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Chapter

Introduction
Nowadays, various processes and systems get automated. Some of them,
like wafer steppers that produce integrated circuits on electronic chips, need
a high level of precision which cannot be achieved (any more) by manual
labor. Others, like oil refineries or a cruise-control of a car, are automated
out of economic and environmental reasons (saving energy) or safety and
comfort for the user. Finding an accurate system description - a model - is
an important step in achieving safe and accurate automation. For example,
in case of a cruise-controlled car, we need to know how the car reacts to a
certain throttle position to achieve a certain speed.
Identification is an engineering field that deals with the construction
of dynamical models of systems from measured data. The field of identification comprises the whole process of creating a model: from collection
of measurement data to finding the actual mathematical dynamical model.
Dynamical models describe how the system behaves in time depending on
present and past information.
The quality of the collected measurements depends in part on the designed experiment and in part on the quality of the sensors or communications links. In case of failing sensors or faulty data communication some
measurements can be missing.
One of the goals in this thesis, is to develop a new identification method
that constructs a model of a dynamical system from partially missing data.

1
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1. Introduction
Section 1.1 gives an overview of the existing identification methods from
partially missing data. The new method is tested on simulation data and
measurements on an electronic circuit and acrylic glass plate (Section 1.1.1)
and a distillation column (Section 1.1.2).
Another goal of this thesis is to construct a model of distillation columns.
Distillation is the most widely used technique of separation of liquids. This
process consumes a significant part of the energy worldwide. An accurate model of distillation columns together with automated control of the
columns could reduce the large amount of energy consumption. Section 1.2
gives an overview of the existing modeling techniques of a distillation column.
To obtain a model of a system, we always need to make assumptions
and/or simplifications. First of all, we need to make assumptions about
the system: is it linear or nonlinear, and time-invariant or time-variant?
Next, we need to ask ourselves which type of model we want to achieve:
parametric or nonparametric, and in time or frequency domain?
Nonparametric Frequency Response Function (FRF) estimation is of
high importance in engineering. It is a part of system identification which
describes linear time-invariant systems in a systematic way without knowing
the underlying processes. Nonparametric models need fewer assumptions
and quickly provide useful information about the considered dynamical system [Bendat and Piersol, 1980].
In this thesis, we start developing our models for distillation columns
and solving the problem of partially missing data from an already known
nonparametric approach in the frequency domain called the Local Polynomial Method (LPM). This method can be used for time-invariant nonlinear
(NL) systems and its background information is given in Appendix 1.A.

Thesis outline
The outline of this and the following chapters of the thesis are as follows:
Chapter 1 gives an overall background on the identification problems
tackled in this thesis. In Section 1.1 the existing identification methods
2

from partially missing data are introduced. The measurement setup of a mechanical shaker and of a distillation column are introduced in Section 1.1.1
and 1.1.2, respectively. Thereafter, the challenges and existing modeling
approaches of distillation columns are introduced in Section 1.2. In Section 1.3 the contributions of this thesis are summarized. Appendix 1.A
gives the necessary background information on the nonparametric LPM
which has been developed in the absence of missing data. This method
is used as a basis for the development of the nonparametric identification
methods from partially missing data in the first three chapters of this thesis. The LPM is also used to identify the distillation column’s frequency
response in Chapter 5.
Chapter 2 extends the classical LPM for a Single-Input-Single-Output
(SISO) systems with arbitrary noiseless input and with data missing at
the noisy output. Here, arbitrary input means, for example, random noise
or random phase multisines. This chapter is based on [Ugryumova et al.,
2015a].
Chapter 3 extends the results to MIMO systems and estimates the Frequency Response Matrix (FRM). The FRM is a quick way of extracting
information about the system dynamics from measurement data in a multivariate setting. The MIMO extension can handle noisy input data, missing
input samples and systems operating in feedback when the reference signal
is fully known. This chapter is based on [Ugryumova et al., 2015b].
Chapter 4 main contribution is that the previously proposed method is
extended in order to handle NL systems. Using periodic excitations and
partially missing data, the level of NL distortions can be estimated, giving
a so-called Best Linear Approximation (BLA) of the FRM of the system.
As an extra result, the BLA of the true (noiseless) missing samples is found.
This requires at least two full periods of data to separate the information in
the frequency domain into contributions at the excited and the non-excited
frequency lines. This method is successfully tested on real measurements
on an acrylic glass plate and a pilot-scale distillation column. This chapter
is based on [Ugryumova et al., 2015c].

3
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In Chapter 5 we address several identification problems for distillation
columns mentioned in Section 1.2. Namely, we eliminate the leakage error and estimate the level of nonlinearities and noise using nonparametric
identification method LPM. In addition, we also find a parametric loworder rational-form model with a time-delay in the Laplace domain, where
the parameters depend on the ambient temperature. This chapter is based
on [Ugryumova et al., 2013].
Finally, conclusions are drawn and ideas for future research are stated
in Chapter 6. At the end of Chapters 2–4 one can find appendices with the
detailed theoretical derivations of the extended LPM.

1.1

Identification from partially
missing data

In this thesis we tackle the problem of FRF estimation from partially missing data. The problem of missing data comes up in case of sensor failures
and data transmission errors [Kar and Moura, 2008; Perkins et al., 1998;
Hulse and Khoshgoftaar, 2008]. The best solution to the problem of missing data would be to repeat the measurements until one has the full data
record. However, the measurements can be lengthy and/or expensive and
repeating them is not always an option. Simply ignoring the missing parts
of the data could lead to biased models.
State of the art
One way to solve the problem is to, first, impute the missing samples and,
second, to treat the data as a complete set to find a model of a system. The
term imputation comes from statistics and means “filling in” the missing
information. The missing data imputation methods can be divided in two
categories:

4
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Nonparametric models from time-series:
A frequency or time domain method which uses an iterative approach
and handles the missing data as extra unknowns [Stoica et al., 2009]
and a finite interval likelihood minimization algorithm for estimating
autoregressive models [Broersen et al., 2004].
Parametric models from time-series:
Several varieties of the expectation-maximization method exist that
iterate between estimating the missing samples and the estimation of
the model parameters. This can lead to slow convergence. Recently,
optimization methods were developed which rely on an underlying
linear structure of the data and minimize the nuclear norm (sum of
singular values) [Liu et al., 2013] or use a structured low-rank approximation [Markovsky and Usevich, 2013].
An extensive overview of the statistical imputation methods is given in
[Little and Rubin, 2002]. Some methods, e.g. the resampling methods,
only work well for large data sets and others, like multiple imputation,
are dependent on the assumed underlying model of the data. They are
designed to preserve the statistics of the whole data set, such as mean and
(co)variance. The biggest drawback of these methods is that they make very
restrictive assumptions about the missing data pattern and, thus, cannot
be applied in general.
Another way to solve the missing data problem is to directly find a good
model of a system from partially missing data. Several algorithms already
exist in the literature for SISO systems and can be divided in two groups:
Nonparametric models using input-output:
In [Schoukens et al., 2012] and [Barbé et al., 2012] the missing samples are not estimated but removed via concatenation of data records.
This introduces additional transient terms which are estimated nonparametrically. Both methods become infeasible for an increasing
number of gaps in the data, because the number of transient terms to
be estimated grows with the number of gaps.
5

1. Introduction
Parametric models using input-output:
The missing samples at both the input and the output are included
as extra parameters in the parametric rational form transfer function model [Pintelon and Schoukens, 1999]. Again, the nuclear norm
optimization method [Liu et al., 2013] and the structured low-rank
approximation [Markovsky and Usevich, 2013] are applicable allowing
for missing input and output, and resulting in state-space models. NL
least squares formulations are used in [Hansson and Wallin] to handle
colored noise in an ARMAX setting, assuming zero initial conditions.
Expectation-maximization based methods can be found in [Isaksson,
1993] and [Agüero et al., 2012].
All parametric methods, using either time-series or input-output data,
need a good initial estimate for the missing samples. There are two options:
either start from zero and possibly get trapped in a local minimum, or
impute the missing values via statistical imputation methods mentioned
above. The parametric optimization methods also need an initial value for
the underlying model parameters.
A much broader spectrum of systems can be put in a Multiple-InputMultiple-Output (MIMO) framework. In fact, most systems modeled for
control have a MIMO framework, like systems in chemical industry (control
of distillation columns [Skogestad, 1997]) and mechanical systems (control
of a wafer stepper [de Callafon and van den Hof, 2001]). Note that these
real life systems are only approximately linear.
In the multivariate case, the parametric methods of nuclear norm optimization [Liu et al., 2013], structured low-rank approximation [Markovsky
and Usevich, 2013] and an expectation-maximization based method [Agüero
et al., 2012] are still applicable using input-output data.
Proposed solution in this thesis
In this thesis, we propose a new nonparametric solution to the problem of
system identification from partially missing data. We extend the existing
LPM [Pintelon et al., 2010a] by treating the missing samples as unknown
6
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(global) parameters. The LPM estimates a nonparametric FRF of the system taking into account the leakage errors which are due to the difference
between the initial and final conditions of the experiment. No particular
pattern or statistical characteristics of the missing output data is assumed.
Thus, the proposed method can be applied to a large variety of systems.
In comparison with the parametric methods mentioned above, the proposed nonparametric method requires
•

no initial values for the missing samples,

•

no model order selection or its initialization.

Moreover, it is less computationally expensive for large percentages of missing data. These advantages come at a price of a higher uncertainty of the
estimated FRF. Nevertheless, the FRF still gives deep insight into the (complex) system dynamics and is very useful for giving an initial idea of the
parametric model order.
The existing methods mentioned above cannot estimate nonparametrically and from only one experiment the following: the FRM, the missing
samples, the noise level, and the level of the NL distortions. Hence, there
is a need to detect and quantify the NL distortions in FRM measurements
from partially missing data. By considering periodically excited systems,
the information about the missing data, the FRM and the possible level of
the NL distortions can be given by the proposed method in this thesis.

1.1.1

Application to mechanical systems

The proposed method of nonparametric FRF estimation from partial data
is tested on several measurements of mechanical systems.
In the SISO framework, the proposed method is tested on the partial
measurements of the Silverbox device (see Section 2.4). The Silverbox is
a weakly NL electrical circuit that mimics a mass-spring-damper system
with a NL spring [Pintelon and Schoukens, 2012]. The displacement y(t)
of the spring is related to the applied input force u(t) by a second-order
7
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Figure 1.1: Left: an acrylic glass plate is excited by two mini-shakers
(green frames) placed on an off-diagonal indicated by the red line. Right:
an impedance head (encircled red) mounted on top of the mechanical minishaker (green frame). The stringer rod above the black arrow in the middle
of the photo is made of acrylic glass and is about one centimeter long.

differential equation with coefficients m, d, s1 , s2 :
d y(t)
d2 y(t)
+d
+ (s1 y(t) + s2 y(t)2 ) = u(t),
(1.1)
m
2
dt
dt
It is excited by filtered white Gaussian noise with the bandwidth of [0.06
200] Hz for the sake of testing the proposed method in Chapter 2. The
Silverbox application was used as a benchmark example of NL systems
[Schoukens et al., 2009a].
In the MIMO framework, the proposed method is tested on the measurements of an acrylic glass plate (see Sections 3.4 and 4.3.1). The plate is
excited by two mechanical shakers, as shown in Fig. 1.1. The specifications
are exactly the same as in [Pintelon et al., 2011], where an aluminium plate
was used instead of an acrylic glass plate. The acrylic glass plate of size
61.7 cm × 30.5 cm × 0.8 cm is suspended in such a way, that we can assume free boundary conditions for the plate. The inputs are forces applied
by the two shakers positioned at an off-diagonal of the plate 25.5 cm apart.
The outputs are accelerations measured at exactly the same positions. The
8
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Figure 1.2: Left: the lower part of the experimental distillation column
setup with the reboiler bulb clearly visible. Right: the packing structure
inside the column.

reference signals are known exactly. This system has a slightly NL behavior
and has multiple resonances in the frequency band [120 600] Hz. In the real
world, similar analysis could be performed to determine the dynamic behavior of a vibrating woven fiber composite plate [Mishra and Sahu, 2015].

1.1.2

Application to distillation columns

Distillation is used to separate a mixture of liquids with different volatilities,
i.e. different boiling temperatures. Distillation is a separation technique
used worldwide and is very energy consuming. For example, distillation
accounts for roughly 10% of the total energy usage in Europe [Gorak and
Sorensen, 2014]. Hence, it is important to reduce energy consumption of
distillation as much as possible.

9
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The experimental setup§ involves a computer-controlled packed distillation column, see Fig. 1.2. The column is about six meters high and has an
internal diameter of six centimeters. The column works under atmospheric
conditions and contains three sections of about 1.5 m with Sulzer CY packing (Sulzer, Winterthur) responsible for the separation. This packing has
a contact surface of 700 m2 per m3 of column’s volume. Each meter of the
packing is equivalent to three theoretical trays [Orlando et al., 2009]. All
measurements were performed as part of a cooperation between VUB-ELEC
and KUL-BioTeC by Bart Huyck from the department ESAT.
The feed stream containing a mixture of methanol and isopropanol is
fed into the column between packed sections two and three. The temperature of the feed can be controlled by an electric heater of maximum 250 W.
At the bottom of the column a reboiler is present containing two electric
heaters of maximum 3000 W each. In the reboiler, a part of the liquid
is vaporised while the rest is extracted as bottom stream. At the top of
the column a total condenser allows the condensation of the entire overhead vapor stream, which is then collected in a reflux drum. Part of the
condensed liquid is fed back to the column as reflux, while the remainder
leaves the column as the distillate stream. All temperatures are measured
in degrees Celsius. The actuators and sensors are connected to a Compact Fieldpoint (National Instruments, Austin) with a controller interface
cFP-2100 and I/O modules cFP-AIO-610, cFP-AIO-610 and cFP-AI-110.
A Labview (National Instruments, Austin) program has been developed to
control the actuators and to register the variables.
In this setup we manipulated only the reboiler power, u3 in Fig 1.3.
The input on the reboiler is a random phase multisine excitation, with a
period of one hour exciting the frequency band [0.3 33] mHz. The other two
variables, feed and reflux, were kept at a constant level. Measurements are
available for the temperature at the bottom, y2 , and the temperature at the
top, y1 . The ambient temperature is measured one meter from the column.

§
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The pilot-scale binary distillation column is located at KUL-BioTeC.

1.2. Modeling of distillation columns

Figure 1.3: A schematic representation of a binary distillation column.
Here we consider three inputs: feed flow, u1 , reflux flow, u2 , and reboiler
power, u3 , and two outputs: temperature at the top, y1 , and temperature
at the bottom of the column, y2 .

1.2

Modeling of distillation columns

An efficient way to reduce energy consumption in distillation columns is by
using more accurate models. This helps to predict and control the distillation processes and, therefore, helps to reduce energy consumption.
One of the goals in this thesis is to find an accurate but simple black-box
model of a distillation column to be used in, for example, model predictive
control. A review on the use of the model predictive control in industry can
be found in [Mathur et al., 2008].
There are several challenges in the identification of a distillation column [Rivera et al., 2007; Jacobsen and Skogestad, 1994]. These include
the specific challenges associated with a distillation column as a system:

11
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• variations of the ambient temperature change the system’s operating
point. Thus, we cannot use the same model for different ambient
temperatures.
• large time constants or a long transient response in the time domain
can cause bias in the impulse response identification if the initial conditions are not properly dealt with. In the frequency domain, the
transient response translates into leakage errors and a biased FRF
estimate, if the difference between the initial and final conditions is
not taken into account [Pintelon and Schoukens, 2012].
• the ill-conditioning of the system meaning that the system has strong
directionality [Rivera et al., 2007; Jacobsen and Skogestad, 1994], i.e.
the condition number of the gain matrix is (too) large. In other words,
this means that the processes inside a distillation column are strongly
interactive. Although this is believed to be a major problem in distillation column identification, we will not address the problem here.
• nonlinearities are believed to be strongly present in a high-purity
distillation column. This should be taken into a consideration when
selecting a model structure for the distillation column. The pilot-scale
distillation column used is not a high-purity column, allowing us to
use a linear model to estimate the column dynamics.
• time-delays in the response of the column are present in a distillation
column, for example, due to its recycle loops. The time-delays of the
pilot-scale distillation column in this thesis used are in the order of
several minutes.
Other challenges are due to restrictions on the data used to build a model
of the distillation column:
• missing measurements due to failing sensors or saturation of the sensors. Repeating the measurements for an industrial-size distillation
column takes a long time due to the large time constants of the system, and is thus very expensive. In this thesis, a new method is
developed to tackle this problem.
12
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• constraints on the operation and excitation of the column for safety
reasons. Several limitations of the column’s excitation exist, for example, the reboiler power has to be above a certain minimum for the
separation of liquids to take place. At the same time, it may not
exceed a certain level if the less volatile component has to remain at
the bottom of the column.
• measurement noise is always present due to imperfect sensors and
measurement instruments. Here, we assume that there is noise present
on both the input and the output measurements (Errors-In-Variables
(EIV) framework [Pintelon and Schoukens, 2012]).
Several so-called white-box models of distillation columns exist, which
make use of balance equations for material and energy, flow dynamics, etc.
A good overview of the status of dynamic modeling and control of the
distillation columns before 1997 is given in [Skogestad, 1997]. This survey
paper clearly pointed out some important identification problems and the
need for:
• a MIMO model directly from the measurements,
• a model that accounts for the directionality in the process,
• a model that accounts for the disturbances in a simple manner.
Also, it seems from the literature that identification of distillation columns
mostly uses steady-state response data. Using these methods on the transient response data gives a biased estimate of the system dynamics. In
addition, the white-box models are often cost and labor intensive to calibrate in practice.
New techniques were used over the last fifteen years to model distillation
columns. For example, a modeling technique like artificial neural networks
explicitly accounts for the physical couplings in the column [MacMurray
and Himmelblau, 1995]. To account for the nonlinearities in the distillation
processes, a Wiener model can be used [Bloemen et al., 2001].
13

1. Introduction

1.3

Thesis contributions

Summarized, contributions of this thesis to the identification from partially
missing data are:
1. Nonparametric frequency response estimation from transient MIMO
response measurements in the presence of missing output data.
2. Generation of good estimates for the missing samples together with
their uncertainty. These can be used later on in a parametric modeling
steps.
3. Estimation of the level of nonlinearities for a certain class of NL systems excited by a periodic input.
4. Estimation of all of the above in case of missing input samples, EIV,
and systems in feedback when the reference signals are fully known.
Moreover, the proposed method works for all possible missing data patterns,
except when the missing samples are too close to the boundaries of the data
record.
Furthermore, this thesis contributes to the modeling of distillation columns
as following:
5. An identification of distillation columns from transient response data
is possible, which leads to shorter measurement times.
6. An identification resulting in a MIMO model of distillation columns
from transient response multivariate measurements.
7. The new nonparametric method can give an accurate model from
partially missing measurements.
8. Estimation of the level of NL distortions is possible.
9. A metamodel is presented to account for the changes in the set-point
of the distillation column due to the changes in the ambient temperature.
It should be noted that all these methods can be used by non-experts in
the field.
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1.A

Appendix: Background on the
Local Polynomial Method

To transform the time domain data to the frequency domain we use the
Discrete Fourier Transform (DFT)
N −1

−
1 X
X(k) = √
x(td Ts )e
N td =0

2πjktd
N ,

(1.2)

where N is the total number of samples taken at times instances td Ts =
0 . . . (N − 1)Ts with Ts indicating the sampling period, k the considered
frequency line and j 2 = −1.
Firstly, the Shannon’s sampling theorem has to be respected for an
accurate representation of the frequencies content of x(t). According to
Shannon, the sampling frequency fs = 1/Ts has to be at least twice the
frequency bandwidth of the signal fB , i.e. fs ≥ 2fB to avoid aliasing. In
the measurement setups used in this thesis, we guarantee this by using antialiasing filters in the data acquisition channels. Secondly, the signal x(t) has
to be periodic with period N Ts or a full multiple of periods N Ts = N1P Ts P
with N1P the number of samples in one period and P the number of periods.
A non-periodic x(t) causes leakage in the frequency domain [Pintelon and
Schoukens, 2012].
The leakage errors in a dynamical system, also called the transient effect, come from the difference between the initial and final conditions of
the experiment. Thus, the major challenge in the FRF estimation is the
reduction of the leakage errors while keeping the variance of the estimators
low.
The best way to avoid leakage is by using periodic excitations, like
random-phase multisines. A multisine is a periodic signal, because it simply
sums up F harmonically related sines with fundamental frequency f0 , amplitudes ak , and random-phases φk such that E{ejφk k } = 0 for each excited
frequency k:
F
X
x(t) =
ak cos(2πf0 kt + φk ).
(1.3)
k=1

15

1. Introduction

Figure 1.4: The considered system identification setting with arbitrary
and periodic classes of excitations, NL PISPO systems, nonparametric BLA
models, filtered white noise, and LLS error minimization criteria.

Periodic excitations are not always usable in practice due to conventions.
We therefore also consider an alternative arbitrary input class: arbitrary
excitations under the condition that they have a rough DFT spectrum,
meaning that the DFT differs enough from frequency to frequency as not
to let X(k + 1) − X(k) vanish to zero, even for N → ∞ [Schoukens et al.,
2009b]. Examples of arbitrary signals are random excitations, filtered white
noise, and random-phase multisines.
For over fifty years, windowing methods such as the Blackman-Tukey
method [Blackman and Tukey, 1958] and Welch method [Welch, 1967] are
used to estimate the FRF from time domain measurements. The latter
method is more commonly used in measurement devices. Recently, the Rabiner windowing method is rediscovered, which reduces the leakage errors
even further compared with the Welch method at the price of an increased
variance [Antoni, 2006]. A generalized method to determine the nonparametric FRF together with its leakage term is the LPM, which has been
developed several years ago [Schoukens et al., 2009b].
The LPM is used in the identification setting shown in Fig. 1.4. The
considered excitation class contains both arbitrary and fully periodic signals. The system class can be linear or NL Period-In-Same-Period-Out
(PISPO). A NL system is called PISPO if the steady state response to
a periodic input is also a periodic signal with the same period as the input, see [Schoukens et al., 1998] for a more formal definition. This system
class excludes phenomena such as chaos and subharmonics, but allows for
16

1.A. Appendix: Background on the Local Polynomial Method
strong NL behavior, e.g. saturation, dead zones, etc.. The NL PISPO class
of systems is modeled nonparametrically and gives a BLA of the system’s
frequency response in mean square sense [Bendat and Piersol, 1980]. The
Linear Least Squares (LLS) cost function is used to minimize the model
errors, because the LPM gives a model whose least square error vector is
linear in the parameters.

Starting point of the LPM
The classical LPM for multivariate systems starts with the knowledge that
the output spectra satisfy
Y(k) = G0 (Ωk )U0 (k) + T(Ωk ) + NY (k),

(1.4)

where
Y


T
= Y1 . . . Yny is the DFT of the noisy N output samples of the
ny outputs,

Ωk

is the generalized frequency at the k-th frequency line,
Ωk = e−2πjk/N in the discrete time case and Ωk = 2πjkfs /N in
the continuous time case,

G0

is the true FRM of the LTI system of size ny × nu ,

U0

= [U0,1 . . . U0,nu ]T is the DFT of the true N input samples of the
nu inputs,

T

is the total transient term of size ny × 1 due to the difference
between the initial and final conditions of the data,

NY

is the multivariate additive noise term due to zero-mean noise

with xT denoting a vector transpose.
Since the transient and the FRM terms are smooth functions of the frequency, they can be locally approximated by low-order polynomials [Pintelon et al., 2010a]. Since, the rational forms of both terms have the same
poles, it suffices to choose the same polynomial order R to approximate
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both the transient T(Ω) and the FRM G0 (Ω):

T(Ωk+r ) = T(Ωk ) +

R
X

R+1
ts (k)rs + Oleak,k
,

3

R+1
Oleak,k
= Oleak (N −(R+ 2 ) ),

s=1

G0 (Ωk+r ) = G0 (Ωk ) +

R
X

R+1
gs (k)rs + Oint
G,k ,

s=1
(R+1)

(Ωk )O(N −(R+1) ).
(1.5)
R+1
Both k and k + r indicate the excited frequency lines. Oint G,k denotes the
remainder of a Taylor series expansion of G0 around Ωk of order R + 1
(x)
with coefficients g1 , . . . , gR and G0 the xth order derivative of the FRM
R+1
with respect to the frequency. The same holds for Oleak,k
and T(Ωk+r ). An
1
R+1
−2
appears in the transient remainder Oleak
, because T
additional factor N
1
decreases to zero as O(N − 2 ). For more details see [Pintelon et al., 2010a].
In this thesis we consider two input classes: arbitrary (Section 1.A.1)
and periodic (Section 1.A.2) excitations. The main differences are: for
the same measurement length N , the FRM estimate of the system excited
by arbitrary inputs will have a higher frequency resolution. Using periodic
excitations in case of NL PISPO systems provides the user with an estimate
of the level of NL distortions. This can help to establish the significance of
the nonlinearity and a potential need for a NL model.
R+1
Oint
G,k = G0

1.A.1

Arbitrary excitations

Having introduced the structure in (1.4) and the main idea of LPM in (1.5),
we can now further develop the model. Define the vector of unknowns as
Θk = [G0 (Ωk ) g1 (k) . . . gR (k) T(Ωk ) t1 (k) . . . tR (k)] .

(1.6)

Combining (1.4) and the Taylor series expansion in (1.5) up to order R for
several neighboring frequency lines [k − n . . . k . . . k + n] we get
[Y(k − n) . . . Y(k) . . . Y(k + n)] = Θk Kk +[N(k − n) . . . N(k + n)] , (1.7)
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where Kk has the following structure

pR (−n) ⊗ U(k − n)T pR (−n)

..
..

.
.

 R
T
R
Kk =  p (0) ⊗ U(k)
p (0)

.
..

..
.

pR (n) ⊗ U(k + n)T
pR (n)

T









(1.8)

with


pα (x) = x0 x1 . . . xα

(1.9)

and ⊗ the Kronecker operator [Brewer, 1978]. Using a LLS approximation
to find Θk at frequency k we get
b k = Yk KH (Kk KH )−1 ,
Θ
k
k

(1.10)

with xH denoting a Hermitian transpose. Yk is a matrix of size ny × nLPM
output values in the frequency domain:
Yk = [Y(k − n) . . . Y(k) . . . Y(k + n)],

(1.11)

where nLPM = 2n + 1 is the amount of frequency lines in the local frequency
band [k − n, k + n]. Notice that the local band becomes asymmetrical for
k close to the boundaries, causing larger approximation errors [Pintelon
et al., 2010a]. nLPM is chosen through the so-called Degrees Of Freedom
(DOF). The DOF quantifies the number of independent noise residuals
b k = Yk − Θ
b k Kk , as shown at the end of Section 1.A.2. The DOF for one
N
Local Polynomial (LP) interval is defined as
DOF = nLPM − (R + 1)(nu + 1).

(1.12)

The size of matrix Kk in (1.8) for an LP of order R is (R + 1)(nu + 1) ×
nLPM . This matrix can become ill-conditioned for large orders of R.
The true input excitation u0 (td ) should be chosen such that it excites the
frequency band of interest. Furthermore, Kk in (1.8) is of full rank at the
excited frequencies k for the following input signals: random excitations,
filtered white noise, one period of random-phase multisines, and pseudorandom binary sequences. This means, that the inputs can also be zero at
some frequency lines.
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f Bins
Figure 1.5: Frequency domain representation of a transient response to a
periodic excitation of a NL PISPO system in the presence of noise. The
non-excited frequency bins kP − 1, kP + 1 contain only the transient (red)
and noise contributions (green). The excited frequency bins kP, (k + 1)P
contain also the linear systems response part (black) and stochastic PISPO
NL disturbances (blue).

1.A.2

Periodic excitations

Here we consider systems excited by a broadband periodic excitation of
N1P P samples with at least two periods, i.e. P ≥ 2. The LPM becomes
a two-step procedure: the first step estimates the transient term and the
noise covariance from the non-excited frequency lines. The second step uses
the excited lines to estimate the FRM and its covariance. All signal energy
contributions of a periodic transient response signal are shown in Fig. 1.5
in the frequency domain by arrows of different colors.
The main advantage of LPM in combination with periodic excitations, is
that the level of nonlinearities can be estimated for NL PISPO systems. The
noise term in (1.4) can be split into a contribution due to the stochastic zeromean nonlinearities Ys and a contribution of the zero-mean white noise Nn ,
i.e. NY (k) = Ys (k) + Nn (k). For NL PISPO systems, the FRM estimation
results in a BLA. Application of the LPM with periodic excitations was
proven to be useful in practice [Wernholt and Gunnarsson, 2008] to estimate
the nonlinearities level.
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At the non-excited lines
The steady state system response, G0 (Ωk )U0 (k), is zero at the non-excited
frequencies kP + r with k = 0, 1, . . . , F and r = 1, 2, . . . , P − 1, i.e.
G0 (ΩkP +r )U0 (kP + r) = 0. Thus at those frequencies (1.4) reduces to
Y(kP + r) = T(ΩkP +r ) + NY (kP + r).

(1.13)

Next, the transient term is approximated at the non-excited frequency kP +
r by a low-order polynomial around the excited frequency kP :
T(ΩkP +r ) = T(ΩkP ) +

R
X

R+1
ts (k)rs + Oleak

(1.14)

s=1
R+1
with the remainder Oleak
= √N11P P O(( N1Pr P )R+1 ), because T decreases to
1
zero as O((N1P P )− 2 ).
The unknown ny × (R + 1) transient coefficients ΘT,kP = [T(ΩkP ) t1 (k)
. . . tR (k)] are estimated by combining 2nT non-excited frequency lines [kP −
rnT . . . kP − 1 kP + 1 . . . kP + rnT ] around the excited frequency kP as
follows:

[Y(kP − rnT ) . . . Y(kP + rnT )] = ΘT,kP KT,kP
+ [N(kP − rnT ) . . . N(kP + rnT )] ,

(1.15)

where KT,kP = [pR (−rnT )T . . . pR (rnT )T ] has size (R + 1) × 2nT with pα (x)
defined in (1.9). Using a LLS approximation to solve (1.15) we find ΘT :
b T,kP = YT,kP KT (KT,kP KT )−1 ,
Θ
T,kP
T,kP

(1.16)

YT,kP = [Y(kP − rnT ) . . . Y(kP + rnT )]

(1.17)

where
is a matrix of frequency domain output values of size ny × 2nT . 2nT is
b T,kP = YT,kP − Θ
b T,kP KT,kP as
related to the DOFT in the residuals N
DOFT = 2nT − (R + 1).

(1.18)

Since we assume white noise in a local frequency band, it follows that the
noise covariance at the excited frequency kP is estimated using several nonexcited lines, i.e. cov(N
c T (kP )) = NT,kP NH
T,kP /DOFT .
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At the excited lines
Having estimated the transient term at the excited frequencies using (1.16)
b T,kP (:, 1), we can remove the transient contribution to find
b kP ) = Θ
as T(Ω
the sample mean of the output spectra over the P periods
b
b kP )
Y(kP
) = Y(kP ) − T(Ω

(1.19)

at the excited lines kP with k = 1, . . . , F . Removing the transient slightly
increases the noise covariance at the excited lines as illustrated in [Pintelon
et al., 2011, Sec. 3].
As in (1.4), G0 (Ω) is estimated by a low-order polynomial
G0 (Ω(k+r)P ) = G0 (ΩkP ) +

R
X

R+1
gs (k)rs + Oint
G,k

(1.20)

s=1

at the excited frequency lines (k + r)P with the remainder of a Taylor series
(R+1)
R+1
expansion Oint
(ΩkP )O(( Nr )R+1 ).
G,k = G
Combining (1.4), (1.19) and (1.20) for nLPM = 2nG + 1 neighboring
frequency lines [(k − nG )P . . . kP . . . (k + nG )P ], we get
b G,kP = ΘG,kP KG,kP + NG,kP
Y

(1.21)

with ΘG,kP = [G(ΩkP ) g1 (k) . . . gR (k)] of size ny × (R + 1)nu and KG,kP of
size nu (R + 1) × nLPM having the following structure


KG,kP = pR (−nG )T ⊗ U((k − nG )P ) . . . pR (nG )T ⊗ U((k + nG )P ) ,
(1.22)
b G,kP is a matrix of output
where pα (x) is defined in (1.9). In (1.21), Y
b G,kP and NG,kP
values Y(kP ) in the frequency domain found in (1.19). Y
are matrices of size ny × nLPM with nLPM = 2nG + 1 the amount of excited
frequency lines in the local frequency band [(k − nG )P, (k + nG )P ]. nLPM is
again chosen through the degrees of freedom DOFG . The DOFG quantifies
b G,kP = Y
b G,kP − Θ
b G,kP KG,kP ,
the number of independent noise residuals N
see the end of this section. The DOFG for one LP interval is defined as
DOFG = nLPM − (R + 1)nu .
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Finally, using a LLS approximation we find ΘG at frequency kP
b G,kP = Y
b G,kP KH (KG,kP KH )−1 .
Θ
G,kP
G,kP

(1.24)

KG,kP is invertible if u0 (td ) excites the frequency band of interest, such a
multiple periods of a random phase multisine or a pseudo-random binary
sequence. The input spectra can also be zero in some frequency bands.
Notice, that for both steps, close to the boundaries the local band becomes asymmetrical around kP , causing larger approximation errors of the
transient and the FRM [Pintelon et al., 2010a]. The matrices KT and
KG can become ill-conditioned for large orders of R. The estimates in
Eq. (1.10), (1.16) and (1.24) are computed in a numerically stable way via
the QR decomposition [Golub and Loan, 1996] of the corresponding K’s.
The order of the polynomials for both G and T should be at least two
[Pintelon et al., 2011], i.e. R ≥ 2. To have an equal DOF in the residuals
for both steps, we choose DOFT = DOFG .
Degrees of freedom
For MIMO systems, the degrees of freedom quantifies the DOF of the residb k of the LLS. Combining (1.7) and (1.10) gives us the estimate of the
uals N
noise residuals in terms of the true noise residual Nk
H −1
b k = Yk − Θ
b k Kk = Yk (In
N
− KH
k (Kk Kk ) Kk )
| LPM
{z
}
Pk

(1.25)

= (Θ0 Kk + Nk )Pk = Nk Pk ,
where Ix is a x × x identity matrix. The DOF is just the trace of the
idempotent matrix Pk , which is exactly the rank of this matrix:
DOF = rank(Pk ) = nLPM − rank(Kk ) = nLPM − (R + 1)(nu + 1). (1.26)
Note, that the number DOF should be chosen sufficiently. The minimal
value is DOF ≥ ny , see [Pintelon et al., 2011] for the derivation. At the
same time, DOF should be chosen as small as possible, because it directly
affects the number of local frequency lines nLPM over which the residuals are
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supposed to be white. This implies for the second order LPM in the SISO
case that nLPM ≥ 7, which puts a restriction on the frequency resolution. In
general, the local frequency band has to be smaller than the 3 dB bandwidth
of the FRF resonance [Schoukens et al., 2013], i.e. nLPM ≤ B3dB .
For the estimated noise covariance matrix to be used as weighting for
the parametric modeling step, DOF has to be larger or equal to 8 + ny .
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Chapter

FRF estimation
from partially missing data:
Single-Input-Single-Output§
This chapter fills the following two gaps in the literature on identification
from partially missing output data:
•

nonparametric FRF estimation from transient response measurements in the presence of missing output data,

•

generation of good estimates for the missing samples together with
their uncertainty; for example, to be used in parametric modeling
steps.

The chapter is structured as follows. In Section 2.1, a frequency domain model for the missing data problem is presented. In Section 2.2 an
extended LPM is presented for estimating the FRF of a SISO system from
known input and partially known noisy output. Appendix 2.A provides all
the theoretical derivations of the new method. The proposed method is
§

The results presented in this chapter are published in:
D. Ugryumova, R. Pintelon, and G. Vandersteen, ”Frequency reponse function estimation
in the presence of missing output data,” IEEE Transactions on Instrumentation and
Measurements, vol. 64, no. 2, pp. 541–553, 2015.
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2. FRF estimation from partially missing data:
Single-Input-Single-Output
illustrated on simulations in Section 2.3 and on real measurement data in
Section 2.4. Finally, the conclusions are drawn in Section 2.5.

2.1

Nonparametric missing data model

Consider first the noiseless case with the following exact input-output relation in the frequency domain
Y0 (k) = G0 (Ωk )U0 (k) + TG (Ωk )
with G0 , Ωk , U0 defined in (1.4), Y0 is the DFT (see (1.2)) of the true output
samples, and TG is the transient term due to the difference between the
initial and final conditions of the data.
In case of My consecutive missing output samples starting at position
Ky , we can split Y0 (k) into two contributions
Y0 (k) =

Y0m (k)

1
+√
N

Ky +My −1

X

−Ky

y0 (td Ts )zk−td

=

Y0m (k)

td =Ky

zk
+ √

N

Iy (zk−1 , Ψ),
(2.1)

where
Y0m
zk
Iy
Ψ

is the DFT of the time domain output y0m with the missing samples
set to zero, i.e. y0m (td Ts ) = 0, ∀td such that Ky ≤ td ≤ Ky +My −1,
= e2πjk/N is the discrete frequency,
is a polynomial in zk−1 of order My − 1 originating from the DFT
in (1.2) of the missing samples,
∈ RM y is the set of missing output samples, i.e. y0 (td Ts ), ∀td such
that Ky ≤ td ≤ Ky + My − 1.

In the noisy case we add the noise term NY to the output
Y (k) = Y0 (k) + NY (k),

(2.2)

where the noise sequence NY (k) can be white or filtered noise, i.e. NY (k) =
H(Ωk )E(k) + TH (Ωk ) with H(Ω) the noise rational transfer function, E(k)
originating from a zero-mean white noise realization, and TH (Ωk ) the noise
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Figure 2.1: ( ) Time domain output measurement y m with (•) Nm different pieces of data missing from Ky (i) to Ky (i) + My (i) − 1 for i = 1 . . . Nm .
These missing values are modeled by the parameter vector Ψ.

transient term due to the difference between the initial and final conditions
of the filtered noise E(k).
The solution stated in (2.1) for one block of missing data is easily extendable to the case of Nm blocks of missing data (see Fig. 2.1 for a time
domain representation with Nm = 2). Thus, the expression for the noisy
output y m (td Ts ) with the missing samples in Nm blocks set to zero, i.e.
y m (td Ts ) = 0, ∀td such that Ky (i) ≤ td ≤ Ky (i) + My (i) − 1 for i = 1 . . . Nm ,
becomes
Y m (k) =G0 (Ωk )U0 (k) + TG (Ωk )
Nm
1 X
−K (i)
−√
zk y Iy,i (zk−1 , Ψ) + TH (k) + NYm (k),
N i=1

(2.3)

PNm
with Y m the DFT of the measured (noisy) output with My =
i=1 My (i)
the total number of samples missing at the output. TH (Ωk ) = 0 in case of
white noise sequence. Note, that in (2.3), Ψ represents the My true missing
output samples, and NYm (k) the DFT of the noise with the missing samples
set to zero. Hence, the noise term NYm (k) is not circular complex distributed
and uncorrelated over the frequencies k = 1 . . . F . Also, if we consider the
amount of missing output samples growing with the amount of acquired
data, Ψ cannot be estimated consistently. The bias error of the missing
data estimator in the noiseless case is analyzed in Section 2.2.1.
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In (2.3) we do not assume a particular missing data pattern in the data
or certain statistical properties of the missing data. In case there is one
block of data missing or the samples are randomly missing, the results
remain basically the same, as will be shown in Section 2.3.

2.2

Extended Local Polynomial Method
in case of missing data

In this section we state the LPM solution from partially known data. Furthermore, Section 2.2.1 analyzes the bias errors of the missing data and FRF
estimators due to LPM approximation. Section 2.2.2 handles the identifiability issue when the missing samples are close to or at the boundaries of
the measurement time interval. The applicability of the proposed method
to NL systems is discussed in Section 2.2.3.
The missing output samples are stored in Ψ as the extra parameters in
the LPM equations (2.3). Note, that every frequency line in the spectrum
contains information about all the missing samples. Thus, contrary to the
local parameters of T (Ωk ) and G(Ωk ), these unknowns are global. To solve
this problem we have to consider all the frequencies (even the nonexcited
ones!) at once, enabling the estimation of the missing samples.
The structure of the set of LPM equations in case of missing data for
all the measured frequencies k = 1 . . . F together becomes:





K1


Ym
 .1  
0
 ..  = 

 
 ...
m

YF
0

0

...
...

0
..
.

0

0
KF

K2
.. ..
.
.
...

√1 W1
N
√1 W2
N

..
.
1
√ WF
N




Θ1
 . 
 . 
 . 
+ Nm

Y
  ΘF 


Ψ

(2.4)

m
m
m
T
where Ym
k = [Y (k − n) . . . Y (k) . . . Y (k + n)] is a frequency domain
vector of output spectra on the k-th LPM interval. Kk is the regression
matrix of the LPM in case no data samples are missing, which in the SISO
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case simplifies to





Kk = 




pR (−n)U (k − n) pR (−n)
..
..
.
.
pR (0)U (k)
pR (0)
..
..
.
.
pR (n)U (k + n)

pR (n)











(2.5)

with pα (x) defined in (1.9). For an LP of order R, the matrix Kk has
the size nLPM × 2(R + 1) and can become ill-conditioned for large R. Wk
is a complex-valued matrix of DFT weights of the missing time domain
samples Ψ:


−K (1) My (1)−1

−zk−ny

p

−K (Nm ) My (Nm )−1

−1
(zk−n
) . . . −zk−ny

p

−1
(zk−n
)


..
..

.
.


−Ky (1) My (1)−1 −1
−Ky (Nm ) My (Nm )−1 −1
Wk =  −zk
p
(zk ) . . . −zk
p
(zk )

.
.

..
..

−K (1)
−K (N )
−1
−1
−zk+ny pMy (1)−1 (zk+n
) . . . −zk+ny m pMy (Nm )−1 (zk+n
)











(2.6)
of size nLPM × My .
=
...
is the DFT of the output noise
vector with missing samples set to zero for all the local frequencies k with
Nm
Y

[Nm
Y,1

T
Nm
Y,F ]

T
m
m
m
Nm
Y,k = [NY (k − n) . . . NY (k) . . . NY (k + n)]

of size nLPM × 1. The number of real unknowns in (2.4) is 4F (R + 1) + My :
two times 2F (R+1) of complex unknowns for the LP parameters G(Ωk ) and
T (Ωk ) and their (R + 1) Taylor series coefficients, and My real unknowns
for the missing output samples.
Appendix 2.A elaborates on the LLS solution of (2.4), which can be
calculated time-efficiently when taking into account the sparsity of the regression matrix. In the following we state the results for the missing data
estimate and the variance of the FRF, the explicit derivations of which can
be found in the appendix of this chapter.
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Missing values estimate
b is
The explicit formula for finding the missing samples Ψ
√
b=
Ψ
where

T
N R−1
Are QAre Bre ,





Q⊥H
W
Q⊥H Ym
1
 1 .

 1 . 1
, B = 
..
..
A=



m
Q⊥H
Q⊥H
F WF
F YF

(2.7)





(2.8)

and the operator Xre on a complex matrix X is stacking the real <(X) and
imaginary =(X) parts of X on top of each other
"
#
<(X)
Xre =
.
(2.9)
=(X)
Q⊥
k is an orthogonal complement of Qk coming from the QR decomposition [Golub and Loan, 1996] of Kk = Qk Rk , and RAre and QAre are coming
from a QR decomposition of the real matrix Are .
As mentioned in Section 2.1, Ψ̂ in (2.7) cannot be estimated consistently
for a fixed ratio of missing data and N → ∞. In Section 2.2.1, it is shown
that Ψ̂ in (2.7) is asymptotically unbiased.
FRF estimate
The explicit formula for estimating the FRF and the transient coefficients
in case of missing data is
b
b k = R−1 QH (Ym − √1 Wk Ψ),
Θ
k
k
k
N

(2.10)

where Qk and Rk originate from an economy size QR decomposition of Kk ,
b is the vector of the estimated missing output samples
like Kk = Qk Rk . Ψ
given by (2.7). Multiplying (2.10) by the selector row 1 = [1 0 . . . 0], gives
the FRF estimate:
b k ) = 1R−1 QH (Ym − √1 Wk Ψ).
b
G(Ω
k
k
k
N
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(2.11)
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Noise variance estimate
Combining (2.3), (2.7) and (2.10) we can find the noise estimate
1
m
d
b
b
N
Y,k = Yk − Kk Θk − √ Wk Ψ.
N
The explicit formula for the output noise variance estimate is

(2.12)

H
d
d
N
Y,k NY,k
,
(2.13)
var(N
c Y (k)) =
DOFm
where the variance is scaled with the effective degrees of freedom DOFm in
m
d
the residuals N
Y,k when data is missing (indicated by superscript )

My
nLPM .
(2.14)
2F
DOFm is derived supposing that the effect of the global parameters in the
d
residual N
Y,k can be uniformly distributed over the F frequencies (see Appendix 2.A) and, hence, is an approximation. Note, that there is a decrease
in DOFm due to the My extra global parameters of the missing output
samples compared with the DOF of the classical LPM in (1.12).
DOFm = nLPM − 2(R + 1) −

2.2.1

Bias error due to the LPM approximation

Here, the biases of the missing data and the FRF estimates, (2.7) and (2.11)
respectively, are considered in the noiseless case. These biases are due to
the LP approximation of the G and T terms. Both biases consist of two
contributions: the polynomial interpolation error Oint G of the FRF over
nLPM frequencies and the residual leakage term Oleak .
b In (2.7) and
First, we derive the bias of the missing data estimate Ψ.
b depends on the weighted
(2.8) we observe that the missing data estimate Ψ
average of the known true outputs Ym
0 . The true outputs, in turn, contain the remainders of the polynomial approximations, see (1.5), of G and
b consists of
T . Thus the bias error of the missing data estimate, Bias(Ψ),
a weighted sum of the real and imaginary part of the LP approximation
remainders over all frequencies k = 1 . . . 2F :
( 2F
)
X
b =E
Bias(Ψ)
wk (Oint G,k + Oleak,k )
(2.15)
k=1
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where wk is a combination of Wk ’s in (2.6) and Q⊥
k ’s in (2.8) for all frequencies k. For a fixed fraction of missing data and as N → ∞ the length of the
b in (2.7) increases while the entries of Ψ
b remain independent of N .
vector Ψ
Therefore, the bias rates Oint G,k and Oleak,k in (1.5) valid for, respectively,
b Similarly
the FRF interpolation and leakage errors are also valid for Ψ.
to the bias error analysis of the LPM estimate of the FRF in the absence
of missing data, see [Pintelon and Schoukens, 2012, App. 7.C], we gain a
1
factor N − 2 in the leakage error Oleak,k , because the transient term T (Ωk ) is
only weakly correlated with the input DFT spectrum U (k) (see [Pintelon
and Schoukens, 2012, App. 7.D]). Thus, the bias term in (2.15) reduces to


b = Oint G N −(R+1) + Oleak N −(R+2) .
Bias(Ψ)

(2.16)

Note, that the interpolation bias term Oint G in (2.16) still depends on the
shape of the FRF, or the maximum value of the derivative G(R+1) (Ωk ).
Therefore, in case of a relatively flat response, the bias of the missing data


may decrease with Oleak N −(R+2) instead of Oint G N −(R+1) for a finite
range of N values.
Next, from (2.11) we deduce that the bias term of the FRF estimate is
b (see (2.16)) together
a combination of the bias of the missing data Bias(Ψ)
with the interpolation error Oint G,k and residual leakage error Oleak,k . As
b to Ĝ
N → ∞ for a fixed fraction of missing samples the contribution of Ψ
in (2.11) remains an O(N 0 ). Hence, the bias term of the FRF estimation
gives the same result as in the absence of missing data:


Bias(Ĝ(Ωk )) = G(R+1) Oint G N −(R+1) + Oleak N −(R+2) .

(2.17)

This means that when the data record is twice as long, while all the other
LPM parameters are kept the same, the dominant bias error Oint G,k decreases with at least 2−(R+1) = 6(R + 1) dB.
For an illustrative example of the bias error due to LPM approximation
of the missing data and the FRF estimates can be found in Section 2.3.1.
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2.2.2

Missing samples at the boundaries

We can distinguish two cases: data missing at the beginning or at the end
of the sequence.
The beginning of the output sequence is missing: no information is
available about the past input samples. To analyze the worst case when
the first value is not known, consider (2.1) with Ky = 0. This gives us
the polynomial Iy (zk−1 , Ψ), which is, just like the rational form TG (Ωk ), a
smooth function of the frequency. This is why the missing data at the
beginning of the sequence is captured by the LP approximation of TG (Ω)
in (1.5). In turn, this results in a large condition number of the matrix Are
in (2.8) from which the missing data is computed. The estimated missing
samples are useless since their values are captured by the transient term
estimate. Nevertheless, the FRF is still approximated accurately enough
because it can still be distinguished from the transient term, see (2.3).
A comparable situation happens, when the end of the output sequence
is missing. This corresponds in (2.1) to Ky = N − m with m very small
−K
resulting in zk y = zk−N zkm = zkm . This gives the polynomial zkm Iy (zk−1 , Ψ)
which is still a smooth function of the frequency. Thus, again the missing
data is captured by the LP approximation of TG in (1.5). This results in
the matrix Are in (2.8) becoming ill-conditioned.
Following the above reasoning, we propose to remove the data trapped
between a boundary and the missing points entirely, in case data is missing
too close to a boundary, i.e. in the order of the time constant of the system.

2.2.3

LPM for nonlinear systems

The LPM is primarily developed for linear systems, see (1.4). Nevertheless, in case of NL systems, the FRF G0 (Ωk ) and the noise NY (k) in (1.4)
are replaced by, respectively, the best linear approximation GBLA (Ωk ) and
the sum NY (k) + Ys (k), where Ys (k) is the zero mean stochastic NL distortion [Pintelon et al., 2011; Pintelon and Schoukens, 2012]. With these
small modifications, the algorithm (1.4)–(1.12) remains the same. For an
application example see [Wernholt and Gunnarsson, 2008]. Note, that in
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Figure 2.2: Left: second order Chebyshev filter. Magnitude plot of the
true system. Right: noisy output of the system of one Monte Carlo realization.

case of random input excitation, no distinction can be made between the
stochastic nonlinearities Ys (k) and the noise contribution NY (k) [Pintelon
et al., 2010b].

2.3

Simulation results with missing data

In this section we take a simple example to highlight the advantages of the
proposed method. Let us consider a second order discrete time Chebyshev
filter with a 3 dB resonance peak, see Fig. 2.2. Unless mentioned otherwise,
the input is a noise sequence of length N = 256 uniformly distributed
between zero and one. For simplicity, the sampling period is one second.
Thus we excite 127 frequency lines between 0.004 and 0.496 Hz.
The extended LPM is tested for accuracy using NMC = 100 Monte
Carlo runs with each time different output noise realizations, while the true
random input is kept the same. The results are compared in both the time
and frequency domains.
In the time domain, first, the estimated standard deviation (std) is
compared to the Root Mean Square Error (RMSE). The std is defined as
P MC
ˆ
a square root of the mean x = 1/NMC N
i=1 xi estimated variance var(x)
averaged over the Monte Carlo runs. The variance estimate var
ˆ is obtained
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from the extended LPM. The RMSE is defined as:
v
u
MC
u 1 NX
RMSE = t
(x0 − x̂i )2 .
NMC i=1
Second, the estimation bias, defined as the absolute value of the mean bias
|ŷ(td Ts ) − y0 (td Ts )|, ∀td such that Ky (1) ≤ td ≤ Ky (1) + My (1) − 1, is
compared to the 95% Confidence Bound (CB) of the meanqŷ. For the realˆ
valued Ψ estimate, the p = 95% CB is computed as 1.96 · var(y)/N
MC .
In the frequency domain, for the complex-valued FRM estimate, the
p = 95% CB is computed by multiplying the estimated FRM std by the
p
factor − ln(1 − p/100) = 1.73 [Pintelon and Schoukens, 2001]. Then,
√
the empirical 95% CB of the mean FRM, i.e. 1.73·RMSE/
NMC , is comq

pared to the 95% CB of the mean FRM, i.e. 1.73 ·

var(G)/N
ˆ
MC , and the

estimation bias of the FRM, i.e. |Ĝi − G0 |.
We perform a strict test and say that the estimate is unbiased if at least
95% of the mean estimation bias is contained inside the 95% CB of the
mean [Kendall and Stuart, 1979].
The proposed method is applied in Section 2.3.1 to different missing
patterns and several fractions of missing output data. In Section 2.3.2, the
proposed method is compared to the concatenated LPM [Schoukens et al.,
2012].

2.3.1

Application of the extended LPM

In the LPM algorithm with missing data, the user has to provide the time
domain input and output sequences of equal length and specify the time
points at which output samples are missing. The routine is available in
MATLAB on request. Thereafter, these output sample values are set to
zero. Also, the method requires the sampling period and the frequency grid
at which the system is excited.
The design parameters are the order R of the LP approximations and the
initial DOF. As for the traditional LPM in Section 1.A.1, the starting value
for the polynomial order is R = 2. A common practice is to increase R by 2
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until the variance of the FRF (in (2.30)) no longer decreases. DOF should be
y
chosen as small as possible with the minimal value of DOF = d1+ M
n
e,
2F LPM
where dxe rounds up toward an integer closest to x. For the estimated noise
covariance matrix to be used in the parametric modeling step, one should
y
n
e [Pintelon et al., 2011].
use DOF = d9 + M
2F LPM
We consider the following cases:
1) Noiseless case with one block of 10% of missing data;
2) Noisy case
a) with different patterns: one block of 10% output data missing
compared to 10% missing samples at random positions;
b) one block of 50% missing data. Does the method still work?
1) Noiseless case - 10% missing data: the extended LPM with
missing data was used with a second order R = 2 LP approximation for the
FRF and the transient and DOF = 9, such that the effective DOFm = 7.5,
see (2.14).
A single Monte Carlo run is performed. Fig. 2.3 shows a small disagreement between the estimated std (gray) and the bias error of the estimated
missing output samples (dashed). In the noiseless case, the std of the estimated missing samples is an approximation of the extended LPM bias
error.
Fig. 2.4 presents the true frequency response G0 (solid black) together
with its bias error |Ĝ − G0 | (dashed) and the estimated std of the FRF
(gray) calculated using the extended LPM. This bias error is a combination
of undermodeling error of the FRF and the transient error. The estimated
transient contribution is also shown in the figure (pluses). We can see that
the true and the estimated FRF errors coincide well. The bulge around the
resonance frequency is mainly due to undermodeling of the FRF.
Next, we illustrate the bias error rates derived in (2.16) and (2.17) due to
the LPM approximation. 100 Monte Carlo simulations are performed with
random input realizations and no added noise on the output. The biases
are calculated for four different data lengths N = 256, 512, 1024 and 2048,
doubled each time, with one block of 10% output samples missing in the
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Figure 2.3: Noiseless case. ( ) The
bias error |ŷ(td Ts ) − y0 (td Ts )| of the
estimated 10% missing block is compared to ( ) the std(ŷ(td Ts )) of the
estimated missing data using the extended LPM.

Figure 2.4: Noiseless case. ( ) G0 ,
(+) estimated transient contribution.
( ) The FRF bias error |Ĝ−G0 | and
( ) the FRF std estimate show good
correspondence. The bulge is due to
undermodeling of the FRF around
the resonance frequency.

center of the output sequence. Two different orders of the LP approximation
are used for comparison: R = 2, 4.
Fig. 2.5 and 2.6 present the bias of the missing data for increasing values
of N . Observe that per doubling of N , the absolute mean bias of the missing
data decreases with on average 18 dB for R = 2 in Fig. 2.5 and with 30
dB for R = 4 in Fig. 2.6, as was expected from (2.16). Fig. 2.7 and 2.8
illustrate the FRF bias for increasing values of N . The FRF biases (see
(2.17)) are averaged over 100 Monte Carlo runs. On average, over all the
frequencies, the absolute mean FRF bias decreases with 25, 23 and 20 dB
for R = 2 and with 37, 35 and 33 dB for R = 4. Notice, that the bias
decreases faster than expected (2R+1 ) due to a relatively flat spectrum, i.e.
G(R+1) is small, and N not large enough to make Oint G in (2.17) dominant.
2a) Noisy case - 10% missing data: we consider case 1) with at the
output an added filtered white noise of 9 dB output signal-to-noise-ratio
(SNR), shown in frequency (solid black) in Fig. 2.11.
First, we consider 10% missing output as one block. Fig. 2.9 presents the
mean bias error of the estimated missing output samples (dashed) together
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Figure 2.5: Missing data bias averaged over 100 simulations with random input realizations. The data
length N is doubled from the light
gray to the black line. 10% of data
is missing in the middle of the output and R = 2 for LPM is used.
The bias is decreasing approximately
with 18 dB per doubling of N .

Figure 2.6: Missing data bias averaged over 100 simulations with random input realizations. The data
length N is doubled from the light
gray to the black line. 10% of data is
missing in the middle of the output
and R = 4 LPM is used. The bias is
decreasing approximately with 30 dB
per doubling of N .

Figure 2.7: Average FRF bias over
100 noiseless simulations. R = 2 for
LPM is used. Increasing N by a factor of two, decreases the FRF bias
averaged over the frequencies by 25,
23 and 20 dB.

Figure 2.8: Average FRF bias over
100 simulations. R = 4 for LPM is
used. Increasing N by a factor of
two, decreases the FRF bias averaged
over the frequencies by 37, 35 and 33
dB.
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Figure 2.9: Noisy output data,
block of 10 % output is missing. ( )
The mean bias error of the estimated
10% missing block is well below ( )
95% CB. ( ) The level of std of the
estimated missing samples is comparable to the level of ( ) RMSE of the
estimated missing block.

Figure 2.10: Noisy output data,
10% output is missing at random, avoiding values close to the
boundary. ( ) The bias error of
the estimated 10% randomly missing
output is for 92% below ( ) 95% CB.
( ) The std is comparable to ( )
the RMSE of the estimated randomly
missing output.

with 95% CB (light gray). The whole bias is inside the 95% CB, indicating
unbiased output samples estimates. The estimated std of the missing samples (gray), std(ŷ(td Ts )), ∀td such that Ky (1) ≤ td ≤ Ky (1) + My (1) − 1,
corresponds well to the RMSE (solid black). Notice that the true filtered
output noise std is around 0.14 and thus the estimated std of the missing
samples is well below the output noise level.
Next, we consider the case when the missing samples are random in
time, excluding about 10% of the values on each boundary, i.e. 0 or N − 1.
Fig. 2.10 presents the mean bias error (dashed) and the 95% CB of the
missing output samples (light gray). Almost all mean biases, except two
out of 26, are inside the 95% CB, making the estimated output samples
unbiased. Also, there is again a good correspondence between the estimated
std (gray) and the RMSE (solid black) of the missing samples.
Fig. 2.11 presents the total output noise std in the frequency domain
to get a clearer view at the effect of the missing data pattern on the estimation results. The true filtered output noise std in frequency domain is
39

2. FRF estimation from partially missing data:
Single-Input-Single-Output

Figure 2.11: Comparison of noise
stds for different missing patterns.
( ) True noise std compared against
( ) estimated noise std with 10%
missing output block and ( ) 10%
randomly missing output. Ellipses
show the border effect of the LPM.

Figure 2.12: The effect on the noise
coloring when samples are missing
randomly for N = 2048. ( ) True
noise std is compared with ( ) noise
std with 10% of the samples set to
zero and ( ) 50% of the samples set
to zero.

shown in solid black. Compare the estimated total output noise std when
one block of data is missing (gray) and when data is missing at random
(light gray). Notice the flat areas of the estimated noise std’s due to the
asymmetrical LP intervals at the borders of the frequency band [Pintelon
et al., 2010a], indicated by ellipses. The randomly missing pattern affects
the noise coloring and is noticeable in the higher frequency range in light
gray in Fig. 2.11.
To show the effect of different missing data patterns on the noise coloring, we used 100 random noise realizations N = 2048 samples where the
missing samples are put to zero. Fig. 2.12 presents the true noise coloring
(black) compared with 10% randomly missing samples (gray) and 50% randomly missing samples (light gray). Thus, for higher percentage of missing
data, the coloring of the noise diminishes.
Fig. 2.13 and 2.14 present the FRF estimation results using two different missing data patterns. In each figure the estimated 95% CB (gray)
is compared to the empirical 95% CB (black) and the mean bias error of
the estimated FRF (dashed). For one block of missing output, Fig. 2.13,
40

2.3. Simulation results with missing data

Figure 2.13: 10% block missing
output. ( ) G0 , ( ) estimated 95%
CB using extended LPM is compared
to ( ) the empirical 95% CB of the
estimated FRF. ( ) The mean bias
of the estimated FRF is for 90% inside the 95% CB, indicating an unbiased FRF estimate.

Figure 2.14: 10% randomly missing
output. ( ) G0 , ( ) estimated 95%
CB using extended LPM is compared
to ( ) the empirical 95% CB of the
estimated FRF. ( ) The mean bias
of the FRF is for 97% inside the 95%
CB, indicating an unbiased FRF estimate.

the FRF estimates are unbiased in the sense that most biases, except 13
out of 127, or 90% are inside the 95% CB. For randomly missing samples,
Fig. 2.14, we see similar results: 97% of the mean biases are inside the 95%
CBs, only four biases are outside the bound. In both cases, the estimated
95% CB (gray) coincides well with the empirical 95% CB (black) of the
estimated FRF.
It can be concluded, that the missing data pattern has a negligible
influence on the estimation results using the extended LPM. Nevertheless,
larger local frequency intervals are needed for large amounts of missing data
to get enough DOF in the residuals. For large local intervals, the white
noise LPM assumption can become unrealistic. In this case, having the
samples missing at random could be more advantageous, since this reduced
the noise coloring, Fig. 2.12, making the assumption of the LPM about the
local white noise more realistic.
2b) Noisy case - 50% missing data: the same setup is used with 9
dB of output SNR and filtered noise with half of the output data missing
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Figure 2.15: One block of 50% noisy output is missing. ( ) The estimated std(ŷ(td Ts )) of the estimated missing samples deviates considerably
from ( ) the RMSE at several time instants. ( ) Time domain bias error
of the estimated 50% missing block is for 59% inside ( ) the 95% CB. It
seems that the estimated missing samples are biased.

as one block in the middle of the output interval. Although the number of
(global) unknowns grows linearly with the amount of missing samples, we
even achieve reasonably good results with a 50% block of output missing.
This example uses R = 2 and the initial DOF = 21, thus making the LPM
interval length equal to 27 neighboring frequency lines, i.e. nLPM = 27.
Using (2.14) we see that the effective DOFm = 7.4. The calculation time
with these parameters is about four times longer than when 10% of data is
missing and nLPM = 15.
Fig. 2.15 presents the estimated std(ŷ(td Ts )) of the missing samples
(gray) together with the RMSE (solid black). When half of the output data
is missing, we see some mismatch appearing for several estimated samples.
The mean time domain bias error (dashed) is compared to the 95% CB
(light gray) of the estimated missing samples. About 59% of these biases
lie inside the 95% CB, making the estimated samples biased.
Fig. 2.16 and 2.17 present the corresponding frequency domain results.
Fig. 2.16 compares the true noise std (black) with the estimated noise std
using the extended LPM (gray). The border effect indicated by the ellipses
is larger compared with 10% missing output samples, because almost twice
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Figure 2.16: 50% block of output is
missing. ( ) True noise std is compared to ( ) the estimated noise std
using the extended LPM and shows a
good correspondence. Ellipses show
the border effect of the LPM.

Figure 2.17: ( ) G0 , ( ) estimated
95% CB using extended LPM is compared to ( ) the empirical 95% CB
of the estimated FRF. ( ) The bias
error of the estimated FRF is for
57% inside 95% CB. Significant increase in bias around the resonance
frequency is visible accounting for
most of the bias.

the amount of neighboring frequencies are used in the LPM. A slight mismatch between the estimated and the true noise std indicates an increase
of estimation bias due to the LPM approximation.
Fig. 2.17 shows the true frequency response (solid black) together with
the bias error of the estimated FRF (dashed) with 50% output missing.
57% or 72 biases are inside the 95% CB (gray). Not taking the border
effect on the left into consideration makes 69% of the biases fall inside the
95% CB. This shows a significant increase in bias in comparison with 10%
missing output case, see Fig. 2.13, mainly around the resonance frequency.
The estimated 95% CB is still on the same level as the empirical 95% CB
(black) of the estimated FRF. The bias around the resonance frequency can
be decreased by increasing the frequency resolution of the simulation.
For this particular example, simulations have shown that the FRF and
the missing samples can be estimated accurately for up to 30% of missing
output data.
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2.3.2

Comparison with the concatenated data LPM

In this subsection we compare the new method to the existing LPM with
concatenated data [Schoukens et al., 2012]. In case of concatenated LPM,
the multiple pieces of data get concatenated and multiple transients have to
be estimated. Thus, the number of LP parameters grows with the number
of gaps in the data. Obviously, when there are too many gaps in the data,
the concatenated method becomes infeasible.
Here we compare the two methods in case of data missing on the noisy
output with
1) 10% as one block,
2) 10% at random positions.
Remark that the concatenated data LPM does not estimate the missing
output samples. Second, in the frequency domain the two methods have
different frequency resolution and the nonparametric FRF and the output
noise estimates have different correlation lengths. This means that the only
way to compare the results of these two methods is by finding a parametric
model starting from the nonparametric FRF estimates and comparing the
RMSEs of the estimated transfer functions (TF). We use an output error
rational-form model of order two over two, starting from the nonparametric
FRF and FRF std estimates from the extended LPM with missing data and
the concatenated data LPM.
1) Missing as one block: Fig. 2.18 presents the RMSE of the parametric fits starting from the extended LPM FRF estimate (black) and concatenated LPM FRF estimate (gray) in case of one block of 10% missing
output samples compared to the true response of the system G0 (thick
solid). We observe that the difference between the RMSE of the fitted TFs
is negligible in this case. Thus, when one block of output data is missing,
we prefer the extended LPM because it has the advantage of estimating
also the missing output samples at the cost of larger computation time.
2) Missing at random positions: Fig. 2.19 shows the RMSE of the
estimated TFs when output data is missing at random. 10% of data in our
example is equal to 26 missing output samples and 22 gaps in the output
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Figure 2.18: 10% block output is
missing. ( ) G0 with RMSEs of the
estimated TFs starting with the FRF
of ( ) the extended LPM and ( )
concatenated LPM. In this case the
results are comparable.

Figure 2.19: 10% output is missing at random. ( ) G0 with RMSEs of the estimated TFs starting
with the FRF of ( ) the extended
LPM and ( ) concatenated LPM.
The RMSE of the concatenated LPM
is 20 dB larger than that of the extended LPM.

data. The latter implies that 22 additional transients need to be estimated.
The LPM settings are: R = 2 and DOF = 9 which gives nLPM = 15 of the
local frequency lines in the extended LPM with missing data and nLPM = 81
in the concatenated data LPM! As could be expected in this case, the results
of concatenated data approach are poor.
The differences between the extended LPM with missing data and the
concatenated data LPM (with multiple transients being estimated) are summarized in Table 2.1. Overall, the extended LPM with missing data has
more advantages over the existing concatenated data LPM.

2.4

Electronic circuit measurements

Our test device is the weakly NL Silverbox, see Section 1.1.1. Thus using the
LPM, we will get the BLA for the FRF and the noise estimate will mainly
contain contributions from the stochastic nonlinearities, see Section 2.2.3.
As stated in Section 2.2, we have to consider all the frequency lines up
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block
extended concat
RMSE of TF fit
frequency resolution
missing samples estimation
calculation time in seconds

+
+
+
34

random
extended concat

+

17

+
+
+
34

106

Table 2.1: Comparison between the extended LPM and the concatenated
LPM.

to the Nyquist frequency when using the LPM with missing data. This is
because the nonexcited frequency lines also contain information about the
missing samples.
For comparison we estimate the FRF and its noise std using all data.
We consider one block of 10%, or 1040, output samples missing and use
R = 2 and DOF = 9 for the LPM computations which corresponds with
DOFm = 7.5 for the missing data case. Keeping the same initial DOF = 9,
we can compare the nonparametric results using the full data and data with
the block of 10% missing output samples.
Fig. 2.20 presents the true missing output measurements in the time
domain. The bias error of the estimated missing samples is evaluated as the
absolute difference between the measured output samples and the estimated
BLA of the missing output samples. Fig. 2.21 compares the bias error of
the estimated missing samples (black dots) to the 95% CB of the estimated
BLA of the missing samples (dark gray) using the extended LPM and the
95% CB of the estimated output noise (light gray) using the classical LPM
on the full data set. The estimated output noise std using the full data
is mainly due to the stochastic NL distortions Ys (k) and is estimated from
(2.13) as follows:
N

var(y(t
c
d Ts )) ≈

N
2

−1
2
1 X
var(N
c Y (k)),
− 1 k=1

(2.18)

for ∀td with var(N
c Y (k)) the estimated noise variance of the measurement in
(2.13). No bias error can be detected, since 5.2% of the residuals lie outside
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Figure 2.20: True values of the 10% Figure 2.21: (•) Bias error of the esblock of the missing noisy output timated missing samples is compared
data of a weakly NL system.
to ( ) the 95% CB of the estimated
BLA of the missing samples using the
extended LPM and ( ) twice the std
of the output noise estimated using
the classical LPM. The missing samples estimates seem unbiased.

the 95% CB of the noise level of the measurements.
Fig. 2.22 presents the estimated FRF using the full data (black) and the
LPM with arbitrary excitation. It can be seen that the difference between
the full FRF and the missing data FRF estimate (dashed) is smaller than
the estimated std of the missing data FRF (gray). This result shows that the
estimated best linear approximation with missing output data is unbiased.
Fig. 2.23 shows that the estimated full FRF std (light gray) and the missing
data FRF std estimate (black) coincide.

2.5

Conclusions

A new method for estimating nonparametrically the FRF in case of missing data was developed in this section. This method results in a good
nonparametric FRF estimates together with its uncertainty, and also gives
an accurate estimate of the time domain missing output samples together
with their uncertainty. These can be used for validation (FRF) and as a
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Figure 2.22: ( ) Full data FRF estimate. ( ) The bias error due to
missing output data is compared to
( ) the FRF std estimate using the
extended LPM.

Figure 2.23: ( ) FRF std estimate
with the block of 10% missing output
samples corresponds well to ( ) the
full FRF std estimate.

starting value (FRF and missing data) for the parametric estimation. The
simulation results show that the estimation of the FRF and its uncertainty
is accurate, even when 30% of the output is missing on small data sets.
For the particular simulation example of this chapter, a higher frequency
resolution is needed when more than 30% of the samples are missing to get
unbiased results.
The extended LPM is compared to the existing nonparametric FRF estimation method of concatenated data. Here, the input corresponding to
the missing output part is thrown away and the data is considered to have
multiple transients instead. We saw that, in the best case scenario, when
one block of data is missing, the parametric estimation result using the
extended LPM or the concatenation approach have comparable estimation
errors. However, the concatenation approach cannot estimate the missing
output samples. Moreover, the extended LPM outperforms the concatenated data method when data is missing at random.
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2.A

Appendix to Section 2.2

Linear least squares solution of the large set of equations (2.4)
Let us write down the large matrix equation, (2.4), for every local frequency
line k = 1 . . . F :
1
Ym
(2.19)
k = Kk Θk + √ Wk Ψ,
N
m
m
m
T
with Ym
k = [Y (k − n) . . . Y (k) . . . Y (k + n)] . First, perform a QR
decomposition [Golub and Loan, 1996] for all k of Kk , like
T
Kk = [Qk Q⊥
0]T ,
k ] [Rk

(2.20)

H ⊥
where QH
k Qk = I2(R+1) and Qk Qk = 0 with complex-valued matrices Qk
of size nLPM × 2(R + 1), Q⊥
k of size nLPM × (nLPM − 2(R + 1)) and Rk is a
square upper triangular matrix of dimension 2(R + 1). Next, eliminate the
unknown Θk from (2.19), as:

Θk =

H
R−1
k Qk



1
m
Yk − √ Wk Ψ .
N

(2.21)

to obtain an equation in the global variable Ψ. Substituting (2.21) in (2.19)
gives:


1
1
H
m
m
Yk = Qk Qk Yk − √ Wk Ψ + √ Wk Ψ
N
N
(2.22)
⇓
1
H
m
(InLPM − Qk QH
k )Yk = (InLPM − Qk Qk ) √ Wk Ψ
N
⊥ ⊥H
Since InLPM − Qk QH
it follows from (2.22) that
k = Qk Qk

1
⊥ ⊥H
⊥H m
Q⊥
k Qk Yk = √ Qk Qk Wk Ψ.
N

(2.23)

⊥
Multiplying (2.23) on its left hand side by Q⊥H
with Q⊥H
k
k Qk = InLPM −2(R+1)
finally gives for all k:

1
⊥H m
√ Q⊥H
k Wk Ψ = Qk Yk .
N

(2.24)
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Collecting (2.24) for k = 1 . . . F results in the following overdetermined set
of equations:




⊥H
⊥H m
Q1 W 1
Q Y
 1 . 1 

1 
.




..
..
√ 
Ψ=
(2.25)


N
m
Q⊥H
Q⊥H
F WF
F YF
{z
}
{z
}
|
|
B
A
with complex-valued matrices A of size F (nLPM − 2(R + 1)) × My and B
of size F (nLPM − 2(R + 1)) × 1. Then, we derive the well-conditioned LLS
b to find the real-valued time domain missing values:
estimate Ψ
√
b = N R−1 QT Bre
(2.26)
Ψ
Are Are
with the real-valued matrices RAre of size My × My , QTAre of size My ×
2F (nLPM − 2(R + 1)) and Xre defined in (2.9).
To find the FRF and the transient coefficients for all frequencies k, (2.26)
is substituted in (2.21) giving (2.10).
Derivation of the variances
b in (2.26) and Θ
b k in (2.10), the local output residuals
After estimating Ψ
can be calculated starting from (2.12) for all k = 1 . . . F


1
1
H
m
m
d
b
b
NY,k = Yk − Qk Qk Yk − √ Wk Ψ − √ Wk Ψ
N
N


(2.27)
1
⊥ ⊥H
m
b
= Qk Qk
Yk − √ Wk Ψ
N
with NY,k = [NY (k − n) . . . NY (k) . . . NY (k + n)]T of size nLPM = 2n + 1.
(2.27) shows that the local output residuals NY (k) depend on the noise at all
b in (2.26), which complicates considerably the estimation
frequencies, see Ψ
of the local noise variance var(NY (k)). To simplify the calculations it is
My
assumed that the global parameters Ψ have a local effect of
nLPM , see the
2F
end of this Appendix. This results in the following noise variance estimate:
H
d
d
N
Y,k NY,k
var(N
c Y (k)) =
DOFm
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(2.28)
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My
with DOFm = nLPM − 2(R + 1) −
nLPM .
2F
The uncertainty calculation of the missing output samples assumes that
the frequency domain noise is circular symmetric complex normally distributed, i.e. <(NY ), =(NY ) are independent normally distributed random
var(NY )
variables with equal variance
, and uncorrelated over the frequency.
2
Hence, all calculations are performed as if the noise is present at the missing samples. Therefore, the contribution of the output noise at the missing
samples must be subtracted from the predicted variance giving the following
result
 T



−T
−1
T
b
−var(y(t
c
Q̃Re QAre RAre
var(Ψ
c
− Ψ) = N RAre QAre Q̃Re Cvec(N
d Ts ))
d
Y)
re

diag

where Xdiag extracts the diagonal elements of the matrix X and the matrix
operator
"
#
<(X) −=(X)
XRe =
(2.29)
=(X) <(X)
is applied to the complex-valued matrix

Q⊥H
0
 1.

..
Q̃ = 
0
Q⊥H
F



,


and var(y(t
c
d Ts )) is given in (2.18). Note, that we assume here that the
output
noise

 is uncorrelated over the frequencies, thus the covariance term
Cvec(N
is sparse. Fig 2.24 illustrates the structure of Cvec(N
with the
d
d
Y)
Y)
re
empty places representing zeros.
To derive the variance estimate of the uncertainty on the FRF we
make again an assumption: our best estimate of the total frequency domain output spectrum is equal to the DFT of the output with the missing
samples set to zero plus the DFT of the estimated missing samples, i.e.
1
b
Ŷk = Ym
k − √ Wk Ψ, and thus we approximate the true covariance as
N


H
1
1
m
m
b
b
E Yk − √ Wk Ψ
Yk − √ Wk Ψ
= var
c (NY (k)) InLPM .
N
N
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Figure 2.24: Sparse structure of the covariance matrix of the total output
noise Cvec(N
, the dots represent non-zero covariances.
d
Y)

In this case the variance of the FRF uncertainty boils down to:


−H T
var
c G(Ωk ) − Ĝ(Ωk ) = var
c (NY (k)) 1R−1
k Rk 1 ,

(2.30)

where 1 = [1 0 . . . 0] is an indicator vector.
Degrees of freedom
For SISO systems, the DOF is the difference between the local number of
equations nLPM and the local number of parameters 2(R + 1) of the local
LLS problem DOF = nLPM −2(R+1). It quantifies the DOF of the residuals
of the LLS solution.
b on the
To calculate the influence of the My real global parameters Ψ
DOF of the residuals (2.27), it is assumed that its contribution is uniformly
spread over all F DFT frequencies used for estimation. The increase of
the number of frequencies by a factor nLPM in (2.4) is due to the overlap
b Under
of the local frequency bands and does not add information to Ψ.
this assumption, taking into account that the local parameters Θk and the
b approximately reduces the
model equations are complex, it follows that Ψ
My
nLPM and finally resulting in (2.14). Note,
DOF of the local residuals by
2F
that the information about the missing samples is spread.
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Chapter

Multivariate FRM estimation
from partially missing data:
for arbitrary inputs§
The proposed method in Chapter 2 cannot handle noisy input data, missing
input samples and systems operating in feedback. All these drawbacks are
tackled in this chapter using a MIMO extension. Summarized, the main
contributions of this chapter are the nonparametric estimation of FRMs
from transient response data in case of
•
•
•

samples missing at the noisy outputs,
samples missing at the noisy inputs and outputs, provided that
the reference signal is known,
samples missing at the noisy inputs and outputs of a system operating in feedback, provided that the reference signal is known.

This chapter is organized as follows. The nonparametric model of the
missing samples is developed in Section 3.1 for MIMO systems when samples
are missing at the noisy outputs. Next, the nonparametric LPM from partially missing data is extended to multivariate case in Section 3.2. Appendix
§

The results presented in this chapter are published in:
D. Ugryumova, R. Pintelon, and G. Vandersteen, ”Frequency reponse matrix estimation
from missing input-output data,” IEEE Transactions on Instrumentation and Measurements, 2015. DOI: 10.1109/TIM.2015.2433612.
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3. Multivariate FRM estimation from partially missing data:
for arbitrary inputs

Figure 3.1: Schematic MIMO system representation, with missing data at
the noisy outputs.

3.A provides the detailed derivations. The proposed method is illustrated
on simulations in Section 3.3 and on real measurement data in Section 3.4.
Finally, the conclusions are drawn in Section 3.5.

3.1

Multivariate missing data model

Here, we consider multivariate systems as shown in Fig. 3.1 with multivariate signals denoted by X(k) = [X1 (k) . . . Xn (k)]T . The noiseless multivariate case has the following exact input-output relation in the frequency
domain
Y0 (k) = G0 (Ωk )U0 (k) + TG (Ωk ).
If Myi consecutive samples are missing at the output yi starting at position
Kyi , we can split Y0,i (k) into two contributions
Y0,i (k) =

m
Y0,i
(k)

1
+√
N

Kyi +Myi −1

X

y0,i (td Ts )zk−td

td =Kyi

(3.1)

1 −Ky
m
= Y0,i
(k) + √ zk i Iyi (zk−1 , Ψi ),
N
where
m
Y0,i

Iyi
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m
is the DFT of the time domain output y0,i
with the missing samples
m
set to zero, i.e. y0,i
(td Ts ) = 0, ∀td satisfying Kyi ≤ td ≤ Kyi +Myi −
m
1 and y0,i (td Ts ) = y0,i (td Ts ) elsewhere,
is a polynomial in zk−1 of order Myi − 1 originating from the DFT
in (1.2) of the missing samples at the output yi ,

3.2. Extended Local Polynomial Method: the multivariate case
Ψi

∈ RMyi is the vector of missing samples of the output yi , i.e.
y0,i (td Ts ), ∀td such that Kyi ≤ td ≤ Kyi + Myi − 1.

In case of multiple missing blocks of data, the solution stated in (3.1) for
one missing block is easily extendable, see further (3.3).
In the noisy case we consider the additive noise term NY at the outputs
Y(k) = Y0 (k) + NY (k),

(3.2)

where NY (k) can be filtered white noise, i.e. NY (k) = H(Ωk )E(k) + TH (Ωk )
with TH (Ωk ) = 0 in case of a white noise sequence.
Define ym (td Ts ) as the noisy partially known vector of outputs with the
missing samples in Nm,yi blocks set to zero, i.e. yim (td Ts ) = 0, ∀td such that
Kyi (j) ≤ td ≤ Kyi (j) + Myi (j) − 1 for j = 1 . . . Nm,yi and i = 1 . . . ny . Then,
combining all of the above, the general multivariate missing data model
becomes
Ym (k) =G0 (Ωk )U0 (k) + TG (Ωk ) + TH (Ωk ) + Nm
Y (k)
 PN

−Ky1 (j)
m,y1
Iy1 ,j (zk−1 , Ψ1 )
j=1 zk

1  ..
,
−√ 
.

N  PNm,yny −Kyny (j)
−1
zk
Iyny ,j (zk , Ψny )
j=1

(3.3)

PNm,y
with Ym the DFT of the measured (noisy) outputs and Myi = j=1 i Myi (j)
the total number of missing samples at the output yi . As in the SISO case
in Chapter 2, Ψi ’s in (3.3) represent the true noiseless missing outputs
samples, and Nm
Y (k) the DFT of the noise with the missing samples set to
zero. The analysis of the bias error of the missing data estimator and the
FRM estimator in the noiseless case can be found in Chapter 2.

3.2

Extended Local Polynomial Method:
the multivariate case

First, the nonparametric missing samples model and the classical multivariate LPM are combined to get an extended LPM in case of missing samples
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at multiple outputs. Then, the theory is generalized to noisy inputs and
noisy outputs observations in Section 3.2.1, to missing inputs samples in
Section 3.2.2, to systems operating in feedback in Section 3.2.3, and to NL
systems in Section 3.2.4.
The extended LPM in case of data missing at the outputs combines the
multivariate missing data model in (3.3) and the LP approximations of the
FRM and the transient in (1.5) for several neighboring frequencies. The
multivariate extended LPM in case data is missing on the outputs then
becomes:


W1 
T

⊗
√
K
I
0
.
.
.
0
ny
  1


vec(Θ
)
1
N

vec(Ym

.. 
1 )
. . . . . . ..
..






0
.
.
.


.
=


 + vec(Nm
..

Y ).
..


 

... ...

vec(Θ
)


.
0
F


vec(Ym

F)
WF 
T
Ψ
0 . . . 0 KF ⊗ Iny √
N
(3.4)
Here, vec(X) is stacking all columns of X on top of each other and
m
m
m
Ym
k = [Y (k − n) . . . Y (k) . . . Y (k + n)].

(3.5)

Wk is a matrix containing transformation weights from time to frequency
domain
Wk = [W(k − n) . . . W(k) . . . W(k + n)]T ,
where W(k) is a sparse matrix of the following structure


W(k) = 


Wy1 (k)

0
..

0

.
Wyny (k)






(3.6)

with



Wyi (k) = 
 
56


T
−Ky (1)
−zk i pMyi (1)−1 (zk−1 )
..
.





,
T 
−Ky (Nm,yi ) My (Nm,y )−1 −1
i
−zk i
(zk )
p i

3.2. Extended Local Polynomial Method: the multivariate case
where pα (x) is defined in (1.9). The vector of local unknowns Θk in (3.4)
is defined in (1.6) and the vector of global unknown
h
iT
Ψ = ΨT1 . . . ΨTny
(3.7)
Pny PNm,yi
is of size Mtotal × 1, with Mtotal = i=1
j=1 Myi (j) the total number of
missing samples at all the outputs.
b
We use the LLS approximation of (3.4) to find the FRM estimate G,
b and the noise covariance estimate cov(N
the missing samples estimate Ψ
c Y ).
The detailed derivations of the method can be found in Appendix 3.A, here
we just state the results.
Missing values estimate
The global unknown Ψ in (3.7) is solved using the information at all frequencies k = 1 . . . N2 − 1 simultaneously:
√
b = N R−1 QT Bre ,
(3.8)
Ψ
Are Are
where


⊗ Iny )Ym
⊗ Iny )W1
(Q⊥H
1
1



.
.
, B = 
..
..
A=



m
(Q⊥H
(Q⊥H
F ⊗ Iny )WF
F ⊗ Iny )YF


(Q⊥H
1






and Q⊥
k is the orthogonal complement of Qk coming from the QR decomposition of KTk = Qk Rk . The operator Xre is defined in (2.9) and
QAre RAre is the real-valued QR decomposition of Are . Matrix RAre is of
size Mtotal × Mtotal , QTAre of size Mtotal × 2F ny (nLPM − (R + 1)(nu + 1)) and
vector Bre is of size 2F ny (nLPM − (R + 1)(nu + 1)) × 1.
FRM estimate
The FRM estimate at frequency k is obtained from (3.4) together with the
b in (3.8):
estimate of the missing output values Ψ
!
b

Ψ
−1
H
m
b k ) = R Q ⊗ Iny
vec(Θ
vec(Yk ) − Wk √
.
(3.9)
k
k
N
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b k ) are the estimated FRM coefficients at
The first ny nu entries of vec(Θ
frequency k:
b k )) = (Iny nu 0)vec(Θ
b k ).
vec(G(Ω
(3.10)
The bias analysis in the MIMO case is exactly the same as in the SISO
case, because it is based on the properties of the classical LPM studied
b is given in (3.26)
in [Pintelon et al., 2011]. The covariance estimator of G
in Appendix 3.A.
Noise covariance estimate
The local output noise estimate depends on the noise at all frequencies
b
through Ψ:
!
b
Ψ
⊥ ⊥H
d
⊗ Iny ) vec(Ym
(3.11)
vec(N
Y,k ) = (Qk Qk
k ) − Wk √
N
with vector vec(NY,k ) of size ny nLPM × 1. Similar to the univariate case
ci corresponding to the
in Chapter 2, we assume that the global unknown Ψ
Myi
missing samples at the output yi has a local effect of
nLPM at the resid2F
uals of the output yi . This simplifies the calculation of the noise covariance
as
m
d
dH
cov(N
c Y (k)) = N
(3.12)
Y,k NY,k ./DOF
with ./ the element-wise division of two equally-sized matrices. In (3.12)
DOFm is a matrix of the degrees of freedom of the residuals. For each
output pair yi and yj , it is given by
s


Myj
Myi
m
nLPM
nLPM
DOFi,j =
DOF −
DOF −
(3.13)
2F
2F
with the initial (scalar) DOF specified by the user.

3.2.1

Errors-in-variables

We can solve the EIV framework using the LPM to find an unbiased FRM
estimate of the system if the reference signal r(t) is known. This framework is presented in Fig. 3.2, not taking the feedback part (in gray) into
consideration.
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Figure 3.2: The EIV schematic with a linear feedback loop shown in gray.
The block A represents the actuator characteristics, GU Y the FRM to be
estimated and F a linear feedback filter. The reference r is uncorrelated
with the noise sources ng , np , ny and nu , which are Gaussian white.

Figure 3.3: The EIV problem illustrated in Fig. 3.2 is redefined as an
output-error problem, where GRZ has to be identified from the known reference signals r(t) to the noisy inputs u(t) and outputs y(t).

The solution is illustrated in Fig. 3.3: following the same lines of [Wellstead, 1977, 1981], the EIV problem is reduced to an output error problem
of Section 3.2 by modeling the dynamics GRZ from the reference signals

T
r(t) to both the inputs and outputs simultaneously z(t) = y(t)T u(t)T
with Z the DFT of z(t). The estimated FRM GRZ can be split in two parts
as
"
#
GRY
GRZ =
,
(3.14)
GRU
where GRU and GRY represent the FRMs from references to inputs and references to outputs, respectively. GRY combines the dynamics of the actua59
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tor A and the desired systems dynamics GU Y . Next, we need to recombine
the estimated FRMs to find the system FRM GU Y we are interested in:
b UY = G
b RY G
b −1 .
G
RU

(3.15)

The covariance of the estimated FRM in (3.15) is given by

  −T
 
 −T

b UY ) ≈ G
b ⊗[Iny − G
b U Y ] cov vec(G
b RZ ) G
b ⊗[Iny − G
b U Y ] H.
cov vec(G
RU
RU
(3.16)
The full derivation of (3.15) and (3.16) can be found in [Pintelon et al.,
2010b].

3.2.2

Missing input data

We can solve the problem of identification from partially missing data at
the noisy inputs and noisy outputs, provided that the reference signals are
fully known. We use the same reasoning as above in (3.14)–(3.16) combined
with the model in Section 3.2 to estimate the FRM and its uncertainty. In
case of a NL actuator, only the BLA part of the missing input and the
missing output samples can be estimated, even if the system itself behaves
linearly.

3.2.3

Identification in feedback

Identification in feedback, where samples are missing at the inputs u(t)
and the outputs y(t), is another special case that we can handle using the
multivariate extended LPM, see Fig. 3.2. The representation in Fig. 3.4,
where the actuator A is taken inside the closed-loop, is often used in control
and is identical to the one in Fig. 3.2. The knowledge of the reference signals
is again a prerequisite. Here, we consider only linear feedback. Notice, that
the system G can be nonlinear PISPO.
The solution is identical to the one in Subsection 3.2.1 and uses equations (3.14)–(3.16) combined with the model developed in Section 3.2. Background information about nonparametric identification in feedback using
LPM can be found in [Pintelon et al., 2010b].
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Figure 3.4: An EIV representation equivalent to Fig. 3.2 with the actuator
taken inside the closed loop. Such schematic is often used in closed-loop
control.

3.2.4

Nonlinear systems

If the system behaves nonlinearly, the proposed method estimates the best
linear approximation GBLA [Pintelon et al., 2011]. Its covariance estimates
include the variability due to the NL distortions. The NL system is assumed
to be in the class of systems for which the steady state response to a periodic
input is periodic with the same period as the input (PISPO), see [Schoukens
et al., 1998] for a more formal definition. It excludes phenomena such as
chaos and subharmonics, but allows strong NL behavior, e.g. saturation,
dead zones, etc..
m
(t)
The missing output samples yim (t) can be split into the response yi,BLA
of the best linear approximation of the NL system and the stochastic NL
m
m
m
m
distortions yi,s
(t), i.e. yim (t) = yi,BLA
(t) + yi,s
(t). Since yi,s
(t) cannot be
m
predicted using the linear framework, it follows that ŷim (t) = yi,BLA
(t).
In case of missing input samples (Section 3.2.2) we use the EIV framework solution of Section 3.2.1 and estimate the FRMs from the reference
to the input GRU and from the reference to the output GRY . Hence, if the
actuator behaves nonlinearly, then only the best linear approximation part
of the missing input and the missing output samples can be estimates, even
if the system itself behaves linearly.
61

3. Multivariate FRM estimation from partially missing data:
for arbitrary inputs

Figure 3.5: Left: the magnitude plot of the true FRM of a 2 by 2 system.
Right: the condition number of the true FRM is varying in frequency.

3.3

Simulation results with missing data

The proposed method is tested on a second order 2 by 2 linear time-invariant
system, Fig. 3.5, with additive filtered white noise disturbances at the outputs. We excite the system by two independent noise realizations uniformly
distributed between zero and one of length N = 512. Notice, that the sequence is relatively short. The sampling period is chosen to be 1 second.
Thus the excited frequency band is from 0.002 to 0.498 Hz, with in total
255 excited frequency lines.
Contrary to a univariate system, the MIMO FRM measurement can be
well- or ill-conditioned. The condition number is defined as the ratio of
the maximum to the minimum singular value of the FRM at frequency k.
Let the condition number be equal to 10a , then a is roughly the amount of
decimals in accuracy loss of the estimated FRM. We say that the system is
ill-conditioned if a is not much smaller than the number of significant digits
used in the calculations. The condition number of the chosen true FRM
varies in frequency, as shown in Fig. 3.5 on the right.
As in Section 2.3, the results of 100 Monte Carlo runs are compared in
both the time and frequency domains. The case of missing samples at the
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outputs is presented in Section 3.3.1 and missing samples at the inputs and
outputs in an EIV framework is presented in Section 3.3.2. In Section 3.3.3
the extended multivariate LPM is compared to the concatenated LPM.

3.3.1

Application of the extended multivariate LPM

The extended LPM in (3.3) does not assume a particular missing data
pattern or certain statistical properties of the missing data. The results
remain basically the same for data missing as one block or missing randomly,
as is illustrated for a univariate case in Section 2.3.
Here, we are primarily interested in the case of data missing at the
multiple outputs of the system. For simplicity we consider data missing as
one block in the following two cases:
1) Best case: equal signal-to-noise ratio (SNR) and 25% samples missing
at both outputs;
2) Worst case: unequal SNR and 50% samples missing at the noisiest
output.
1) Best case: 16 dB SNR low-pass filtered noise is added at the outputs. The missing blocks of 25% at both outputs are centered around the
middle of the outputs records. The LPM parameters are chosen as follows:
the LP order is set fixed to R = 2 for all the examples. The initial DOF is
varying with the amount of missing data. In this case the initial DOF = 14,
giving the effective DOF in the residuals of DOFm
i,i = 8.2 for both outputs
yi with i = 1, 2.
Fig. 3.6 presents the time domain results for the missing block. To evaluate the accuracy of the missing samples estimates, the estimated std of
the missing samples (gray) is compared with the RMSE (the true uncertainty, shown in solid black). The average level of the RMSE corresponds
c
very well to the estimated std(y).
The mean bias (dashed) is on average for
92% below the 95% CB of the mean (light gray). Given the relatively small
sample size of 129 and the fact that that the estimated output samples are
correlated, shows that the missing samples are estimated accurately.
We evaluate the accuracy of the estimated FRM, Fig. 3.8, and the std of
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Figure 3.6: Best case (same SNR, 25% outputs missing): ( ) the estic
mated RMSE, on average, and ( ) std(y)
are corresponding very well. ( )
Mean bias lies in 92% of the samples below ( ) the 95% CB of the mean,
making the estimated missing samples unbiased.

the output noise, Fig. 3.7, in the frequency domain. Fig. 3.7 shows a good
correspondence between the true low-pass filtered noise std (solid black)
and the estimated noise std (gray) for both outputs. Fig. 3.8 presents the
empirical 95% CB (solid black) and the estimated 95% CB of the mean
FRM (gray). The correspondence is very good. The absolute mean FRM
bias (dashed) is on average in 93% of the cases inside the 95% CB of the
estimated mean FRM, indicating that the FRM estimate is practically unbiased.
Further simulations have shown that the missing data pattern has a
negligible influence on the results. This is comparable to the SISO case in
Section 2.3. For example, when the data is missing at random, the noise
coloring is affected (the coloring effect is reduced). On the other hand, the
estimated std of the missing samples better follows the RMSE, see Fig. 3.9,
than in the case of missing block, see Fig. 3.6.
2) Worst case: at the output y1 we add filtered 16.5 dB SNR noise
and at y2 we add filtered 21.4 dB SNR noise. This makes output y1 almost
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Figure 3.7: Best case (same SNR, 25% outputs missing): ( ) the estimated noise std corresponds well to ( ) the true filtered output noise std.

Figure 3.8: Best case (same SNR, 25% outputs missing): ( ) the empirical
95% CB of the mean estimated FRM is very close to ( ) the estimated
95% CB. ( ) The FRM bias is on average for 93% inside the CBs of the
estimated mean FRM, indicating a practically unbiased FRM estimate.
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Figure 3.9: Best case (same SNR, 25% outputs are missing at random):
c
( ) the estimated RMSE and ( ) std(y)
are corresponding well. ( ) Mean
bias lies in 95% of the samples below ( ) the 95% CB, making the estimated
missing samples unbiased.

twice as noisy as y2 . In addition, we consider 50% missing samples at the
noisiest output y1 and none at the second output. We choose the initial
DOF = 28. In this worst case example we get an unequal effective DOF:
for output y1 with 50% samples missing DOFm
1,1 = 9.4 and for y2 it remains
m
unchanged, i.e. DOF2,2 = 28. This follows directly from (3.13).
Fig. 3.10 demonstrates that the estimated std of the missing samples
(gray) corresponds well to the RMSE (solid black). Also, the y1 missing
samples estimates are as good as unbiased, because the estimation bias
(dashed) is inside the 95% CB of the mean (light gray) for 94% of the
samples.
Fig. 3.11 presents the frequency domain result for the total output noise.
The estimated noise std (gray) lies on top of the true filtered noise std (solid
black) even with half of the output samples missing. For the less noisy
output y2 the coloring of the estimated filtered noise std changes slightly
in the neighborhood of the resonance frequency. A possible explanation is
that the DOFm
2,2 = 28, making the number of local frequency lines used for
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Figure 3.10: Worst case (unequal SNR, 50% missing samples at the noisc
iest output y1 ): ( ) the RMSE corresponds well to ( ) std(y).
( ) The
mean bias lies below ( ) the 95% CB of the mean in 94% of the samples,
indicating that the missing samples estimates are as good as unbiased.

Figure 3.11: Worst case (unequal SNR, 50% missing samples at the noisiest output): ( ) estimated output noise std corresponds well to ( ) the
true filtered output noise std.

the FRM estimation equal to 37. Thus, the whiteness assumption of the
noise has to hold on a relatively large interval.
Results for the estimated FRM are presented in Fig. 3.12. For the fully
known output y2 (the lower plots), the estimated 95% CB of the mean FRM
(gray) corresponds perfectly to the empirical 95% CB of the mean FRM.
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Figure 3.12: Worst case (unequal SNR, 50% missing samples at the noisiest output): ( ) the empirical 95% CB of the mean FRM is comparable
to ( ) the estimated 95% CB. ( ) The mean bias on average is in 90% of
the cases inside the 95% CB of the estimated mean FRM, indicating that
the FRM estimate is practically unbiased.

The mean FRM bias (dashed) is in 92% of the cased inside the 95% CB of
the mean FRM. For the partially known output y1 (the upper plots), the
mean FRM bias is in 87% of the cases inside the 95% CB of the mean FRM.
We want to point out again that the number of frequencies 255 is small
and that there is a correlation between the estimates at the neighboring
frequencies. Thus, the FRM estimate is still practically unbiased.

3.3.2

EIV framework

We take the true input signals as the reference signals. The inputs we
consider are the sums of the references and a low-pass filtered 23 dB SNR
noise. At the output the filtered 16 dB SNR noise is added. We remove
10% of both inputs and 25% of both outputs around the center of the timesequences. Initially we choose DOF = 14. The effective DOF in the input
m
ui residuals is DOFm
u,i,i = 11.7 and at the output yi residuals DOFy,i,i = 8.2
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Figure 3.13: EIV framework: ( ) the estimated std of the missing input
samples corresponds well, on average, to ( ) RMSE. ( ) The input bias is
for 95% below ( ) the 95% CB of the mean estimated inputs, indicating
that the estimated missing input samples are unbiased.

with i = 1, 2.
The time domain results are presented in Fig. 3.13 for the missing inputs and in Fig. 3.14 for the missing outputs. The results are similar for the
inputs and the outputs: the estimated std of the missing samples (gray) corresponds well, on average, to the RMSE (solid black). The biases (dashed)
are on average in 95% of the input samples and in 92% of the output samples inside the 95% CBs, indicating unbiased input samples estimates and
as good as unbiased output samples.
The estimated noise stds are presented in Fig. 3.15 for the inputs and
in Fig. 3.16 for the outputs. At the inputs, the noise is white and its std is
shown in Fig. 3.15 by a black straight line. The estimated noise std (gray)
on average shows a good correspondence to the true std. At the outputs
the noise is filtered and its std is shown in Fig. 3.16 by a curved black line.
The estimated output noise std (gray) shows a good correspondence with
the true std.
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Figure 3.14: EIV framework: ( ) the estimated std of the missing output
samples has a good correspondence with ( ) the RMSE. ( ) The output
bias is for 92% below the 95% CB of ( ) the estimated outputs, indicating
practically unbiased output estimates.

Fig. 3.17 presents the empirical 95% CB of the mean FRM (solid black),
the mean bias (dashed) and the estimated 95% CB of the mean FRM (gray).
The bias of the mean FRM is on average for 92% inside the 95% CB of the
estimated mean FRM, indicating a practically unbiased FRM estimate. The
empirical 95% CB of the mean FRM and the estimated 95% CB correspond
very well.

3.3.3

Comparison with the concatenated data LPM

We evaluate the performance of the extended LPM by comparing it with
the existing LPM from concatenated data, as in Section 2.3.2. The concatenated data LPM simply ‘glues’ several pieces of data together, at the
expense of extra transients to be estimated. To make the comparison fair,
we will use the estimated FRMs from both methods as a starting point for
a parametric estimation. The RMSE of those parametric models are then
compared.
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Figure 3.15: EIV framework: on average ( ) the estimated std of the
missing input samples corresponds well to ( ) the true (white) input noise
std.

Figure 3.16: EIV framework: ( ) the estimated output noise std lies on
top of ( ) the true output noise std.
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Figure 3.17: EIV framework: ( ) empirical 95% CB of the mean FRM
corresponds well to ( ) the estimated 95% CB. ( ) The mean bias is on
average in 92% inside the 95% CBs. This indicates a practically unbiased
FRM estimate.

Here we consider the data and the parameters from the best case of
Section 3.3.1: 25% of both outputs is missing as a block in the middle
of the sequences. Fig. 3.18 shows the RMSEs of the parametric model
initiated by the FRMs from the two considered methods. We see almost no
distinction between the RMSEs.
Additional simulation with 25% of the output samples missing at random was performed. Fig. 3.19 shows that for the random missing pattern,
the results of the extended LPM are better than for the concatenated LPM,
in terms of the parametric RMSE comparison. Notice, that the extended
LPM always has the advantage of an FRM estimate at the full frequency
resolution 1/(N Ts ). As an extra, the extended LPM gives an estimate of
the true noiseless missing samples in the time domain together with the
corresponding variance.
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Figure 3.18: Best case (same SNR, 25% outputs missing): ( ) the true
FRM. The RMSEs of the parametric fits are compared starting from: ( )
the extended LPM and ( ) concatenated data LPM. These results are
comparable.

3.4

Acrylic glass plate measurements

The setup is shown in Figure 1.1 and was introduced in Section 1.1.1. The
sampling frequency is about 2.44 kHz. Of the reference signals, the two
inputs and two outputs 8192 samples are taken. Both inputs and outputs
are measured by our acquisition units in volts. The system is slightly NL,
such that using the LPM will result in a BLA of the FRM, see Section 3.2.4.
We leave out 10%, or 819 samples, at both inputs, Fig. 3.20, and the
outputs, Fig. 3.21, around the middle of the sequences. The lowest possible
polynomial order R = 2 is chosen, and the initial DOF = 12. This gives
DOFm
i,i = 9.9 at the residuals of the inputs ui and the outputs yi with
i = 1, 2.
To evaluate the results, we compare the extended LPM from missing
data with the LPM for arbitrary excitations using the full data. The initial
settings of R = 2 and DOF = 12 also hold for the method on the full
data set. The time domain bias is computed as the difference between the
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Figure 3.19: Best case, 25% outputs are missing at random: ( ) the true
FRM. The RMSEs of the parametric fits are compared starting from: ( )
the extended LPM and ( ) concatenated data LPM. The extended LPM
performs definitely better.

Figure 3.20: Missing parts of the measured inputs, 819 samples.
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Figure 3.21: Missing parts of the measured outputs, 819 samples.

Figure 3.22: (•) The input bias is compared to ( ) the estimated 95%
CB computed on the full data and ( ) the partially known data.

measured signal and the estimated missing samples.
Figs. 3.22 and 3.23 show the time domain missing samples errors for
the inputs and outputs, respectively. To compute the uncertainty of the
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Figure 3.23: (•) The output bias is compared to ( ) the estimated 95%
CB computed on the full data and ( ) the partially known data.

estimated missing samples (3.24), we first need to estimate the variance of
the input and output noises in the time domain using (3.23).
In Fig. 3.22, the input bias (black dots) lies outside the 95% CB interval
(light gray) found on the full data set in 23% of the missing samples for u1
and in 60% of the missing samples for u2 . These fractions are too high and
this is due to the nonlinearities in the actuator, Section 3.2.4. Still, the RMS
value of the bias on the estimated missing input samples is small: only 1%
of the RMS of the missing input. We see that the 95% CB of the estimated
missing input u1 samples from the partially missing set (gray) is lower than
the 95% CB from the full set (light gray). In a sense, the estimate from
partial data is unbiased. But for the input u2 , the higher nonlinearities
level is causing a higher bias on the missing samples estimate.
The results are similar for the missing output samples in Fig. 3.23. The
output bias (black dots) lies outside the 95% CB (light gray) found on the
full data set in 67% of y1 missing samples and in 12% of y2 missing samples.
Correspondingly, the 95% CB estimated on the partial set (gray) lies well
under the 95% CB estimated on the full set (light gray) for y2 and above it
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Figure 3.24: ( ) The estimated FRM on a full set. On the partial set ( )
estimated bias level is lower than ( ) the estimated FRM std, indicating
an unbiased FRM estimate.

for y1 . The missing output samples are estimated from a system with the
reference signal as the input, thus the NL behavior of the actuator again
plays a role and explains the higher bias of the missing sample estimates.
Fig. 3.24 presents the frequency domain results. The FRM magnitude
estimated on the full set is shown in solid black. The bias (dashed) and
the FRM std (gray) both estimated on the partial set are compared. The
higher estimated FRM std level indicates an unbiased FRM estimate when
10% of all the samples are missing.
In Fig. 3.25, we compare the estimated FRM std on a full set (solid
black) with the estimated FRM std on the partial set (light gray). The
difference is negligible.
The above results indicate, that missing 10% of the inputs and output
while knowing the noiseless full reference signal still gives us a good FRM
estimate, if compared to the fully known data set. However, the estimated
input and output missing samples are (strongly) affected by the NL actuator.
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Figure 3.25: ( ) The estimated FRM std on the full set coincides with
( ) the estimated FRM std on the partial set.

3.5

Conclusions

In this chapter, we generalized the extended LPM for univariate systems,
introduced in Chapter 2, to a MIMO framework. It allows us to accurately
estimate the frequency response from data with partially missing noisy outputs. Additionally, it is possible to handle data with partially missing noisy
inputs of systems operating in open or closed loop, provided that the reference signal is known. Using the proposed method, we can find an accurate
FRM estimate even in case 50% of the output samples are missing as a block
or at random. This was well illustrated on simulations and measurements
of a MIMO system.
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3.A

Appendix to Section 3.2

Linear least squares solution of the large set of equations
Writing down (3.4) for every local frequency line k = 1 . . . F gives
Ψ
T
vec(Ym
k ) = (Kk ⊗ Iny )vec(Θk ) + Wk √ .
N
First, perform a QR decomposition of KTk ⊗ Iny for all k, like


T
T
⊗ Iny = Qk Rk ⊗ Iny ,
KTk ⊗ Iny = [Qk Q⊥
0]
k ] [Rk

(3.17)

(3.18)

using (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD). In (3.18) QH
k Qk = I(R+1)(nu +1) and
H ⊥
Qk Qk = 0 with complex-valued matrices Qk of size nLPM ×(R +1)(nu +1),
Q⊥
k of size nLPM × (nLPM − (R + 1)(nu + 1)) and Rk is a square matrix of
dimension (R + 1)(nu + 1).
Second, combining (3.17) and (3.18), the LLS estimate of vec(Θk ), given
Ψ, becomes



Ψ
m
−1 H
vec(Θk ) = Rk Qk ⊗ Iny vec(Yk ) − Wk √
.
(3.19)
N
Third, substitute (3.19) in (3.17) to obtain an equation in the global
variable Ψ:



Ψ
Ψ
m
H
m
+ Wk √
vec(Yk ) = Qk Qk ⊗ Iny vec(Yk ) − Wk √
N
N
⇓
Ψ
m
H
(Iny nLPM − (Qk QH
k ⊗ Iny ))vec(Yk ) = (Iny nLPM − (Qk Qk ⊗ Iny ))Wk √
N
⇓
Ψ
⊥H
⊗ Iny )vec(Ym
⊗ Iny )Wk √ .
(Q⊥H
k
k ) = (Qk
N
(3.20)
H
⊥ ⊥H
The last step is justified, because Iny nLPM − (Qk Qk ⊗ Iny ) = Qk Qk ⊗ Iny ,
⊥
and Q⊥H
k Qk = InLPM −(R+1)(nu +1) when we multiply the whole equation on
⊗ Iny and using the relation (A ⊗ B)(C ⊗ D) =
its left hand side by Q⊥H
k
(AC) ⊗ (BD).
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Collecting (3.20) for all frequency lines k = 1 . . . F results in the following overdetermined set of equations:
Ψ
A√ = B
N

(3.21)

with the complex-valued matrix A of size F ny (nLPM − (R + 1)(nu + 1)) ×
Mtotal and vector B of size F (nLPM − (R + 1)(nu + 1)) × 1 defined in (3.8).
We find the real-valued time domain missing values by deriving a wellb in (3.8).
conditioned LLS estimate Ψ
To find the FRM and the transient coefficients for all frequencies k, (3.8)
b k ) in (3.9).
is substituted in (3.19) giving vec(Θ
Derivation of the covariances
b k ) in (3.9), the local output residuals
b in (3.8) and vec(Θ
After estimating Ψ
can be calculated for all k = 1 . . . F
b
Ψ
m
T
d
b
vec(N
Y,k ) =vec(Yk ) − (Kk ⊗ Iny )vec(Θk ) − Wk √
N
b
Ψ
H
m
⊗
√
=vec(Ym
)
−
(Q
Q
I
)
vec(Y
)
−
W
n
k
y
k k
k
k
N
!
b
Ψ
⊥H
m
⊗
√
.
=(Q⊥
Q
I
)
vec(Y
)
−
W
n
k
y
k
k
k
N

!

b
Ψ
− Wk √
N

(3.22)
In the following, the frequency domain noise is assumed to be complex
normally distributed and uncorrelated over the frequency. Hence, all calculations are performed as if the noise is present at the samples which are
missing. Therefore, we must subtract the contribution of the corresponding output noise var(y
c i (td Ts )) at the missing samples from their predicted
variance given as
N

var(y
c i (td Ts )) ≈
for all outputs i = 1 . . . ny .
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N
2

−1
2
1 X
var(N
c Yi (k)),
− 1 k=1

(3.23)
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Thus, the estimate of the variance of the missing samples Ψ(i) at each
output i becomes:




T
T
−T
var(Ψ
c (i) ) = N R−1
Q
Q̃
C
Q̃
Q
R
− var(y
c i (td Ts ))
d
Re Are Are
Are Are Re
vec(N
Y)
re

(i)

(3.24)
where X(i) selects the corresponding missing samples of the output yi . In
(3.24), Q̃Re is a real-valued matrix with


⊗
Q⊥H
I
0
n
 1 . y



..
Q̃ = 
(3.25)

0
Q⊥H
F ⊗ Iny


and the matrix operator XRe is defined in (2.29). In (3.24), Cvec(N
d
Y)
re
is the covariance matrix of the total output noise estimate vec(NY ), made
real by Xre as defined in (2.9). Again we assume here that the output noise
is uncorrelated over the frequencies, thus the covariance term Cvec(N
is
d
Y)
sparse.
Our best estimate of the full output spectrum is the sum of the DFT
of the output with the missing samples set to zero and the DFT of the
b
b k ) = vec(Ym ) − Wk √Ψ . Then, the
estimated missing samples, i.e. vec(Y
k
N
approximation of the output covariance on each local frequency interval
equals
cov(vec(Y
c
c Y (k)).
k )) = InLPM ⊗ cov(N
Using the above assumptions and some properties of the Kronecker product [Brewer, 1978], we derive the covariance estimate of the uncertainty on
the FRM

−1 −H
⊗ cov(N
cov(vec(G(Ω
c
c Y (k)) (Iny nu 0)T . (3.26)
k ))) = (Iny nu 0) Rk Rk
Degrees of freedom
Assume that per output yi the contribution of Myi real global parameters
ci on the DOFm at the residuals (3.22) is uniformly spread over all freΨ
i,i
quencies, similar to the SISO case in Chapter 2. In total 2F real-valued
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ci . Thus, locally, the influence
DFT frequencies are used for estimation of Ψ
ci has a contribution of My nLPM /(2F ) on the DOFm
of Ψ
i,i at the residuals of
i
the output yi . Assuming that the influence of the missing samples on the
ci and Ψ
cj , the degrees of freedom
cross-terms in (3.12) is a combination of Ψ
matrix is given in (3.13).
M max
i
nLPM e with Mymax
Note, that the minimal value of DOF is dny + Ny−2
i
the largest amount of missing values over all outputs yi . At the same time,
nLPM should be kept small to guarantee the whiteness of the residuals.
For the estimated noise covariance matrix to be used as weighting for the
M max
i
parametric modeling step, DOF has to be DOF ≥ d8 + ny + Ny−2
nLPM e.

82

Chapter

Multivariate FRM estimation
from partially missing data:
for periodic inputs§
As stated in the introduction, there is a need for a method that can detect and quantify the NL distortions in FRM measurements from partially
missing data. To achieve this, we complete in this chapter the extension
of the LPM from partially missing data of Chapter 3 to periodic inputs.
The major contribution of this chapter is that for NL PISPO systems the
proposed method can
•

estimate the level of NL distortions giving a BLA of the FRM of
the system from partially missing data,

•

estimate the BLA of the noiseless missing samples.

For example, in case of saturating sensors, the proposed method can handle
NL PISPO systems and periodically missing samples.
In this chapter, we consider periodic excitations with N = N1P P samples, where N1P is the number of samples in one period and there are at
§

The results presented in this chapter are published in:
D. Ugryumova, R. Pintelon, and G. Vandersteen, ”Frequency reponse matrix estimation
from partially missing data - for periodic inputs,” IEEE Transactions on Instrumentation
and Measurements, accepted.
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DFT
time

f Bins

Figure 4.1: Frequency domain energy contributions of periodically and
non-periodically missing data in the time domain. The periodically missing
data (green) ‘excites’ all multiples of kP up to Nyquist frequency. The
non-periodically missing data (red) is present at all the frequency lines up
to Nyquist.

least two periods, i.e. P ≥ 2. Then, the information about the missing
samples, the FRM and the possible NL distortions can be extracted by
separating the information contribution at the excited and non-excited frequency lines. The nonparametric model of the missing samples is the same
as in the previous chapter Section 3.1.
This chapter is organized as follows. Section 4.1 introduces the nonparametric extended LPM for periodic excitations. The detailed derivations
can be found in Appendix 4.A. The method is applied on simulated data
in Section 4.2 in case of periodically and non-periodically missing data. In
Section 4.3 the method is applied to periodic measurements of a mechanical
set-up and a pilot-scale binary distillation column. Finally, the conclusions
are drawn in Section 4.4.

4.1

Extended Local Polynomial Method:
the periodic multivariate case

The information about the the time domain missing samples is spread over
all the frequencies. Thus, even in case of band limited excitations, we have
to consider all higher harmonics until the Nyquist frequency to find the
missing samples.
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4.1. Extended Local Polynomial Method:
the periodic multivariate case
Here we will consider two cases of missing data:

•

np T
non-periodically: missing only in one period, Ψnp = [Ψnp
y1 . . . Ψyny ] ,
contributing signal energy at all frequencies, presented in Fig. 4.1
by red arrows,

•

periodically: missing at the same time-instants in all the periods,
Ψp = [Ψpy1 . . . Ψpyny ]T , contributing signal energy only at the excited
frequencies and their higher harmonics kP , k = 1 . . . N1P /2 − 1 if
N1P is even and (N1P − 1)/2 is N1P is odd, presented in Fig. 4.1
by green arrows.

Remark, that there are cases of missing samples which do not fall into one
of the above categories. For example, samples missing semi-periodically,
i.e. in some but not all periods. The contribution of this missing data to
the excited lines becomes larger with the number of periods. Thus, these
semi-periodically missing samples cannot be fully recovered from the nonexcited lines if the number of periods where the data is missing approaches
P . For a relatively small number of periods the semi-periodically missing
data case can be solved in a similar way as the periodically missing data,
as introduced further in this section in (4.8).
The proposed estimation of the missing data is as follows: first, we use
only the non-excited frequencies to estimate the non-periodically missing
data Ψnp and the transient T(Ω). The non-periodically missing data can be
estimated from (3.3) by putting the true system response term to zero, as
in (1.13). The contribution of the estimated non-periodically missing data
is subtracted from the excited frequencies, which enables us to estimate the
periodically repeated missing data using only the excited frequencies and
their harmonics.
The missing samples, both Ψnp and Ψp , are global unknown parameters
in the extended LPM. Thus, we have to consider all the local frequency
intervals with the non-excited lines at once to find Ψnp and all the excited
frequency lines and their harmonics to find Ψp .
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At the non-excited frequencies
Combining (3.3), (1.13) and (1.14) for 2nT non-excited frequencies around
m
the excited line kP gives us one LP matrix equation for Ym
T,kP = [YT (kP −
rnT ) . . . Ym
T (kP + rnT )]. The first step of the multivariate extended LPM
with periodic inputs to find Ψnp and ΘT becomes:


WT,1P
T
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√
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I
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with vec(X) stacking the columns of X on top of each other, KT,kP in
m
m
(1.15) and Nm
Y,T,kP = [N (kP − rnT ) . . . N (kP + rnT )]. In (4.1) WT,kP
is the matrix containing the weights of the transformation from time to
frequency domain at the non-excited lines
WT,kP = [W(kP − rnT ) . . . W(kP + rnT )]T ,
where W(kP + r) is a sparse matrix of the following structure
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and pα (x) defined in (1.9). In (4.2) only the time-instants tnp
d of the nonperiodically repeated missing samples are contained in Kynp
(j) ≤ tnp
d ≤
i
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Kynp
(j) + Mynp
(j) − 1 for j = 1 . . . Nm,yi and i = 1 . . . ny . Using the LLS
i
i
from (4.1) we can find the transient coefficients ΘT and the non-periodically
missing data Ψnp . The detailed derivations of the proposed method are in
Appendix 4.A.
First, the global unknown Ψnp in (4.1) is solved using the information
of all the local intervals [kP − rnT . . . kP + rnT ] with k = 1 . . . N21P − 1
simultaneously:
p
T
np =
d
N1P P R−1
(4.3)
Ψ
AT,re QAT,re BT,re ,
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Q⊥
T,kP is the orthogonal complement of QT,kP coming from the QR decomposition of KTT,kP = QT,kP RT,kP . QAT,re RAT,re is coming from the QR
decomposition of AT,re and the operator Xre is defined in (2.29).
Next, the transient coefficients ΘT,kP are estimated using LLS of (4.1)
!
np
d

Ψ
b T,kP ) = R−1 QH ⊗ Iny
(4.5)
vec(Θ
vec(Ym
T,kP ) − WT,kP √
T,kP T,kP
N1P P
b kP ) =
and the transient term at the excited frequencies is found as T(Ω
b T,kP (:, 1), where X(:, 1) selects the first column of the matrix X.
Θ
At the excited frequencies
First, we find the sample mean of the outputs at the excited frequencies kP
by removing the estimated transient term and the non-periodically missing
samples contribution Ψnp from Ym (kP ) as follows
np
d
cm (kP ) = Ym (kP ) − T(Ω
b kP ) − W(kP ) √ Ψ
.
Y
N1P P

(4.6)

Notice that, if there is no periodically missing data Ψp = ∅, the output
cm (kP ) in (4.6) represents Y(kP
b
sample mean Y
) in (1.19) and we can find
the FRM following the steps in Section 1.A.2.
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In case of periodically missing data, the combination of (3.3) and (4.6)
gives the output at kP as
p

Ψ
cm (kP ) = G0 (ΩkP )U0 (kP ) + Nm
√
Y
(kP
)
+
W(kP
)
,
b
Y
N1P P

(4.7)

where the last term contains P -times repeated information in W, as well
as in Ψp . Therefore, we only consider the time-instants of the missing
e p has the reduced dimensions M p × 1 with M p =
data in one period. Ψ
total
total
p
Pny PNm,y
p
i
i=1
j=1 Myi (j) the total number of periodically missing samples in one
period over all the outputs. The last term in (4.7) reduces to
ep
Ψ
f
P W(kP ) √
,
N1P P

(4.8)

f
where the matrix W(kP
) contains the DFT transformation weights and has
the same structure as in (4.2) with the matrices on the diagonal evaluated
for one period of periodically missing samples Kypi (j) ≤ tpd ≤ Kypi (j) +
p
for each output i = 1 . . . ny of the following
Mypi (j) − 1 with j = 1 . . . Nm,y
i
form
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Combining (4.7) and (1.20) for nLPM excited neighboring frequencies
around kP , we get a set of LPM equations from which we can find the
periodically missing data Ψp and consequently ΘG from
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and where KTG is defined in (1.22).
We use the LLS approximation of (4.9) to, firstly, find the global unknown Ψp using the information at all excited frequencies kP simultaneously:
r
c
e p = N1P R−1 QT
Ψ
(4.10)
AG,re AG,re BG,re
P
with A and B defined in (4.4), but composed of QG,kP RG,kP , originating
from the QR decomposition of KTG,kP evaluated at the excited frequency
line kP for all k = 1 . . . N21P − 1.
Finally, from (4.9) and together with the estimate of the periodically
c
e p in (4.10) we obtain the FRM estimate at frequency
missing output values Ψ
b G,kP ) =
kP : vec(Θ
!
√
f G,kP c

P
W
H
m
ep .
\
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√
Ψ
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R−1
vec(Y
G,kP ) −
G,kP QG,kP
N1P
b G,kP ) are the estimated FRM coefficients at
The first ny nu entries of vec(Θ
frequency kP :
b kP )) = (Iny nu 0)vec(Θ
b G,kP ).
vec(G(Ω
(4.12)
In case the system behaves nonlinearly, the proposed method estimates
the BLA GBLA in (4.11), and its covariance estimate includes the variability due to the NL distortions Ys [Pintelon et al., 2011]. The NL system
is assumed to be PISPO and, thus, contributes only energy to the excited
frequencies and harmonic combinations, presented in Fig. 1.5 by blue arrows. Thus, in (4.7) and (4.9) the noise term becomes a combination of
the additive noise and nonlinearities NYb (kP ) = NY (kP ) + Ys (kP ). Finally,
the level of nonlinearities is found by subtracting the estimated noise level
cov(N
c Y (kP )) in (4.21) from cov(N
c Yb (kP )) in (4.26):
cov(Y
c s (kP )) = cov(N
c Yb (kP )) − cov(N
c Y (kP )).

(4.13)
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+
+

Figure 4.2: Wiener-Hammerstein system structure. The linear blocks G1
and G2 are second and first order systems. The nonlinearity a1 tanh(av) is
an operator acting elementwise on the vector signal v = [v1 v2 ]T .

m
(t)
The missing output samples yim (t) can be split into the response yi,BLA
m
of the BLA of the NL system and the stochastic NL distortions yi,s (t), i.e.
m
m
m
yim (t) = yi,BLA
(t) + yi,s
(t). Since yi,s
(t) cannot be predicted using the linear
m
m
(t).
framework, it follows that ŷi (t) = yi,BLA
If the reference is known, the extensions to EIV, missing inputs and systems operating in feedback can be made in the same way as in Sections 3.2.1
to 3.2.3.

4.2

Simulation results with missing data

The proposed method is tested on a NL PISPO Wiener-Hammerstein twoinput two-output time-invariant system, as represented in the block diagram
in Fig. 4.2. The parameter of the nonlinearity a1 tanh(av) is chosen such,
that the level of NL distortion becomes significant, here a = 2.5. Filtered
noise is added at both outputs.
We excite the system by two independent random-phase multisine excitations with four periods of length N1P = 256, see Fig. 4.3. We use multisines with zero-mean random phases as in (1.3). The outputs of one Monte
Carlo realization are shown in Fig. 4.4. The sampling period is chosen to
be 1 second. Thus the excited frequency band is [0.004 0.496] Hz, with in
total N1P P/2 − 1 = 511 frequencies of which N1P /2 − 1 = 127 are excited.
In this particular case, Fig. 4.1 would picture three non-excited frequencies
containing only noise and transient contributions in between each two excited frequency lines.
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Figure 4.3: Time domain inputs of one Monte Carlo multisine realization.

Figure 4.4: Time domain outputs of a Wiener-Hammerstein system with
filtered output noises of one Monte Carlo run.
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We consider two cases of partially missing data:
1) Periodically missing: a block of samples is missing in each output
period at the same position;
2) Non-periodically missing: a block of samples is missing only in the
first period of the output.
NMC = 100 Monte Carlo runs are performed to evaluate the results, each
time with different output noise realizations and different random-phase
realization of the multisines. We compare the results in time and frequency
domain to the results of the classical LPM in Section 1.A.2 on the full data
set.
1) Periodically missing: at the outputs the added noises are filtered
by a second order filter. To make the example more illustrative, the first
output is chosen to be noisier than the second output, with the noise std
at y1 0.020 and at y2 0.015. A block of 71 consecutive samples is set to
zero at the same time instants in the middle of each of the four periods
of both outputs. Hence, 28% of the samples are missing over all the four
periods. For the LPM parameters we choose the LP order of R = 2 and
DOF = 15. The effective DOF of the total output residuals at yi are then
m
DOFm
G,i,i = 9.1 with i = 1, 2. The DOFG is equal to the definition of the
effective degrees of freedom in the residuals in Chapter 3 in (3.13).
Fig. 4.5 presents the time domain results of the estimated missing samples. Because the estimated blocks are equal in all periods, see Section 4.1,
it suffices to show the results for one missing block. We compare the 95%
CB of the total noise residuals estimated on the full set (gray) to the mean
bias of the estimated missing samples (dashed). The estimated bias lies
in more than 95% of the samples inside the 95% CB, indicating that the
estimated missing blocks are unbiased relative to the total uncertainty estimated on the full data set. The estimated 95% CBs of the missing samples
(light gray) is much lower than the total noise residuals. The 95% CB is
estimated by averaging the estimated variances of the missing samples over
the Monte Carlo runs. The mean bias clearly exceeds this strict bound, but
√
is still below the NMC · 95% CB, i.e. 10 times the value of the light gray
lines.
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Figure 4.5: Periodically missing data case: ( ) The 95% CB of the total
output residuals estimated on the full data set is well above ( ) the estimated mean bias of the missing samples. ( ) The 95% CB of the estimated
missing samples is lower than the total 95% CB on the full set.

Fig. 4.6 presents the frequency domain result of the estimated output
noise std. The estimated noise std (gray) is similar to the true noise std
(black). The missing sample blocks affect the noise coloring, as observed
before for the SISO case in Chapter 2.
Fig. 4.7 presents the estimation results of the FRM from both inputs to
both outputs. The 95% CB of the total uncertainty on the estimated FRM
using the full set (gray) is comparable to the 95% of the total residuals using
the partial set (light gray). Furthermore, the FRM is unbiased, because the
estimated mean bias (dashed) is on average for 95% inside the CB of the
FRM estimated on the full set. Here, the FRM bias is equal to the difference
between the estimated FRM on the full set and the FRM on the partial set.
To evaluate the significance of the NL distortions, we compare the total
FRM std to the noise level. Fig. 4.8 presents the total FRM std found on the
full data set (black). The total FRM std is well above the estimated FRM
std due to noise on the full set (gray) and the partially missing set (light
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Figure 4.6: Periodically missing data case: ( ) The true noise output
stds are comparable to ( ) the estimated noise std on the full set. ( )
The estimated noise stds from the partially missing data set has a slightly
modified noise coloring.

gray). The difference between the two indicates a significant nonlinearities
level. We can see from the figure, that using the proposed method even with
28% of output data missing we can still detect well the level of nonlinearities.
2) Non-periodically missing: in this case a block of 71 consecutive
samples is missing in the middle of the first period at both outputs. The
initial DOF is the same as in the previous section DOF = 15, giving the
effective DOFm
T,i,i = 13.3 at the yi output residuals with i = 1, 2, see
(4.22). The difference with DOFm
G,i,i = 9.1 comes from the fact that the
non-periodically missing samples are estimated using the non-excited lines.
In this simulation example there are three times (P − 1 = 3) more nonexcited lines than the excited ones. Thus, the non-periodically missing
samples have less influence on the DOF of the output residuals.
Fig. 4.9 presents the time domain results of the non-periodically missing
data case. Again, the 95% CB of the noise estimated on the full set (gray)
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Figure 4.7: Periodically missing data case: ( ) The 95% CB on the estimated FRM using the full set is compared to ( ) the 95% CB estimated
on the partial set. The estimated FRM bias ( ) lies under the estimated
95% CB and, thus, the estimated FRM is unbiased.

Figure 4.8: Periodically missing data case: ( ) The total FRM std estimated on the full set is well above the estimated FRM std due to noise ( )
on the full set and ( ) the partial set. The difference between the total std
and the std due to noise indicate a significant level of nonlinearities.
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Figure 4.9: Non-periodically missing data case: ( ) The 95% CB of the
total output residuals estimated on the full data set is well above ( ) the
estimated mean bias of the missing samples. ( ) The 95% CB of the
estimated missing samples is lower than the total 95% CB on the full set.

Figure 4.10: Non-periodically missing data case: ( ) The true output
noise std is very similar to ( ) the noise std estimated on the full set and
( ) the noise std estimated on the partial set.
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Figure 4.11: Non-periodically missing data case: ( ) The 95% CB of
the total FRM uncertainty on the full set lies on top of ( ) the 95% CB
estimated on the partial set. ( ) The FRM biases are well below the
estimated 95% CBs, indicating an unbiased FRM estimate.

lies well above the mean bias of the missing samples (dashed), indicating
unbiased missing samples estimates. Notice an increase in the 95% CB of
the missing samples (light gray) compared with the periodically missing
data case in Fig. 4.5. Also for the non-periodically case the strict test fails
if we compare the mean bias with the 95% CB of the estimated missing
samples (light gray).
Fig. 4.10 presents the frequency domain true output noise stds (black).
The noise stds estimated on the full set (gray) are comparable to the noise
stds on the partial set (light gray) and to the true noise std.
Fig. 4.11 presents the 95% CB on the total FRM uncertainty estimated
on the full data set (gray) and the partial data set (light gray). The estimated 95% CBs (gray) are well above the estimated FRM biases (dashed).
We observe a decrease in FRM uncertainty as compared with the periodically missing data case in Fig. 4.7. This comes from the fact that the FRM
uncertainty is directly related to the estimated output residuals and its
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Figure 4.12: Non-periodically missing data case: ( ) The total FRM std
estimated on the full set is well above the estimated FRM std due to noise
( ) on the full set and ( ) the partial set. The difference between the total
std and the std due to noise indicate a significant level of nonlinearities.

DOF. For the non-periodically missing data the DOF of the total residuals
stays equal to the initial DOFG = 15, contrary to the periodically missing
case where the effective DOFm
G,i,i = 9.1.
Fig. 4.12 compares the total FRM std (black) with the level of estimated
noise on the full data set (gray) and partial data set (light gray). Again,
notice that using the proposed method and with 28% of the outputs missing
in one period, we can still very well detect the level of the nonlinearities.

4.3

Measurements on periodically excited
systems

4.3.1

Acrylic glass plate

We measure vibrations of an acrylic glass plate excited by two shakers, as
introduced in Section 1.1.1. The sampling frequency is about 2.44 kHz
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Figure 4.13: A threshold (white horizontal line) is drawn at 1.6 and 0.32
mV at the outputs y1 and y2 , respectively. This makes that 551 and 823
outputs samples missing.

and two periods of N1P = 8192 samples are taken. The reference signals
are exactly known and hence we can find the FRM in an EIV framework.
This system has a slightly NL behavior and has multiple resonances in the
excited frequency band. Using the LPM will result in a BLA of the FRM
in the mean square sense [Pintelon et al., 2011].
To illustrate how our method works in case of saturated measurements,
we draw a threshold for both outputs and inputs, as illustrated in Figures 4.13 and 4.14, respectively. This makes that 551 and 823 of the samples
are missing at the outputs y1 and y2 and 782 and 807 samples are missing
at the inputs u1 and u2 , respectively.
The proposed method is applied and the missing samples are automatically sorted by the method in non-periodically (maximum nine samples for
each output and input) and periodically missing (the greater part of the
missing samples). We choose a second order R = 2 of the LPs and an initial DOF = 11. The effective DOF of the total residuals (the noise and NL
m
distortions combined as in (4.26)) are DOFm
1,1 = 10.4 and DOF2,2 = 10.2
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Figure 4.14: A threshold is drawn at 1.4 and 3.4 mV at the inputs u1 and
u2 , respectively. This makes that 782 and 807 inputs samples are missing.

at the outputs and DOFm
i,i = 10.2 at both inputs ui with i = 1, 2. The
m
effective DOFi,i = 11 of the noise residuals, (4.21), are almost unchanged,
due to the fact that the samples are missing mostly periodically.
The time domain results for the missing outputs samples estimation are
shown in Fig. 4.15 and for the missing inputs samples are shown in Fig. 4.16.
The estimation bias (black dots) is the difference between the measured
samples and the estimated BLA of the samples, see end of Section 4.1.
Thus, the estimation bias here is due to NL distortions and output noise.
The 95% CB of the estimated missing samples (gray) is computed using
the estimated std of the missing samples, missing both periodically and
non-periodically. Notice, that the peaks in the 95% CB of the estimated
missing samples correspond to the non-periodically missing samples.
The observed biases in Figures 4.15 and 4.16 are mostly due to NL
distortions in the system. The total distortions (light gray in the figures)
on the time domain samples are computed using the classical LPM [Pintelon
et al., 2011] on the full data set together with (2.18). The total distortion
contains a contribution due to the stochastic NL distortions and noise.
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Figure 4.15: (•) The output estimation bias is compared with ( ) the
95% CB of the estimated missing samples and ( ) the 95% CB of the total
estimated output noise using the full data set. Relatively no bias can be
detected and most of the bias is due to NL distortions in the system.

Figure 4.16: (•) The input estimation bias is compared with ( ) the 95%
CB of the estimated missing samples and ( ) the 95% CB of the total
estimated input noise using the full data set. No bias can be detected if
there is data missing at the inputs.
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Figure 4.17: ( ) The estimated FRM on the full set. ( ) The bias between the full-set FRM and the estimated FRM from partial data lies under ( ) the estimated 95% CB of the total FRM uncertainty from partially
missing data. This shows an unbiased FRM estimate.

At the outputs 51% and 11% of the biases are outside the 95% CB
computed on the full set (light gray line in Fig. 4.15). This indeed indicates
a significant level of NL distortions in the system.
At the inputs 10% and 52% of the biases are outside the 95% CB computed on the full data set (light gray line in Fig. 4.16). This indicates that
the NL distortions are present in the actuator, since the missing inputs
are estimated from the fully known noiseless reference signals fed to the
actuator, see Fig. 3.2 and 3.3.
Next, the frequency domain results are presented in Fig. 4.17 with the
FRM estimated using the fast LPM on the full data set (thick black line).
The absolute bias between the FRM estimated on the full set and the FRM
estimated from partial data (dashed) lies in at least 94% of the frequencies
inside the 95% CB of the total FRM uncertainty estimated on the partial
data set (gray line). This means that our FRM estimate in this case is
unbiased.
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Figure 4.18: ( ) The estimated total FRM std on the full set is compared
to the FRM std due to noise ( ) estimated on the full data set and ( )
estimated on the partial set. Overall, the difference is small between the
FRM stds.

In Fig. 4.18 we compare the total FRM std estimated on the full data
set (black) with the FRM stds due to noise estimated on the full set (gray)
and estimated on the partial data set (light gray). On average there is only
2-3 dB difference between the total FRM std and the FRM std due to noise
estimated on the full data set. This indicates that the NL distortions in the
system are rather small. However, they are dominant at the first resonance
peak. The overall correspondence between the two estimated FRM stds
due to noise is good.

4.3.2

Pilot-scale distillation column

The measurements are taken on a pilot-scale distillation column, as introduced in Section 1.1.1. We assume that the system is time-invariant, but
not yet in steady-state. The reference signal is available, which is one realization of a random-phase multisine generator. We have excited one input
(the reboiler power) and measured one output (the reboiler temperature).
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Figure 4.19: Three measured periods of reboiler temperature. The selected missing data blocks are indicated in red.

Thus, we can use an EIV framework (see Section 3.2.1) to estimate the FRF
from the reboiler power to the reboiler temperature.
Three periods of N1P = 36, 000 samples are measured. Fig. 4.19 shows
the measured output reboiler temperature. Consider 10% of the output
samples missing in the middle of each period of the sequence.
The proposed extended LPM is applied in the periodically missing data
case. To find a good estimate of the FRF we need a higher order of the
LP R = 6. We choose DOF = 4, giving DOFm
G = 2.9 at the total output
residuals. Fig. 4.20 shows the results in the time domain by comparing the
measured temperatures to the estimates of the missing samples. We see
a good correspondence for the estimated 10% blocks in each of the three
periods. Notice, that in Fig. 4.20 and 4.21 the time-axis represents the time
of the concatenated missing blocks and does not coincide with the beginning
of the measured record.
To evaluate the performance of the proposed method, we compare the
results in time and frequency domain with the classic LPM on the full data
set. The same LPM settings as for the extended LPM are used.
Fig. 4.21 presents the difference between the measured and estimated
missing blocks of samples (black dots). The total noise std (corresponding
to the 68% CB) is found on the full data set (gray line). The estimated
noise std found on the full set (dashed line) is shown for comparison. Relative to the these levels, the missing sample estimates are unbiased. The
104

4.3. Measurements on periodically excited systems

Figure 4.20: ( ) Measured reboiler temperature together with ( ) the
estimated missing 10% blocks in each of the three periods. The correspondence is very good. Notice, that the time-axis represents the time of the
concatenated missing blocks.

Figure 4.21: (•) Bias on the estimated missing samples for all the three
periods next to each other together with ( ) its estimated std. Notice, that
the time-axis represents the time of the concatenated missing blocks. ( )
The total noise std and ( ) the noise std are estimated on the full data set.
Thus, the missing sample estimates are unbiased.
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Figure 4.22: ( ) Estimated FRF on the full data set. ( ) The 95% CB
of the total FRF uncertainty estimated on the partial set is comparable to
( ) the 95% CB of the total FRF std on the full set. ( ) The difference
between the two FRF estimates is well below the noise levels.

missing samples std, or 68% CB, (light gray) is in 53% above the bias level.
Compared to this bound the missing samples estimates are slightly biased.
Fig. 4.22 presents the FRF estimate (black line) found on the full data
set. The 95% CBs of the total FRF std levels estimated on the partial
set (light gray line) and on the full data set (gray line) are comparable in
the low frequency region. The FRF bias (dashed line), i.e. the difference
between the FRF estimate on the full data set and the FRF estimate on
the partial set, is well under the total FRM std level for the considered
frequency band. This indicates an unbiased FRF estimate found on the
data set with 10% output missing.
Finally, in Fig. 4.23 the total FRF std on the full data set (black line)
is compared to the FRF stds due to noise estimated on the full set (gray)
and on the partial set (light gray). Notice, that the black line corresponds
to the gray line in Fig. 4.22. The difference between the total FRF std
and the FRF std due to noise is significant, indicating the presence of NL
distortions. Correspondence of the two FRF stds due to noise is good. This
means that even when 10% of the output is missing, we can still detect the
level of NL distortions.
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Figure 4.23: ( ) The total FRF std estimated on the full set. The FRF
std due to noise estimated on ( ) the full data set is comparable to ( )
the FRF std estimated on the partial data set. The difference between the
total std and the std due to noise indicates the presence of NL distortions
in the low frequency band.

4.4

Conclusions

In this chapter, we extended and completed the LPM from partially missing
data in a MIMO framework of Chapter 3 by considering periodically excited
systems. The proposed method allows us to accurately estimate the FRM
of the system together with its uncertainty from partially missing data.
Additionally, in case of a NL PISPO system, the proposed method estimates
the level of NL distortions. Good results were acquired by applying the
proposed method to simulation data on a NL Wiener-Hammerstein system.
Also, good results are obtained applying the proposed method on real-time
measurements of an acrylic glass plate and a pilot-scale distillation column.
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for periodic inputs

4.A

Appendix to Section 4.1

LLS Solution of the Large Set of Equations: two-step procedure
Transforming a periodic signal of at least two periods to the frequency
domain, gives us a set of frequency lines which contain signal energy of
the true system response, the so-called excited lines, and the frequency
lines which contain noise and the transient response at the non-excited
frequency lines, see Fig. 1.5 and 4.1. To get an unbiased FRM estimate, the
periodic extended LPM from partially missing data is a two-step procedure
as follows.
1) At the non-excited lines: a large set of equations in (4.1) around
an excited frequency line kP gives

T
vec(Ym
T,kP ) = (KT,kP ⊗ Iny )vec(ΘT,kP ) + WT,kP √

Ψnp
N1P P

(4.14)

with KT a real-valued matrix defined in (1.15).
First, perform a QR decomposition of KTT,kP ⊗ Iny for all kP , like


T
T
⊗ Iny = QT,kP RT,kP ⊗ Iny ,
]
][
KTT,kP ⊗ Iny = [ QT,kP Q⊥
0
R
T,kP
T,kP
(4.15)
using (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD). In (4.15) QH
T,kP QT,kP = IR+1 and
H
⊥
QT,kP QT,kP = 0 with complex-valued matrices QT,kP of size 2nT × (R + 1),
Q⊥
T,kP of size 2nT ×(2nT −(R+1)) and RT,kP is a square matrix of dimension
(R + 1).
Second, combining (4.14) and (4.15), the LLS estimate of vec(ΘT,kP ),
given Ψnp , becomes


Ψnp
m
⊗ Iny vec(YT,kP ) − WT,kP √
vec(ΘT,kP ) =
.
N1P P
(4.16)
Third, substitute (4.16) in (4.14) to obtain an equation in the global
H
R−1
T,kP QT,kP
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variable Ψnp :
vec(Ym
T,kP )

=

(QT,kP QH
T,kP



Ψnp
m
⊗ Iny ) vec(YT,kP ) − WT,kP √
N1P P
np
Ψ
+ WT,kP √
N1P P

⇓

⊗
Iny 2nT − (QT,kP QH
I
)
vec(Ym
n
y
T,kP
T,kP ) =
(Iny 2nT − (QT,kP QH
T,kP ⊗ Iny ))WT,kP √

Ψnp
N1P P

⇓
(Q⊥H
T,kP

Ψnp
⊥H
⊗ Iny )vec(Ym
⊗
√
Iny )WT,kP
.
T,kP ) = (QT,kP
N1P P

(4.17)
⊗ Iny ) =
The last step is justified, because Iny 2nT −
⊥H
⊥H
⊥
Q⊥
T,kP QT,kP ⊗ Iny , and QT,kP QT,kP = I2nT −(R+1) when we multiply the
whole equation on its left hand side by Q⊥H
T,kP ⊗ Iny and using the relation
(A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD).
Collecting (4.17) for all frequency lines k = 1 . . . F with F the Nyquist
frequency results in the following overdetermined set of equations:
(QT,kP QH
T,kP

Ψnp
A√
=B
N1P P

(4.18)

np
with the complex-valued matrix A of size F ny (2nT − (R + 1)) × Mtotal
np
and vector B of size F (2nT − (R + 1)) × 1 defined in (4.4). Here Mtotal
=
np
Pny PNm,y
np
i
i=1
j=1 Myi (j) is the total number of non-periodically missing samples
over all outputs.
Finally, to find the non-periodically missing values we derive the (wellnp in (4.3), where the real-valued matrix R
d
conditioned) LLS estimate Ψ
AT,re
np
np
np
T
is of size Mtotal × Mtotal , QAT,re of size Mtotal × 2F ny (2nT − (R + 1)) and
vector BT,re of size 2F ny (2nT −(R+1))×1. To find the transient coefficients
at kP , (4.3) is substituted in (4.16) giving (4.5).
b kP ) =
2) At the excited lines: subtract the estimated transient T(Ω
√
np / N P conb T,kP (:, 1) and the non-periodically missing data WG,kP Ψ
d
Θ
1P
tributions from the output spectra at the excited lines, as in (4.6).
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Here, only the excited lines kP and their higher harmonics are used to
estimate the FRM G and the periodically missing data Ψp from
√
f G,kP
PW
m
T
d
e p,
vec(Y G,kP ) = (KG,kP ⊗ Iny )vec(ΘG,kP ) + √
Ψ
(4.19)
N1P
f G and the missing data unknowns
where the frequency weights matrix W
e p are only considered in a single period, because the missing data is
vector Ψ
repeated in each period. Following the same procedure as in the first step,
c
b G,kP )
e p in (4.10) and vec(Θ
we can find the solution for the missing data Ψ
in (4.11).
Derivation of the Covariances
np in (4.3) and vec(Θ
b T,kP ) in
d
From (4.1), together with the estimates for Ψ
(4.5), the local output residuals can be calculated at [kP − rnT . . . kP + rnT ]
as
np
d
Ψ
N1P P
!
np
d
Ψ

b Y,T,kP ) = vec(Ym ) − (KT ⊗ Iny )vec(Θ
b T,kP ) − WT,kP √
vec(N
T,kP
T,kP
H
m
= vec(Ym
T,kP ) − (QT,kP QT,kP ⊗ Iny ) vec(YT,kP ) − WT,kP √

⊥H
= (Q⊥
T,kP QT,kP

N1P P

np
d
Ψ
− WT,kP √
N1P P
!
np
d
Ψ
⊗ Iny ) vec(Ym
T,kP ) − WT,kP √
N1P P

(4.20)
b Y,T,kP ) of size ny 2nT . From (4.20) we can see that the
with vector vec(N
b Y,T,kP , depends on the noise at all considered
local output noise estimate, N
np . We assume that the global unknown
d
non-excited frequencies through Ψ
np
d
Ψ
i , corresponding to the missing samples at the output yi , has a local
2nT
effect of Mynp
at the in total (F + 1)(P − 1) non-excited
i
2(F + 1)(P − 1)
frequency lines. This assumption is made to simplify the calculations of the
noise covariance estimate
m
b Y,T,kP N
bH
cov(N
c Y (kP )) = N
Y,T,kP ./DOFT
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with ./ an element-wise division of two equally-sized matrices and DOFm
T
a matrix of the degrees of freedom in the residuals defined for each output
pair yi , yj and is given by

DOFm
T,i,j

s
=
DOFT −

Mynp
2nT
i
2(F + 1)(P − 1)


DOFT −

Mynp
2nT
j



2(F + 1)(P − 1)
(4.22)

with the initial (scalar) DOFT specified by the user.
We assume the frequency domain noise to be complex normally distributed and uncorrelated over the frequency. In other words, the real
<(NY ) and imaginary =(NY ) parts of the noise are assumed to be independent normally distributed with equal covariance cov(NY )/2. Here, all
calculations are performed as if the noise is present at the samples which
are missing. Therefore, to find the correct variance of the estimated missing
samples, we must subtract the output noise contribution var(y
c i (td Ts )) from
the predicted variance of Ψnp
N1P

−1
2
X
1
var(N
c Yi (kP )),
var(y
c i (td Ts )) ≈ N1P
−
1
2
k=1

(4.23)

for all outputs i = 1 . . . ny and var(N
c Yi (kP )) being the diagonal elements of
cov(N
c Y (kP )) in (4.21). Hence, the estimate of the variance of the missing
samples Ψnp
(i) at each output i becomes:
var(Ψ
c np
(i) ) =




T
−T
−1
T
N1P P RAT,re QAT,re Q̃Re Cvec(N
Q̃Re QAT,re RAT,re
− var(y
c i (td Ts ))
bY )
re

(i)

(4.24)
where X(i) selects the corresponding missing samples of the output yi and
the matrix operator XRe defined
in (2.29)

 is applied to the complex-valued
matrix Q̃ defined in (3.25). Cvec(N
in (4.24) is the covariance matrix
bY )
re
of the total output noise estimate vec(NY ), made real by Xre as defined in
(2.9). Note, that we assume here that the output noise is uncorrelated over
the frequencies, thus the covariance term Cvec(N
b Y ) is sparse.
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The large set of equations in (4.9) at the excited lines kP , enables the
bb )=
estimation of the output noise as follows vec(N
Y ,kP
⊥H
(Q⊥
G,kP QG,kP ⊗ Iny )

bm )
vec(Y
G,kP

!
√
f G,kP c
PW
ep
− √
Ψ
N1P

(4.25)

b b ) of size ny nLPM = ny (2n + 1). We assume that the
with vector vec(N
Y ,kP
c
e p at the output yi has
global unknown of the periodically missing samples Ψ
i
Mypi
a local effect of
nLPM at the residuals of the output yi with Mypi the
2F
total number of periodically missing samples in a single period of output
yi . Then, the noise covariance at the excited frequency becomes
b Hb ./DOFm
bb N
cov(N
c Yb (kP )) = N
Y ,kP
G
Y ,kP

(4.26)

with DOFm
G defined in (3.13). Notice, that from (4.10) we can deduce the
variance estimate of the periodically missing samples Ψp similar to (4.24),
but with a factor of N1P /P in front of the equation instead of N1P P . In
this case we need to subtract the accordingly scaled estimated (total) output
noise variance var(y(t
c
d Ts ))/P , estimated at the excited frequencies.
Our best estimate of the full output spectrum is the sum of the DFT
of the output with the missing samples set to zero and the DFT of the
estimated missing samples, i.e. at the non-excited lines
b T,kP ) = vec(Ym ) − WT,kP √
vec(Y
T,kP

np
d
Ψ
N1P P

and at the excited lines
√
b G,kP ) =
vec(Y

m
\
vec(Y
G,kP )

−

f
PW
c
e p.
√ G,kP Ψ
N1P

In case the system behaves nonlinearly, the noise term in (4.25) is a combibb
nation of the additive noise NYb ,n,kP and nonlinearities Ys,kP , like N
Y ,kP =
NYb ,n,kP + Ys,kP . Notice from (4.6) that removing the transient term and
np contribution at the excited lines increases the noise
d
the missing data Ψ
uncertainty. (4.20) gives the best output noise estimate NY (kP ) that we
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have, estimated using the non-excited lines. Together with (4.5) and some
calculations, the estimate of the noise covariance at the excited lines equals:

−H
cov(N
c Yb ,n (kP )) = cov(N
c Y (kP )) 1 + (R−1
T,kP RT,kP )[1,1]
(4.27)
WT,kP
+
cov(Ψ
c np )WH
,
T,kP
N1P P
where X[1,1] selects the first row and first column element of matrix X. It has
been assumed to derive (4.27) that the covariance between the bias of the
estimated transient and the missing samples is negligible. The uncertainty
−H
increase due to the transient estimation of (R−1
T,kP RT,kP )[1,1] is typically 1
dB [Pintelon et al., 2011]. The last term in (4.27) represents an additional
increase of the variance due to non-periodically missing data estimation.
Finally, combining all of the above, the level of nonlinearities is found in
(4.13).
The approximation of the output covariance on each local frequency
interval equals cov(vec(Y
c
c Y (kP )) at the non-excited
T,kP )) = I2nT ⊗ cov(N
lines, and cov(vec(Y
c
c Yb (kP )) at the excited lines,
G,kP )) = InLPM ⊗ cov(N
respectively. Using the above assumptions and some properties of the Kronecker product [Brewer, 1978], we derive the covariance estimate of the
uncertainty on the FRM
−H
−1
c Yb (kP )) )(Iny nu 0)T .
cov(vec(G(Ω
c
kP ))) = (Iny nu 0)(RG,kP RG,kP ⊗ cov(N
|
{z
}
cov(NY,n
d
cov(Ys )
b )+d

(4.28)
Degrees of freedom
np
m
d
Assume that the contribution of the global unknown Ψ
i on the DOFT at
the residuals (4.20) is uniformly spread over all the non-excited frequency
np
d
lines. The nonperiodically missing samples Ψ
i at the output yi are estimated using the information at (all) the (F +1)(P −1) non-excited frequency
2nT
np
np
d
lines. Thus, Ψ
on the DOFm
T,i,i
i has a local effect of Myi
2(F + 1)(P − 1)
at the residuals of the output yi . Assuming that the influence of the missing
np
np
d
d
samples on the cross-terms in (4.21) is a combination of Ψ
i and Ψj , the
degrees of freedom matrix is given in (4.22).
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Chapter

Identification and modeling
of distillation columns§
The goal of this chapter is to find an accurate but simple black-box model of
a distillation column. The distillation column is considered to be a MIMO
NL system whose system dynamics are affected by the changes in ambient
temperature. In this research, we consider a noninsulated pilot-scale distillation column which is not in steady-state. We therefore have to deal with
leakage when transforming time domain data to the frequency domain.
Several problems are addressed, mentioned in Section 1.2. Namely, we
eliminate the leakage error, estimate the level of nonlinearities, and determine the noise properties using the nonparametric LPM method. To solve
the leakage problem, the choice of the system’s excitation also plays an
important role. Here, we use optimally-conditioned orthogonal multisine
excitation for MIMO systems and make sure that it meets the constraints
of the column.
In addition, we propose a parametric low-order rational-form model in
the Laplace domain with a time-delay, where the model parameters depend
on the ambient temperature. To make the model order selection easier,
§

The results presented in this chapter are published in:
D. Ugryumova, G. Vandersteen, B. Huyck, F. Logist, J. Van Impe, and B. De Moor,
”Identification of a noninsulated distillation column from transient response data,” IEEE
Transactions on Instrumentation and Measurement, vol. 62, no. 5, pp. 1382–1391, 2013.
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the nonparametric estimate of the frequency response is used as a starting
point. Next, a simple expedient on the reboiler power is used to reduce
the dependency of the operation of the column on variations of the ambient
temperature. The ultimate goal of this research is to obtain a metamodel of
distillation column whose parameters depend on the ambient temperature.
This chapter is structured as follows. First, the nonparametric fast and
robust LPM’s are introduced in Section 5.1. Next, the parametric modeling
and a proposition on how to handle the temperature-dependency of our
system is described in Section 5.2. Section 5.3 uses simulation of a whitebox model of a pilot-scale binary distillation column, originally developed
by [Diehl, 2002] and [Bonilla, 2011], to demonstrate the method. Finally,
we present the results on the real measurement data from a pilot-scale
distillation column at KUL-BioTeC in Section 5.4.

5.1

Nonparametric fast and robust LPM

Full orthogonal random-phase multisine inputs are used to optimally excite
the column [Dobrowiecki et al., 2006]. The multisine is defined in (1.3) with,
in our case, a sample period Ts = 1 second and zero-mean random-phase.
Orthogonal random-phase multisines are several realizations of multisines
where the matrices of the phases for each realization are unitary matrices.
The advantage of these orthogonal multisines is their guaranteed optimal
conditioning of the input matrix that is used to compute the nonparametric
FRM [Dobrowiecki et al., 2006].
Two variations of the nonparametric LPM exist: the so-called ‘fast’
and ‘robust’ LPM’s [Pintelon et al., 2010a]. Both methods use a periodic
excitation and use a two-step procedure to remove the transient, estimate
the nonparametric FRM, and determine the covariances of the FRM that
are due to noise and stochastic nonlinearities. The first step – estimating
and eliminating the transient term – is done in exactly the same way in both
methods and is explained in detail in Section 1.A.2 under the title ‘At the
non-excited lines’. The second step of estimating the FRM is different for
the two methods: fast LPM assumes that the frequency response is smooth
116

5.1. Nonparametric fast and robust LPM

Figure 5.1: A schematic representation of the considered MIMO system.
The following signals are indicated in time-domain: r the reference, nu
additive input noise, u the input, ys the NL distortion, ny additive output
noise, y the output. The frequency response of the system is indicated by
GU Y .

in the frequency domain, while the robust LPM does not.
The fast LPM
The fast method only uses one realization of a random-phase multisine
excitation and was introduced in Section 1.A.2. The method is applicable
starting from only two periods of the multisine. Hence, the name ‘fast’
LPM.
Here, we consider the general EIV framework with noise on the input
and the output, and an additive stochastic nonlinearity at the output (see
Fig. 5.1). In the presence of input noise the LPM from the input U to
the output Y gives a biased FRM GU Y . Therefore, to be able to estimate
the unbiased FRM, the LPM assumes that the reference signal is known
exactly:
U(k) = GRU (Ωk )R(k) + NU (k) + TGU (Ωk ),

(5.1)

Y(k) = GRY (Ωk )R(k) + Ys (k) + NY (k) + TGY (Ωk ),
where X = R, U, Y is the DFT of nu references and nu inputs, and ny output
sequences, respectively. GRU (Ω) and GRY (Ωk ) are the ny × nu FRM’s from
the reference signal to the input and from the reference signal to the output,
respectively. NU and NY are the noise terms; Ys is the zero mean stochastic
NL distortion; TGU and TGY are the transient terms of the system. The
b U Y is given in (3.15). In this case, GU Y (Ω)
FRM estimate of the system G
is the BLA of the system in mean square sense [Pintelon et al., 2011].
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We use several periods P of a random-phase multisine signal to periodically excite the system. This enables the separation of the noise and NL
distortions. However, if one is not interested in detecting the NL distortions
(e.g. in case of linear or weakly NL device), then the measurement time
can be reduced with the drawback that the NL distortions and the noise
cannot be separated anymore.
The first transient removal step is explained in detail in Section 1.A.2 for
the output signal Y. Exactly the same reasoning holds for the input signal
U. Thus, the fast LPM in an EIV framework estimates and eliminates
the input and the output transient terms TGU and TGY . In addition, it
determines the input and output noises NU and NY . For further details,
see [Pintelon et al., 2010a, 2011]. In case that the noise on the input is
negligible, the fast LPM is completely identical to Section 1.A.2.
The robust LPM
The robust method is used in combination with an orthogonal multisine
excitation to preprocess the data. It uses nu experiments of at least two
periods P ≥ 2 for each realization. At least two realizations NR ≥ 2 are
needed to differentiate between Ys and NY . Therefore, NR realizations of
the random-phase multisine are used to calculate the average FRM and the
total covariance on the FRM estimate, Ys + NY . For more details about
LPM, see [Pintelon et al., 2010a, 2011]. This method is called ‘robust’
because no further assumption is needed about the FRM.
The similarities and the differences of fast and robust LPM’s are summarized in a table:

LP approximation of T
LP approximation of G
σ̂ 2 due to NY and Ys
tmeas
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Fast

Robust

yes
yes
yes
NP , P ≥ 2

yes
no
yes
N P ×NR nu , P ≥ 2, NR ≥ 2

5.2. Parametric model
Here, N indicates the length of one period of the excitation signal used, P
the number of periods, and NR the number of realizations needed only for
the robust LPM. The estimated variance of the estimated nonparametric
FRM is denoted by σ̂ 2 and is due to the noise and the nonlinearities. The
total measurement time is denoted by tmeas .
Both methods approximate the transient locally by a polynomial and
both can differentiate between the variances due to noise and stochastic
nonlinearities. The two LPM’s differ in the calculation of FRM and the
total measurement time tmeas . For equal tmeas , the fast LPM gives an FRM
estimate with a frequency resolution that is NR × nu larger than that of the
robust LPM.

5.2

Parametric model

Eventually, our goal is to obtain a parametric model of the distillation
column. The nonparametric FRM estimate and its (total) variance obtained
from LPM is used to make a parametric model of our system. For this
purpose, we use the MATLAB function elis from the fdident package [FDI].
This model describes the distillation column by its poles and zeros and a
time-delay term.
Initially, these parametric models are obtained for a constant ambient
temperature. By varying the ambient temperature, the operating point
of the system changes. Thus, we estimate a parametric model for several
operating points of the system.

Temperature varying system
Distillation columns are often not or not sufficiently insulated from their
environment. The amount of heat lost over the whole column during the
operation is directly related to the ambient temperature:
#Trays

Qloss (Tambient ) =

X

Si · CHT · (Ttrayi − Tambient ),

(5.2)

i=0
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where Si is the outer surface of the ith part of the column, CHT is a coefficient of the heat transfer between the distillation column and the ambient
environment, Ttrayi is the temperature on tray i, where trayi=0 is the reboiler, and Tambient is the environmental temperature. Hence, the ambient
temperature has an impact on the operation of the distillation column.
The impact of the ambient temperature can be significant for small pilotscale columns with a large surface-to-volume ratio, whereas the impact is
less pronounced for large industrial columns with a small surface-to-volume
ratio. To enable an enhanced control, models can incorporate changes due
to the ambient temperature.
Initially, the idea for a model structure that accounts for the ambient temperature was a model with the pole/zero parameters and the delay term varying with ambient temperature. We denote such a model as
M(Qloss (Tambient ), Qreboiler ) = M(Tambient ), where M(·) is a model structure
depending on certain parameters, Qreboiler is the reboiler power, which in
this case is constant. As mentioned before, to find an accurate model of
the distillation column, it is important to take the ambient temperature
into account. This can be done by letting the estimated time-delay and the
model parameters vary with ambient temperature, for example, by approximating that relationship between the model parameters, i.e. time-delays,
zeros and poles, and the ambient temperature by low-order polynomials.
After performing various simulations, it became evident that it is not
always possible to find a good relationship between the model parameters
and the ambient temperature. The variations of the model parameters
for different ambient temperatures were too large. For instance, ambient
temperature variations between winter and summer periods can be quite
large. Therefore, also the heat loss of the column can differ a great deal,
and, as a consequence, the performance of the column.
We observe that the operation of the column becomes more or less constant when compensating for the heat losses due to ambient temperature,
see Fig. 5.2. The heat losses are compensated by adjusting the reboiler
power such that the difference between the power in the reboiler and the
heat loss over the column is constant with respect to the variations in the
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Figure 5.2: Plot of the temperature inside the column as a function of
the tray number; to the left: operation of the column varies with ambient
temperature; to the right: the reboiler power is adjusted to the variations
in the ambient temperature such that the operational temperatures of the
column become more or less constant.

ambient temperature, see Fig. 5.3. The difference between the reboiler
power and the heat losses is also called the effective separation heat. It is
defined by ∆Q, i.e. Qreboiler − Qloss = ∆Q, throughout this chapter. Thus,
we use a reparametrization of the model, from M(Qloss (Tambient ), Qreboiler )
to M(Qreboiler − Qloss (Tambient )) = M(∆Q) with ∆Q naturally depending
on the ambient temperature Tambient . In Section 5.3, the dependence of
the system on the ∆Q will be shown by compensating the variations of
Qloss (Tambient ) in the reboiler in the first order, such that ∆Q becomes constant. Hence, by incorporating ∆Q in our parametric model, it becomes
possible to extract more accurate system models.
Thus, the proposed solution is to let the parameters, time-delays τi ,
zeros zi , poles pi , and the system gain Kgain of the distillation column
model depend on the heat inside the column ∆Q:
nz
Y

bU ,Y (s, ∆Q) = exp (−τ
G
i j

(s − zi (∆Q))

(∆Q) s)Kgain (∆Q) i=1
np
Y

,

(5.3)

(s − pi (∆Q))

i=1

bU ,Y (s, ∆Q) denotes an estimate of the FRF from input Ui to ouput
where G
i j
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Figure 5.3: Plot of the reboiler power (solid line) vs. heat loss over the
column (dashed line); ∆Q denotes the difference between the power in the
reboiler and the heat loss over the column. Left: ∆Q is changing with
ambient temperature; right: heat losses are compensated in the reboiler
power to make ∆Q constant with respect to the variations in the ambient
temperature.

Yj in continuous Laplace domain s and where nz and np denote the number
of zeros and poles, respectively, with np > nz .

5.3

Simulation results

This section shows the modeling results on a white-box model of a binary distillation column [Diehl, 2002; Bonilla, 2011] using frequency domain
identification methods. The column, see Fig. 1.3, consists of 38 stages: a
reboiler, 36 trays and a condenser. In this project, we consider a MIMO
distillation system with three inputs (the reboiler power, feed flow into the
column, and reflux flow) and two outputs (temperatures in the reboiler and
at the top of the column).
First, the nonparametric modeling results are compared using the fast
and the robust LPM’s in Subsection 5.3.1. For simplicity, the ambient
temperature is kept constant at 20◦ C during this simulation to clearly see
the differences between the two LPM’s. Also, a distinction is made between a Single-Input-Multiple-Output (SIMO) case and a MIMO case. In
Subsection 5.3.2, the nonparametric FRM and its total covariance bounds
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are used to find a parametric rational-form Laplace model. The results are
shown for various constant levels of ambient temperature. Also, the results
of compensation for the variations in Qloss (Tambient ) are shown.

5.3.1

Fast vs robust LPM

In this subsection, the nonparametric FRM estimates together with their
stds are compared using both the fast and the robust LPM’s. Although the
noise and NL distortions can still be separated in this framework, we consider here the total covariance (see Section 5.1). The ambient temperature
is kept constant during one simulation, such that we have a time-invariant
system. We first consider three SIMO systems, from each of the three inputs to the two output temperatures. Next, we consider a MIMO system
with three inputs and two outputs.
Single-input-multiple-output case
We consider the three SIMO systems from the reboiler power, feed and
reflux to the two temperatures separately. Here we focus only on the influences of the three inputs on the temperature at the bottom. We use one
realization of a random-phase multisine excitation for the fast LPM and
two required realizations for the robust method, both eight periods long.
One period is one hour for the robust method with a sample period of 1
second. To have the same signal-to-noise ratio’s for both methods the total
measurement time has to be equal. Thus, one period of the excitation for
the fast method is twice as long, namely two hours, as one period for the
robust method. The following harmonics are excited: lines 1 to 60 and the
odd lines from line 60 to 120, i.e. [1:1:60 61:2:120]. The multisine is chosen
to be full in the low frequency range, lines 1 to 60, to have a large number
of low frequency spectral lines; only the odd lines in the higher frequency,
odd lines from 61 to 120, are excited to be able to detect NL distortions.
Fig. 5.4 presents the nonparametric FRM estimates and their stds using both the fast and the robust LPM’s. For all the three input-output
pairs, the robust FRM coincide well with the fast FRM, except in the
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(a) Reboiler power is excited. ( ) polynomial of order 10.

(b) Feed is excited. ( ) polynomial of order 10.

(c) Reflux is excited. ( ) polynomial of order 12.

Figure 5.4: Nonparametric FRM and its std from all the three inputs to
the temperature at the bottom, using SIMO data. Estimated FRM using
( ) fast LPM and ( ) robust LPM. FRM std estimate using ( ) robust
LPM, ( ) fast LPM with LP order 2, and ( ) fast LPM with order 10 or
12 (see subfigures). Thus, the results using fast LPM with a large enough
LP order become similar to the results of the robust LPM.
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(a) From reboiler to temperature at the bottom.

(b) From feed to temperature at the bottom.

(c) From reflux to temperature at the bottom.

Figure 5.5: Nonparametric FRM and its std from all the three inputs to
the temperature at the bottom, using MIMO data. Estimated FRM using
( ) fast LPM and ( ) robust LPM. Frequency resolution of the fast LPM
is six times larger than that of the robust LPM. FRM std estimate using
( ) robust LPM, ( ) fast LPM with LP order 2, and ( ) fast LPM with
order 10.
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lower-frequencies. This becomes clear by looking at the stds of the FRM
estimates. For equal LP orders of two, the fast method estimates an FRM
with a higher std in the low-frequency region than the robust method.
Fig. 5.4a presents the nonparametric FRM and its std from the reboiler
power to the temperature at the bottom. Because the frequency response in
the low-frequency range is steep, a polynomial of order two of the fast LPM
gives a bad result due to undermodeling [Monteyne et al., 2012]. Taking a
higher order polynomial gives better results for the low-frequency range. A
polynomial of order 10 is sufficient to get a similar result as with the robust
LPM. Thus, we can achieve the same quality of an FRM estimate as the
robust LPM by using the fast LPM with a high order polynomial, resulting
in an FRM estimate with a twice as high frequency resolution. Fig. 5.4b
presents the nonparametric FRM estimate and its std from the feed to the
temperature at the bottom. The same reasoning as for the previous inputoutput pair holds here as well. Fig. 5.4c presents the nonparametric FRM
and its std from the reflux to the temperature at the bottom. The second
order polynomial of the fast method results in an FRM with relatively high
std. Nevertheless, an LP of order 12 solves this problem.

Multiple-input-multiple-output case
In this subsection we use a simulation with an orthogonal multisine excitation on all three inputs for a MIMO simulation. Again, only the results of
the estimation from the three inputs to the temperature at the bottom are
presented. The simulation time for both fast and robust method are the
same. Thus, the fast method uses eight periods with a period length of six
hours. The robust method uses an orthogonal multisine (as in (1.3)) with a
period length of one hour for three different inputs and two random-phase
realizations. Hence, compared with the robust method, the fast method
gives an FRM estimate with six times higher frequency resolution.
Fig. 5.5 presents the nonparametric FRM estimates and their stds for
a MIMO simulation data. As in the SIMO case, there is undermodeling
in the low-frequency region when a polynomial of low order is used for
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Figure 5.6: Condition numbers of the matrices Kn of the fast LPM are
presented for several frequency bins. The size of Kn data matrix is dependent on the degree of the LP. In this plot, the polynomial orders are
increased from order 2 by a degree of two. Condition number is shown on a
log-scale and it is directly related to the number of decimals needed for the
FRM estimate. Thus, increasing the order of polynomial by two requires
an additional decimal during computation of the FRM estimate.

the fast LPM. A higher order polynomial, in this case order 10, reduces
the undermodeling error in magnitude, but sometimes the phase of the
estimated FRM starts to show an oscillating behavior, see Fig. 5.5a. The
reason for this is that the high polynomial orders make the matrix Kn
ill-conditioned.
Fig. 5.6 shows the condition number with increasing order of polynomial, starting from order two. For every increase of polynomial order by
two, about one decimal of precision is lost. This is even more so at the
borders, where the undermodeling effect is also the largest. For example,
a polynomial of order ten decreases the numerical conditioning to estimate
the FRM by five decimals; at the borders by eight decimals.
In conclusion, for SIMO type systems we can use the fast LPM, because
it results in two times higher frequency resolution and gives comparable
results to the robust LPM. By taking a higher order polynomial it is possible
to reduce the undermodeling effect in the frequency regions where there are
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large variations in the frequency response.
For MIMO systems it is difficult to fit a polynomial to the frequency
response where the variations are large. More qualitative research needs to
be done to find out the limits of the fast LPM. Nevertheless, the fast method
gives a higher resolution than the robust method when using measurements
of equal size (in case of MIMO system).
In the rest of the chapter we use only the robust LPM to find a nonparametric FRM with its variance, because no assumption is needed about
the FRM.

5.3.2

Constant levels of ambient temperature

The model of the distillation column is extracted for constant ambient
temperature levels between 10 to 30 ◦ C, Tambient ∈ [10, 30] ◦ C. For each ambient temperature, two realizations of the system’s response are simulated
and within each realization there are three experiments with eight periods
of orthogonal multisine excitations. The transient responses of these simulations are processed with the robust LPM to get a nonparametric estimate
of the FRM together with its (total) variance bounds. In the final step, the
nonparametric FRM and its variance bounds are used to find a parametric rational-form Laplace model of maximum order four with a time-delay
term.
The frequency domain continuous-time Laplace models are compared for
variable and constant ∆Q. One of the poles of the third order rational model
from reboiler power u3 to the temperature at the bottom y2 is presented.
The fitted parametric model has zero delay. The 95% CBs of the poles are
indicated in the figure by solid lines.
Fig. 5.7 shows the dependencies between the pole and ∆Q, between
∆Q’s and the ambient temperature, and between the pole and the ambient
temperature. The plot in the top right corner is related to Fig. 5.3, except
that the actual difference between the reboiler power and the heat loss over
the column, ∆Q, is shown. For a constant reboiler power, ∆Q varies with
the ambient temperature and consequently, the pole varies with the ambient
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Figure 5.7: Plot of one of the poles of the parametric model, together
with its 95% CBs, from reboiler power u3 to the temperature at the bottom
y2 : (×) ∆Q varies with the ambient temperature, () ∆Q is constant. Top
left: relation between pole and ∆Q; top right: estimated ∆Q’s depending on
the ambient temperature (this plot is related to Fig. 5.3); bottom: relation
between the pole and the ambient temperature.

temperature. This is shown in Fig. 5.7 at the bottom (marked with crosses).
When the reboiler power is adjusted such that the difference between the
power in the reboiler and the heat loss over the column is independent of the
ambient temperature, i.e. ∆Q is contant, then the pole becomes more or less
constant as a function of ambient temperature, see Fig. 5.7 at the bottom
(squares). This means that the model of the distillation column becomes
almost independent of the ambient temperature. We also observe this in the
top left plot of Fig. 5.7: for ∆Q varying with ambient temperature, the pole
also varies; for constant ∆Q, the pole stays between −4 and −3.5 mHz for
all the ambient temperatures. Consequently, it becomes easier to estimate
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a metamodel of the distillation column whose parameters depend on the
effective separation heat ∆Q.

5.4

Measurement results

As in Section 4.3.2, we excite the pilot-scale distillation column in the reboiler power, keeping the feed and the reflux rate at a constant level. Then
we estimate an FRF from the reboiler power u3 to the temperature at the
bottom y2 , as in the simulation example in Section 5.3.2.
Two experiments are performed on the pilot-scale distillation column
described in Section 1.1.2. Experiment 1: the heat losses, and thus also
∆Q, are varying with ambient temperature. Experiment 2: the difference
in the heat losses with respect to Experiment 1, and also the variations
of the heat losses with respect to the variations of ambient temperature,
are compensated in first order in the reboiler power. Proceeding in this
way, ∆Q of Experiment 2 is, on average, at the same level as ∆Q from
Experiment 1. Also, ∆Q of Experiment 2 is kept constant with respect to
the variations in ambient temperature.
Contrary to the simulation, we cannot manipulate the ambient temperature. To overcome this problem, the measurement data of both experiments
is divided and processed per two periods (by two hours). For each two
periods we estimate a nonparametric FRF model together with its error
bounds using the robust LPM (see Section 5.1) with one experiment and
one realization. Notice, that the estimated error bounds are due to the total distortions and that the stochastic NL distortions cannot be separated
from the noise. Then, using these estimates we find a low-order parametric
FRF. From both measurements of 6 hours long, we got 5 intervals of data
per experiment by using 50% overlap between two successive intervals.
A second order rational model without delay is sufficient for both experiments. Fig. 5.8 shows both the low- and the high-frequency poles with
their 95% CBs of the fitted FRF’s. The ambient temperature difference between the two experiments is, on average, more than two degrees. During
the individual experiments the ambient temperature variations were less
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Figure 5.8: Plot presents poles of a second order parametric model from
reboiler power to temperature at the bottom using real measurements. The
data is divided into intervals of two periods with 50% overlap. The poles
of the extracted models, together with their 95% CBs, are plotted against
the mean of the ambient temperature during an interval. (×) Variations
of heat loss due to the ambient temperature are not compensated for; ()
heat loss is compensated in the reboiler power for the ambient temperature
variations and for the difference between heat losses of both experiments.
(top) Low-frequency poles; (bottom) high-frequency poles.

than one degree, as we can see from Fig. 5.8. Squares indicate the poles
from Experiment 2 (where the heat losses were compensated) for all the
two-periods data intervals. Crosses indicate the poles from Experiment 1.
Fig. 5.8 shows that the high-frequency poles (bottom) have relatively
large CBs for both experiments. The low-frequency poles (top) have smaller
CBs. This plot shows that low-frequency pole for the compensated heat loss
(Experiment 2) varies less with the ambient temperature than the one for
the noncompensated heat loss (Experiment 1). Comparing the poles’ magnitudes between Experiment 1 and Experiment 2 shows that the poles of
Experiment 2 are more or less of the same magnitude as poles of Experiment 1. The measurement results presented here are not as conclusive as
the simulation results in Section 5.3. For comparison, see bottom plot of
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Fig. 5.7. An explanation for these differences could be, that the ambient
temperature did not change much during the measurement experiments.
Thus, more experiments with larger ambient temperature variations are
needed to confirm the results from Section 5.3.

5.5

Conclusions

The fast and robust variations of the LPM were applied and compared
on simulations and measurements of a distillation column. These LPM’s
extract a good nonparametric estimate of the FRM of our system from the
transient response of the system to a random-phase multisine excitation.
In addition, the LPM makes it possible to estimate the variance of the
nonparametric FRM in the presence of both nonlinearities and additive
noise.
Results show that the fast method is more efficient for a SIMO system in
terms of measurement time. The robust method is better suited for MIMO
systems with large variations of the frequency response on a small frequency
interval, like in our case for the distillation column.
Furthermore, we have identified a parametric model with parameters
depending on the difference between the reboiler power and the heat loss of
the column, ∆Q. We found that the operating point of the column is more
or less the same when keeping ∆Q constant with respect to the variations
in the ambient temperature.
The results were illustrated using both simulation data and using real
measurements of a pilot-scale binary distillation column at KULeuvenBioTeC. Thus, by keeping the operating point of the system constant, it
becomes easier to estimate the relation between the system and the ambient temperature. In any case, the results imply that the metamodels of
distillation columns are best to be expressed as a function of the effective
separation heat ∆Q.
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Chapter

Summary
Two identification problems have been tackled in this thesis, namely:
•
•

6.1

the construction of a model of a dynamical system from partially
missing data (Chapters 2–4),
and the construction of a model of distillation columns
(Chapters 4 and 5).

Results and their interpretation

Modeling from partially missing data
A new nonparametric method is presented in this thesis that estimates
an accurate frequency response of the system from partially missing data
without making too many assumptions. This method can handle relatively
large chunks of missing data. Moreover, no assumption about the missing
data pattern is made, which is a big advantage in comparison with the
existing statistical models. Thus, this method provides a solution in case
some measurements are missing and cannot be repeated.
The proposed method is based on the LPM and is developed for SISO
systems in Chapter 2, MIMO systems excited by arbitrary excitations in
Chapter 3 and periodic excitations in Chapter 4. Each of these chapters
contains a theoretical derivation of the extended LPM model. Moreover,
the bias analysis of the FRF and the missing data estimators is performed
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in Chapter 2. We found that the bias characteristics of the FRF are similar
to the classical LPM from fully known data.
By extending the existing LPM to the case of partially missing data,
the following can be estimated from the transient response in a multivariate
setting:
1.

The nonparametric frequency response and its uncertainty, the
missing samples and their uncertainty and the output noise variance.

2.

In case of NL PISPO systems and using random-phase multisine
excitations, also the level of the stochastic nonlinearities can be
estimated. This can help to assess the significance of the nonlinearity and to decide whether a linear model (or BLA) is accurate
enough to model the dynamics of the system. In this case we get a
BLA estimate of the system response and the BLA of the noiseless
missing samples.

3.

The cases of missing input samples, EIV framework and identification in feedback can be handled when known reference signals
are available.

To illustrate the proposed method, Chapters 2–4 contain simulation
results. For the particular examples chosen in those chapters, we have shown
that the proposed method can handle up to 30% missing samples without
introducing a detectable bias on the FRF estimate. Notice, that to achieve
good results for increasing fractions of missing data, the assumptions of the
LPM should be met for a larger local frequency band.
The proposed frequency response estimation method from partially known
data is successfully tested on various real measurements data sets. Such as,
a weakly NL electrical circuit, a vibrating acrylic glass plate and a distillation column.
In conclusion, it is important to treat the encountered missing data in
the measurements with care. Ignoring the missing data could lead to biased
estimates of the system response.
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Modeling of distillation columns
Modeling distillation columns is a complicated task, because the system has
many parameters that can be manipulated. Also, the natural changes in
the ambient temperature around the column make that the working conditions are changing inside the column. Moreover, the column can behave
nonlinearly and has a strong directionality, making it harder to develop an
accurate MIMO model.
Several challenges in modeling of distillation columns are faced in Chapter 5. Such as, modeling from transient response data in the presence of
measurement noise and stochastic NL distortions. Moreover, a simulation
analysis is made using an extended white-box model of distillation column
that accounts for the influence of the ambient temperature.
We investigated the connection between the variations in the distillation
column and the effective separation heat in the reboiler, based on the whitebox model. The effective separation heat is the difference between the
generated heat in the reboiler and the heat losses over the column. Varying
ambient temperature makes the effective separation heat change. We found,
that it is easier to model the variation inside the column depending on this
effective separation heat, than make the variations directly dependent on
the ambient temperature.
To model the column, first, a nonparametric model in the frequency
domain is made using LPM. The robust and fast LPM’s are compared for
the SIMO and MIMO frameworks. The LPM gives an accurate frequency
response estimations from transient response data. Because the distillation
column has a time constant of hours, using the LPM can reduce the measurement time considerably. Next, a parametric model is built using the
nonparametric model as a starting point.
In case of missing temperature measurements inside the column, the
model developed in Chapter 4 was applied successfully on the measurements
or a real distillation column.
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6.2

Ideas for future research

For the newly developed method that estimates the FRF from partially
missing data, the future research can go in three possible directions:
1)

Improving the nonparametric model:
•

For highly resonant systems, the usage of the Local Rational
Model [McKelvey and Guérin, 2012] from missing data can be
investigated. It can capture better the resonances, but the minimization cost function becomes bilinear in the parameters:

X 
W (k)
m
Y (k) − √ Ψ Dk − Nk U (k) − Mk
min
Ψ,Dk ,Nk ,Mk
N
k

2

with

Mk
Nk
and Tk =
.
Dk
Dk
Also, how to extract the noise variance from the residuals is still
an open problem.
Gk =

•

•
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Another way of tackling highly resonant systems, is by developing
an extended robust LPM from partially missing data. Then, no
assumption about the fast changes of the frequency response have
to be made. A drawback would be that the periodically missing
data can not be taken into account in this case.
The possibility of handling the missing inputs and outputs without knowing the references can be investigated. The drawback is
that the minimization cost function becomes NL in the parameters. Also, an initialization of the missing input samples and/or
the frequency response parameters is needed in this case.
The proposed method can be improved for the case the samples
are missing close to the record boundaries. Possibly by using regularization or putting constraints on the magnitude of the missing values. Overall, including prior knowledge about the missing
samples could be investigated. For example, in case of saturating
sensors this prior knowledge could be valuable.

6.2. Ideas for future research
2)

Comparison to the existing methods:

3)

an important aspect in this case is defining the criteria of comparison.
Going parametric:
using the estimated FRM and its uncertainty as initialization for a
parametric modeling step, for example in [Pintelon and Schoukens,
1999]. Also, the estimated missing samples can be used in the initialization for a parametric model, for example in [Markovsky and
Usevich, 2013].

For the distillation column, future work contains an extraction of a metamodel of the distillation column whose parameters depend on the effective
separation heat varying with ambient temperature. Also the ill-conditioning
problem can be looked into. For example, a smart input design for the column excitations could be used together with LPM to make an accurate
MIMO model possible.
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Identification From Partially Missing Data
and Modeling of Distillation Columns
Diana Ugryumova
Identification is an important area in engineering. It describes the world
around us in a systematic way without knowing the underlying processes.
For this purpose, identification uses simple mathematical parametric or nonparametric models in time or frequency domain. Nonparametric models
need fewer assumptions and quickly provide useful information about the
considered system from real-time measurements.
Acquired real-time data can be partially missing due to failures in the
measurement sensors or faults in communication channels. In this work we
develop a nonparametric model in the frequency domain, which handles the
missing samples as extra unknowns. This model can be applied to a broad
range of systems, where the measurements are distorted by random noise.
No particular pattern or statistical characteristics of the missing data are
assumed, which is a big advantage in comparison with the other existing
methods on this topic.
One of the applications of the developed missing data methods is distillation columns. Distillation is a popular liquids separation technique
worldwide and is very energy consuming. To make the distillation process
more efficient in view of economic reasons, the energy consumption can be
reduced through better modeling methods and control strategies. In case
of failing sensors repeating the measurements is both lengthy and expensive or simply impossible. Therefore, we want to find a relatively simple
mathematical model of the distillation column, which is accurate enough
even when the data is partially missing.

