0.1 ± 0.6%(@20 dB)
0.1 ± 111%(@40 dB)
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6.4. Conclusions
An adaptive subspace method was proposed for estimating affine input parameters
given the measurement of the caused sensor transient response. The subspace
estimation method is a recursive method that allows online implementation. This
method tracks the input of a system, using exponential forgetting, to process
the system response. The subspace method is model-free and estimates directly
the input parameters without identifying a sensor model. Therefore, it can be
applied to the measurement of different physical magnitudes. In the specific
weighing example described in the manuscript, the input is an affine function.
The method is also applicable when the sensor is time-varying. The subspace
method is computationally cheap, simple and suitable for implementation on
digital signal processor of low computational power.
A maximum-likelihood estimator based on local optimization was designed to
obtain a comparative reference for the other methods. The maximum-likelihood
method estimates the affine input parameters and also model parameters and the
sensor’s initial conditions. This method simulates, in a receding horizon scheme,
the response of a sensor model to estimate the input and minimizes the sum of
the squares of the residual between the measured and the estimated responses.
The main drawback of the maximum-likelihood method is its computational cost
and efficient implementation of the method is left for future work.
A linear time-invariant weighing system is used as a test example for the estimation
methods. The weighing system becomes time-varying when an affine input excites
the system. The estimation methods are compared in a simulation study where the
time-varying sensor response is perturbed by measurement noise, that is assumed
to be white, of zero mean, and with known finite variance. The subspace method
results are also compared to those of an existing digital time-varying filter. The
coefficients of the time-varying filter require offline optimization. The estimation
results obtained with the subspace method converges two times faster and is one
order of magnitude smaller than those obtained with the time-varying filter. The
empirical mean squared errors of the subspace method estimation is two orders of
magnitude larger than the theoretical minimum given by the Cramér-Rao Lower
bound.
Future work of this research is the practical implementation of the subspace
method for real-time measurements.
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This thesis describes the validation of a signal processing method for metrology
applications. The signal processing method takes the transient step response
of a linear time-invariant sensor and provides an estimation of the level of the
originating step input. The signal processing method is a subspace data-driven
estimation method and constitutes an alternative to typical sensor response processing approaches based on compensation filters. Contrary to the compensation
filters, this data-driven estimation method is model-independent and reduces the
estimation time. The reason for the time reduction is the bypassing of the model
parameters estimation, which is not performed previously nor simultaneously to
the input estimation. The improvement in speed estimation makes the data-driven
method suitable for real-time measurements.
Quantifying the estimation uncertainty was necessary to convince the metrology
community of the data-driven method advantages. The uncertainty assessment is
not straightforward. The data-driven method formulates a minimization problem
that is a block-Hankel structured and correlated errors-in-variables (EIV) problem.
The recursive least-squares (RLS) solution to the minimization problem enables
the online implementation of the method. The structure and correlation of the
EIV problem required research to find the first and second statistical moments of
the LS solution.
The first part of the research reported in this thesis deals with the determination
of the mean value and the covariance that the LS estimator has when it solves
a structured and correlated EIV problem. The Taylor series expansion of the
LS solution permits the study of the expected value of the LS estimate. The
series expansion takes into account the structure of the regression matrix and
the correlation between the regression matrix and the regressor. With the Taylor
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series expansion, the element-wise treatment is not a strict requirement for the
statistical analysis since it is possible to use matrix form in the computations. As a
result, the statistical analysis yielded expressions that approximate the bias and
the covariance of the LS estimate for given sample size and perturbation level.
These expressions also help to understand the impact that the different matrix
structures and the correlation bring into EIV problems and their solutions.
The LS bias and covariance predictions were validated first by Monte Carlo simulations. In the simulations are obtained the empirical statistical moments of the
LS estimation, and their predictions calculated using the derived expressions. The
simulations used an extensive set of values in the workspace of the step response
sample size and perturbation levels. The learning obtained from the simulation
results is the operating conditions in which the estimation method is effective. The
operation conditions were the data-driven estimation method is effective include
a region of signal-to-noise (SNR) near to 40 dB, which is typical in many real-life
applications. This effectiveness near an SNR of 40 dB is a positive indication for
the usability of the method in metrology. Another encouraging result is that the
mean squared error of the data-driven method estimate is considerably near to
the minimal theoretical variance that is defined by the Cramér-Rao lower bound
of the formulated EIV problem.
The temperature and mass measurements are adequate for testing the implementation of the method. These two physical magnitudes are demanded applications
in scientific and industrial fields, and there are available sensors of low cost in
the market. The mass measurement demands more effort from the step input
estimation method in a real-life application. Mass measurement sensors are affected by environment vibrations. Moreover, the mechanical constructions of the
weighing sensors increase the order complexity of the sensor model. A load cell
sensor, used as the weighing sensor, has a high order, that in theory, is infinite.
A non-surprising observation in the implementation of experimental measurements is that the measurement noise collected from the weighing sensor is not
Gaussian white noise. Nevertheless, the implementation of the data-driven step
input estimation method showed good performance results under these conditions.
The estimation method showed robustness against non-white noise and provided
acceptable results for system orders selected between 5 and 7.
A third aspect of the conducted research included the exploration of estimating
inputs based on different models with signal processing methods. A first choice is
the affine input model, which is one complexity level higher than the step input.
The exploration demonstrated that the adaptation of the data-driven method with
the exponentially weighted RLS is useful to estimate the affine input. More general
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than the RLS estimator, the exponentially weighted RLS uses a tuning parameter
to select the data samples relevant for the solution computation.
The affine input estimation problem became more interesting because the application of the affine input to a weighing sensor turns the LTI system into a
time-varying (TV) system. The adaptive data-driven affine input estimation
method was simulated under different assumptions and showed robustness when
processing time-varying sensor responses. Two other estimation methods are used
as a reference to compare the results of the adaptive method. These methods are a
maximum-likelihood (ML) estimator based on local optimization and a previously
reported digital time-varying filter. The adaptive affine input estimation method
outperformed the time-varying filter by presenting lower estimation time, and the
ML method by requiring less computational effort.

Future work
The use of model-independent signal processing methods is a research field that
is producing exciting results. The availability of digital signal processors invites
for the design of new methods to offer solutions in metrology to reduce the measurement time and to improve the accuracy, compared with the solutions offered
by compensation systems. The data-driven methods studied in this thesis are
examples of an alternative to dynamic measurements in the model-independent
paradigm.
One conclusion of the analysis presented in this thesis is that the data-driven
step input estimation method is biased. A topic for future research is the development of unbiased solvers of structured and correlated EIV problems, and
computationally light to be suitable for online applications.
The statistical analysis presented in this thesis is a useful procedure to assess the
quality of the estimation. The analysis yields the estimation bias and variance,
and these two statistical moments lead to the estimation mean-squared error. The
statistical analysis is a tool to quantify the properties of the input estimations
obtained with data-driven methods. The data-driven estimation methods can
advance their development towards unbiased and statistically efficient methods
by evaluating the estimation properties using the described tool.
The statistical analysis provides confidence bounds for the input estimation results
obtained by the data-driven method. The confidence bounds inform the user on
the number of samples that the estimation method should process to reach the
desired mean-squared error considering the measurement noise variance. The
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confidence bounds use the results from expressions generated by the statistical
analysis. These expressions give the estimation bias and variance. According to
the conducted simulations, the derived expressions are valid for relatively high
SNR values, above 35 dB. For future research, we propose continuing to investigate
the minimum SNR that ensures the statistical analysis results’ reliability.
The derived expressions for the bias and variance require batch computation.
Thus, the input estimation statistical moments are not provided online with the
input estimation, which benefits from the recursive updating. The difficulty of
providing online the bias and variance lies in the regression matrix structure and
the correlation that this matrix has with the regressor. The investigation of a
possible recursive version for the obtained is a topic for future research. Moreover,
the data-driven prediction of the bias and variance that a recursive least squares
algorithm deals with computational statistics methods, such as those described in
Sprent [1998] and Givens and Hoeting [2012]. In particular, the review presented
by Henderson [2005] provides a clear overview of the bootstrap method that could
be the starting point for the exploration.
The ML method described in Chapter 6 for affine input estimation also requires
further work to make it suitable for real-time measurements. This ML method has
a high computational cost, and it would be desirable to have an efficient implementation to do online optimization in receding-horizon schemes. The similarity
with the model predictive control could help to set the online optimization as
Wang and Boyd [2010] do. A good introduction online convex optimization is
given in Hazan [2016], and two specific examples are found in Schraudolph et al.
[2007] and Shalev-Shwartz [2012]. However, the difficulty could be encountered
in the required simulation of dynamical systems to evaluate the error function
and its Jacobian matrix. For solving this issue, we suggest the work of Sou and de
Weck [2005] to find a method for fast simulation of a dynamical system.

Continuous Newton method and the error of the Taylor series
expansion
The investigation of the error bounds for the second order Taylor expansion can
be conducted using the continuous Newton method. This is proposed as future
research and the motivation is as follows.
Neuberger [2007] introduces five theorems that are a consequence of the continuous Newton method. The Newton method aims to find a zero of the function
F : Rn → Rn by iterating
−1
zk+1 = zk − F 0 (zk )
F(zk )
(7.1)
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for k = 0, 1, 2, . . ., and for a given initial z0 , assuming that (F 0 (y))−1 exists for some
y ∈ Rn . A domain of attraction is the set of all initial values z0 that lead to a root of
F after the convergence z0 , z1 , z2 , . . .. The damped Newton method
−1
zk+1 = zk − δk F 0 (zk )
F(zk )
(7.2)
prevents convergence issues, such as chaotic domains of attraction, with δ1 , δ2 , . . . ∈
(0, 1). The continuous Newton method is a sequence of damped Newton methods.
To implement the continuous Newton method, select 0 < T < 1 and perfom m runs
of the damped Newton method with δk = T /m, for k = 1, 2, . . . , m. The result zk+1 is
the zero estimation xm , and if the sequence of estimates x1 , x2 , . . . converges, then it
converges to the result of the continuous Newton method.
The objective of the continuous Newton method is to find a function z : [0, ∞) → Rn ,
so that
−1
z(0) = x ∈ Rn , z0 (t) = − F 0 (z(t))
F(z(t)), t ≥ 0,
(7.3)
subject to the existence of the limit u = limt→∞ z(t), that satisfies F(u) = 0. This
implies
F 0 (z(t))z0 (t) = −F(z(t)),
(7.4)
that is equivalent to
(F ◦ z)0 (t) = −F(z(t)),

(7.5)

F(z(t)) = e−t F(z(0)).

(7.6)

from where we get
Thus, the residual F(z(t)) only changes in magnitude and not in direction. This
property is essential for the results of the theorems in Neuberger [2007]. In
particular, Theorem 5 gives the conditions for the continuous Newton method to
ensure finding a root of the function.
Theorem 5. Suppose that each of H, J, and K is a Banach space, with H compactly
embedded in J, that r > 0, and that G : Br (0) → K is continuous as a function on J.
Suppose also that g belongs to K and that for each y in br (0) there is an h in Br (0),
where br (0) and Br (0) are open and closed balls in H of radius r centered at 0, such that
1
lim − (G(y + th) − G(y)) = g.
t→0+ t
Then, there exists u in Br (0) such that G(u) = g.

(7.7)

The theorem implies that u is a zero of the function defined as F(y) = G(y) − g.
Since G is a continuous function and if (G0 (y))−1 exists for each y in Br (0), a metric
for the validity of the Theorem (5) hypothesis is the inequality (G0 (y))−1 g ≤ r.
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To link the data-driven step-input estimation problem with this theorem, we can
e then define G(y) = Kθ,
e and g = e
y = Kθ,
take the system of linear equations e
y, so
that we have F(θ) = G(θ) − g. The derivative of the function G(θ) is given by
e Using the pseudo-inverse of K,
e †e
e the metric K
y ≤ r indicates that
G0 (θ) = KI.
the estimate θ̂ is found inside a ball of radius r.
The questions that remain open are how large can r be?, and how is the radius r
related to the perturbation noise variance?

The data-driven input estimation methods with missing data
The implementation of the data-driven step input estimation method can be
compromised when one or more step response samples are not properly acquired.
The missing data in the construction of the Hankel matrix may be due to sample
transference errors, or due to sensor saturation problems. The saturation values
in the sensor response are not valid for the computation of the step input level
because they violate the linearity assumption of the sensor. The solution to the
most powerful unfalsified model identification problem in presence of missing
data was provided in Markovsky [2016]. The methods presented in this work are
formulated as a matrix completion with the constraint that the to-be-completed
matrix must be a rank deficient Hankel matrix. The low-rank approximation of
Hankel structured matrices with missing data has been studied in Markovsky and
Usevich [2013], where the proposed solution is based on a variable-projection
method that requires optimization. The software for this method, including a
link to obtain it, is described in Markovsky and Usevich [2014]. This method
is applicable in matrix completion and system identification problems and has
inspired the development of the signal recovery method in for nuclear magnetic
resonance spectroscopy described in Ying et al. [2018], and data compression
and feature recognition in Hou et al. [2017] based on sparse low-rank matrix
approximation.
The solutions of the low-rank approximation with missing data problems are
found by iterative optimization and, therefore, require large amount of computational power. In order to implement data-driven input estimation methods
with missing data, there is a need for efficient methods of small complexity O(n)
that solve online the optimization problem. This is an open problem for future
research.
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Compressed sensing methods for recovering missing data
Compressed sensing is a methodology that is being developed quite fast and
that can offer an alternative to perform measurements with missing data. The
aim of compressed sensing is the recovery of the missing samples of a signal
by computing a sparse coefficient vector, under the assumption that the signal
belongs to a generating system of larger order. The missing data estimation
problem can be expressed as an overdetermined system of equations with a
sparse regression matrix. The review presented in Eldar and Kutyniok [2012]
provides an introduction of the mathematical modeling of compressed sensing,
and gives the conditions for sparse recovery. The recovery algorithms include
convex optimization, greedy and combinatorial algorithms, to name a few.
According to Rani et al. [2018], compressed sensing is applied when we cannot
afford buying enough sensors like in non-visible wavelengths applications, when
the measurements themselves are expensive as in neutron-scattering imaging,
when measurements take a lot of time as in medical imaging, and when a constrain
of the measurement is the power consumption. A particular field of application
for compressed sensing is the recovery of bioelectrical signals, as it is detailed in
Craven et al. [2015].
Another good review of compressed sensing is found in Duarte and Eldar [2011],
where it is explained that the research community is splitted into a group that studies the problems in which the compressed sensing matrices exhibit structure due
to the measurement system modeling, and another group which considers that the
signal structured representations not only depend on sparsity but instead assume
that the signals belong to continuous time and have infinite-dimensional representations. The solutions provided exploit these structures in the development of
the algorithms. Some examples of these structured matrices are described in Kezhi
and Shuang [2015] including Gaussian, Toeplitz, Hadamard, and structurally
random matrices.
It might be interesting to compare the solutions of the low-rank approximation
methods with compressed sensing in terms of computational complexity and
feasibility for online implementations. Therefore, it is proposed as a future
research to develop a compressed sensing algorithm, that can estimate directly
the input true value by processing the sensor response to the unknown input, and
in presence of missing data.
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A.1. Derivation of bias and covariance expressions

The bias and covariance of the least-squares (LS) estimate (4.6) are obtained using
the mathematical expectation in the definitions (4.7) and (4.8). For an unstructured and uncorrelated EIV problem, the expected value, and the covariance of θb
are approximated by
n o
n
o
E θb ≈ θ + Q−1 E K> EQ−1 K> E + E> KQ−1 K> E − E> E θ,
 
n
o
C θb ≈ θθ > + Q−1 E K> > K + K> Eθθ > E> K Q−1
n
o
+ Q−1 E K> EQ−1 K> E + E> KQ−1 K> E − E> E θθ >
n
o
+ θθ > E E> KQ−1 E> K + E> KQ−1 K> E − E> E Q−1
n o n o>
− E θb E θb ,

and

(A.1)

where we have considered the second order Taylor series approximation (4.3), and
we have removed the terms of zero expected value, and the terms of order higher
than 2. After an elementwise evaluation of the corresponding expected values in
(A.1), the expressions result in
n o
 
E θb ≈ θ + bp θb = θ + σE2 Q−1 (2I + 2nI − NI) θ, and
 


(A.2)
Cp θb ≈ σ2 Q−1 + σE2 trace θθ > Q−1 − σE4 (2 + 2n − N)2 Q−1 θθ > Q−1 ,
from where equations (4.9) and (4.10) are obtained.
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On the other hand, due to the correlation, the expressions that approximate the
expected value of the LS estimate of the structured and correlated EIV problem
(3.20) have a different form:

n o
n
o
E θb ≈ θ + Q−1 E K> EQ−1 K> E + E> KQ−1 K> E − E> E θ
n
o
+ Q−1 E E>  − K> EQ−1 K>  − E> KQ−1 K>  , and
 
C θb ≈ θθ >
n
o
+ Q−1 E K> > K + K> Eθθ > E> K − K> Eθ> K − K> θ > E> K Q−1
n
o
+ Q−1 E K> EQ−1 K> E + E> KQ−1 K> E − E> E θθ >
n
o
+ θθ > E E> KQ−1 E> K + E> KQ−1 K> E − E> E Q−1
n o n o>
− E θb E θb
n
o
+ Q−1 E E>  − K> EQ−1 K>  − E> KQ−1 K>  θ >
n
o
+ θE > E − > KQ−1 E> K − > KQ−1 K> E Q−1 .
(A.3)
These expressions have the non zero expected value terms, up to the second order.
We have then

n o
 
E θb = θ + bp θb
n 
 o
n
o
≈ θ + Q−1 K> E EQ−1 K> E −Q−1 E E> I − KQ−1 K> E θ
{z
}
|
{z
}
|
B1

B2

 o
n
o
n 
− Q K E EQ−1 K>  +Q−1 E E> I − KQ−1 K>  ,
|
|
{z
}
{z
}
−1

>

B3

and

B4





 n
 
o
n
o
n
o
n
o


C θb ≈ Q−1 K> E > + E Eθθ > E> − E Eθ> − E θ > E>  KQ−1
| {z } |
{z
} | {z } |
{z
}
σ2 IN−n

C1

C2

C>
2

   
− bp θb b> θb .
p

(A.4)
from where the expressions (4.13) and (4.14) are obtained.
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A.2. Proof of Lemma 1
Proof In the first case considered in the lemma, the elements of the expected
value Z = E {EAE} are



zi j = E {EAE}i j = E ei AE j = tr A E E j ei ,
(A.5)
where ei , and E j are the i-th row, and the j-th column of E, for i = 1, . . . , N − n, and

j = 2, . . . , n + 1. The matrix E E j ei is the product of σ2 times a matrix whose
elements are 0 in the first column, 2 in the ( j − i − 1)-th diagonal, and -1 in the
( j − i − 2)-th, and ( j − i)-th diagonals, with zeros elsewhere. By using the definition
of the second differential operator, we express
h
i

j−i
E E j ei = σ2 0N−n D2,
(A.6)
N−n×n .
The proof of the other cases in the Lemma is similar. For the second case, the

elements of the expected value Z = E E> AE are
n
o



zi j = E E> AE = E ei AE j = tr A E E j ei ,
(A.7)
ij

where now ei is the i-th row of E> , and E j is the j-th column of E, for i = 2, . . . , n+1,

and j = 2, . . . , n + 1. The matrix E E j ei is σ2 times a matrix whose elements are
2 in the ( j − i)-th diagonal, and -1 in the ( j − i − 1)-th and ( j − i + 1)-th diagonals,
with zeros elsewhere. Therefore we have

j−i+1
E E j ei = σ2 D2,
(A.8)
N−n×N−n .
The expected values that involve the vector  are especial cases of the previous


cases. The vector  in the expected values E {EAε}, E E> Aε , and E EA> is

>
 = ε(n + 1) ε(n + 2) · · · ε(N) ,
as it is imposed by the input estimation method formulation.

(A.9)


A.3. Calculation of Jacobian matrices
in the affine input ML estimation method
The entries of the Jacobian matrix are the first order partial derivatives of the
residual error r with respect to the optimization variables. The state-space representation of the weighing model allows to find the analytical expression of
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the Jacobian. The partial derivative of the residual error r with respect to the
optimization variable a is
Ja =

y 
∂ r ∂b
=
= 1
∂a ∂a

 ∂x 
= 1
0
∂a


0 xa

(A.10)

where we use xa = ∂ x/∂ a to simplify the notation. Now, from the derivative of the
state equation, we have
"
#
"
#
0
0
0
1
ẋa =
x,
kd t−b−m
ks t
−(a+kd ) xa +
−ks
at+b+m

(at+b+m)2

at+b+m

(at+b+m)2

 
0
with xa (0) =
.
0

(A.11)

Then, the partial derivative of the residual error r with respect to the optimization
variable a results in an additional dynamic system.
By repeating the procedure, we obtain the partial derivatives with respect to b as
follows:
"
#
"
#
0
0
0
1
ẋb =
x,
a+kd
ks
−(a+kd ) xb +
−ks
at+b+m


Jb = 1

(at+b+m)2

at+b+m


0 xb ,

(at+b+m)2

 
0
with xb (0) =
.
0

(A.12)

The partial derivatives of the residual error r with respect to the initial conditions
yield
"
#
0
1
ẋxini,1 =
−(a+kd ) xxini,1 ,
−ks
at+b+m

Jxini,1


= 1

and

"
ẋxini,2 =
Jxini,2

at+b+m

 
1
with xini,1 (0) =
0


0 xxini,1 ,

#

0

1

−ks
at+b+m

−(a+kd )
at+b+m


= 1



0 xxini,2 ,

(A.13)

xxini,2 ,

 
0
with xini,2 (0) =
.
1

(A.14)

The last two additional dynamic systems are identical, except by their initialization.
The Jacobian matrix is constructed using the responses of the additional dynamic
systems


(A.15)
J = Ja Jb Jxini,1 Jxini,2
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Measurements are dynamical processes where the unknown input’s
value is estimated using the sensor’s natural response. The classic
approach is to pass the sensor’s natural response through another
system. This additional system is designed based on a sensor model
and requires redesign every time we use another sensor.
A model-independent algorithm can estimate the input directly using only the sensor response. In this way, the data-driven estimation
method can work with different sensor technologies. In some cases,
the data-driven methods can reduce even more the estimation time
compared with the classical approach.
This thesis deals with a data-driven method that estimates in realtime the value of constant input from its corresponding sensor response. The data-driven method finds the input value by solving
a system of linear equations, in which the regression matrix has a
specific structure, and there is a correlation between the regression
matrix and the regressor because the measurement noise enters both.
To validate the method for metrology applications, we study the
statistical properties of the estimated input. The result of this study
is the quantification of the estimation bias and variance. Using these
two features, we describe the input estimation quality in simulations
and real-life experiments.

